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b(r) = bm0 /r
m−1✱ s❡ ❝♦♥str✉②❡ ✉♥❛ ♠étr✐❝❛ ♣❛r❛ ✉♥ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❛tr❛✈❡s❛❜❧❡ ❡♥ ❡❧
✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲❀ ♣♦st❡r✐♦r♠❡♥t❡✱ s❡ ❛♥❛❧✐③❛ ❡❧ ❝❛s♦ ❞❡ ✉♥ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ♠ás ❣❡♥❡✲
r❛❧✱ s❡ ✉t✐❧✐③❛ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡✱ ❞♦♥❞❡ ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❡stá ♠♦❞❡❧❛❞♦ ♣♦r ✉♥❛
❞❡❧❣❛❞❛ ❝❛♣❛ ❡s❢ér✐❝❛ q✉❡ ❛❝r❡❝❡♥t❛ ❡❧ ✢✉✐❞♦ ❞❡ q✉✐♥t❛ ❡s❡♥❝✐❛❀ ✜♥❛❧♠❡♥t❡✱ s❡ ❡♥❝✉❡♥tr❛ ❧❛
❡❝✉❛❝✐ó♥ ❞✐♥á♠✐❝❛ ❞❡ ❞✐❝❤❛ ❝❛♣❛ ❞❡❧❣❛❞❛ ② ❡❧ r❛❞✐♦ ❝♦♠♦✈✐♥❣ ❞❡ ❧❛ ♠✐s♠❛✳
P❛❧❛❜r❛s ❝❧❛✈❡ ✿ ❘❡❧❛t✐✈✐❞❛❞ ●❡♥❡r❛❧✱ ❣r❛✈✐t❛❝✐ó♥✱ ❝♦s♠♦❧♦❣í❛✳
❆❜str❛❝t
❚❤❡ s❡❛r❝❤ ❢♦r ❡①❛❝t s♦❧✉t✐♦♥s ❢♦r ❊✐♥st❡✐♥✬s ❡q✉❛t✐♦♥s ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ t✇♦ ❞✐✛❡✲
r❡♥t ❞✐r❡❝t✐♦♥s✿ t❤❡ st✉❞② ♦❢ ✐s♦❧❛t❡❞ ♠❛ss✐✈❡ ♦❜❥❡❝ts ✇❤♦s❡ ❡①t❡r♥❛❧ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞ ✐s
♠♦❞❡❧❡❞ ❜② ❛s②♠♣t♦t✐❝❛❧❧② ✢❛t s♦❧✉t✐♦♥s ✭❙❝❤✇❛r③s❝❤✐❧❞ ♠❡tr✐❝✮❀ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
t❤❡ ❧❛r❣❡✲s❝❛❧❡ st✉❞② ♦❢ t❤❡ ✉♥✐✈❡rs❡✱ ✐♥ ❛ ❣❧♦❜❛❧ ✇❛②✱ t♦ ♣r❡❞✐❝t ✐ts ❡✈♦❧✉t✐♦♥✱ ♦r✐❣✐♥ ❛♥❞
✐ts ✜♥❛❧ ❢❛t❡ ✭❋▲❘❲ ♠❡tr✐❝✮✳ ❇✉t t❤❡r❡ ✐s ❛ t❤✐r❞ ✇❛② t❤❛t tr✐❡s t♦ ❦❡❡♣ t❤❡s❡ t✇♦ ❛s♣❡❝ts
t♦❣❡t❤❡r✱ ✐t ✐s t❤❡ ▼❝❱✐tt✐❡ ♠❡tr✐❝✱ ✇❤✐❝❤ ♣r❡s❡♥ts t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ st✉❞②✐♥❣ t❤❡ ❧♦❝❛❧
s②st❡♠s ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ❧❛r❣❡✲s❝❛❧❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ ✐♥ ✇❤✐❝❤ t❤❡② ❛r❡ ✐♠♠❡rs❡❞✳
▼♦t✐✈❛t❡❞ ❜② t❤✐s ❛♣♣r♦❛❝❤✱ ✇❡ ❝❛rr✐❡❞ ♦✉t ❛ st✉❞② ♦❢ ▼❝❱✐tt✐❡✬s ♠❡tr✐❝ ✐♥ t✇♦ st❛❣❡s✳
■♥ t❤❡ ✜rst st❛❣❡ ✇❡ ❛♥❛❧②③❡ ▼❝❱✐tt✐❡✬s s♣❛❝❡✲t✐♠❡ ❢♦r ❛ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ❛♥❞ ❢r♦♠ ✐t✱
❜② ♠❡❛♥s ♦❢ ❛♥ ❛❞❡q✉❛t❡ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥str✉❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❍✉❜❜❧❡ ❝♦♥st❛♥t✱
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■♥tr♦❞✉❝❝✐ó♥
❊♥ ✶✾✶✺ ❆❧❜❡rt ❊✐♥st❡✐♥ ♣✉❜❧✐❝ó ❧❛ t❡♦rí❛ ❞❡ ❧❛ r❡❧❛t✐✈✐❞❛❞ ❣❡♥❡r❛❧ ✭❚❘●✮ ❬✶❪✳ ❊st❛ t❡♦rí❛
❣❡♥❡r❛❧✐③❛ t❛♥t♦ ❧❛ r❡❧❛t✐✈✐❞❛❞ ❡s♣❡❝✐❛❧ ❝♦♠♦ ❧❛ ❣r❛✈✐t❛❝✐ó♥ ◆❡✇t♦♥✐❛♥❛✳ ❊s ❧❛ q✉❡ ♠❡❥♦r
❞❡s❝r✐❜❡ ❧♦s ❢❡♥ó♠❡♥♦s ❣r❛✈✐t❛❝✐♦♥❛❧❡s ② ❡①t✐❡♥❞❡ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❧❛ r❡❧❛t✐✈✐❞❛❞ ♣❛r❛ s✐st❡✲
♠❛s ❞❡ r❡❢❡♥❝✐❛ ♥♦ ✐♥❡r❝✐❛❧❡s✱ ❝✉②♦ ❢✉♥❞❛♠❡♥t♦ ♠❛t❡♠át✐❝♦ ❡s ❧❛ ❣❡♦♠❡trí❛ ❞❡ ❘✐❡♠❛♥♥✳
❊♥ ❡❧ ♠❛r❝♦ ❞❡ ❧❛ ❚❘●✱ ❧❛ ❣r❛✈❡❞❛❞ ❡s ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ ❝✉r✈❛t✉r❛ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦✱
❧❛ ❝✉❛❧ ❡s ❣❡♥❡r❛❞❛ ♣♦r ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ❝✉❡r♣♦s✱ ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♠❛t❡r✐❛ ♦ ♣♦r ❧❛ ❡♥❡r❣í❛
❡①✐st❡♥t❡ ❛❧❧í✳ P❛r❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ❧❛ ❚❘●✱ ❊✐♥st❡✐♥ ✉t✐❧✐③ó ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛✿
✉♥❛ ❛♥❛❧♦❣í❛ ❡♥tr❡ s✐st❡♠❛s ❞❡ r❡❢❡r❡♥❝✐❛ ♥♦ ✐♥❡r❝✐❛❧❡s ② ❝❛♠♣♦s ❣r❛✈✐t❛❝✐♦♥❛❧❡s❀ ❊✐♥st❡✐♥
❝♦♥❝❧✉②ó q✉❡ ❛❧❧í ♥♦ ❡①✐st❡ ✉♥❛ ❞✐❢❡r❡♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ ❡♥tr❡ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❝♦♥
✉♥ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ② ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❛❝❡❧❡r❛❞♦ s✐♥ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❬✷❪✳
❆ ♣❛rt✐r ❞❡ ❡st❛ ❝♦♥❝❧✉s✐ó♥✱ ❊✐♥st❡✐♥ ❞❡❞✉❥♦✱ ❛❞❡♠ás✱ q✉❡ ❧❛ ❧✉③ ❡♠✐t✐❞❛ ♣♦r ✉♥❛ ❡str❡❧❧❛
❞❡❜í❛ t❡♥❡r ✉♥ ❡s♣❡❝tr♦ ❞❡s♣❧❛③❛❞♦ ❤❛❝✐❛ ❡❧ r♦❥♦ ❛ ♠❡❞✐❞❛ q✉❡ ❛tr❛✈✐❡s❛ s✉ ❝❛♠♣♦ ❣r❛✈✐✲
t❛❝✐♦♥❛❧❀ ② q✉❡ ❧❛ ❧✉③ ❞❡❜❡ ❝✉r✈❛rs❡ ❜❛❥♦ ❧❛ ✐♥✢✉❡♥❝✐❛ ❞❡ ❧❛ ❣r❛✈❡❞❛❞ ❬✸❪✳ ❊✐♥st❡✐♥ tr❛tó
❞❡ ❢♦r♠✉❧❛r s✉ t❡♦rí❛ ❞❡ ❧❛ ❣r❛✈❡❞❛❞ ❡♥ tér♠✐♥♦s ♣✉r❛♠❡♥t❡ ❣❡♦♠étr✐❝♦s✳ ❊st♦ ❧♦ ❧❧❡✈ó
❤❛❝✐❛ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❧❛ ❝♦✈❛r✐❛♥③❛ ❣❡♥❡r❛❧✱ ❡s ❞❡❝✐r✱ ❧❛ ✐♥✈❛r✐❛♥❝✐❛ ❞❡ ❧❛s ❧❡②❡s ❢ís✐❝❛s ❜❛❥♦
tr❛♥s❢♦r♠❛❝✐♦♥❡s ❣❡♥❡r❛❧❡s ❞❡ ❝♦♦r❞❡♥❛❞❛s ♦ ❞✐❢❡♦♠♦r✜s♠♦s✳ ❆✉♥q✉❡ ❛❜❛♥❞♦♥ó t❡♠♣♦✲
r❛❧♠❡♥t❡ ❡st❡ ♣r✐♥❝✐♣✐♦✱ ❢✉❡ ❧❛ ✐❞❡❛ ❝❧❛✈❡ q✉❡ ❧♦ ❧❧❡✈ó ❛❧ ❞❡s❝✉❜r✐♠✐❡♥t♦ ❞❡ s✉s ❢❛♠♦s❛s
❡❝✉❛❝✐♦♥❡s ❞❡❧ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❬✹❪✳ ▲❛ ❡❝✉❛❝✐ó♥ ❞❡❧ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ❊✐♥st❡✐♥
❝♦♥st❛ ❞❡ ✉♥❛ s❡r✐❡ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♣❛r❝✐❛❧❡s✱ ♥♦✲❧✐♥❡❛❧❡s ❛❝♦♣❧❛❞❛s ❡♥tr❡ ❡❧❧❛s ②
❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯❈❈■Ó◆ ✷
♣r❡s❡♥t❛♥ ❝✐❡rt❛ ❞✐✜❝✉❧t❛❞ ♣❛r❛ s✉ s♦❧✉❝✐ó♥❀ ❞❡ ♠♦❞♦ q✉❡ ❡❧ ♠✐s♠♦ ❊✐♥st❡✐♥ ❝r❡②ó✱ ✐♥✐❝✐❛❧✲
♠❡♥t❡✱ q✉❡ ♥✉♥❝❛ s❡ ❡♥❝♦♥tr❛rí❛ ✉♥❛ s♦❧✉❝✐ó♥ ❡①❛❝t❛ ❛ s✉s ❡❝✉❛❝✐♦♥❡s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♣♦❝♦s
♠❡s❡s ❞❡s♣✉és ❞❡ ❧❛ ♣✉❜❧✐❝❛❝✐♦♥ ❞❡ ❧❛ ❚❘●✱ ❑❛r❧ ❙❝❤✇❛r③s❝❤✐❧❞ ❤❛❧❧ó ✉♥❛ s♦❧✉❝✐ó♥ ❡①❛❝t❛
❡♥ ❡❧ ✈❛❝í♦ ♣❛r❛ ✉♥ ♦❜❥❡t♦ ❡stát✐❝♦ ❝♦♥ s✐♠❡trí❛ ❡s❢ér✐❝❛ ❬✺✱ ✻❪✳ ❊st❡ r❡s✉❧t❛❞♦ ❝♦♥❞✉❥♦ ❛
❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ♦❜❥❡t♦ ♠✉② ♠❛s✐✈♦✱ ❞❡♥♦♠✐♥❛❞♦ ❛❣✉❥❡r♦ ♥❡❣r♦ ❬✼❪ ❡❧ ❝✉❛❧ ♣r♦❞✉❝❡ ✉♥❛
s✐♥❣✉❧❛r✐❞❛❞ ❡♥ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦✳
❯♥ é①✐t♦ ✐♥♠❡❞✐❛t♦ ❞❡ ❧❛ t❡♦rí❛ ❞❡ ❊✐♥st❡✐♥ ❢✉❡ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❝♦rr❡❝t❛ ❞❡ ❧❛ ♣r❡❝❡s✐ó♥
❞❡❧ ♣❡r✐❤❡❧✐♦ ❞❡ ❧❛ ♦r❜✐t❛ ❞❡❧ ♣❧❛♥❡t❛ ♠❡r❝✉r✐♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧❛ r❡❧❛t✐✈✐❞❛❞ ❣❡♥❡r❛❧ ❣❛♥ó
♠✉❝❤❛ ♠ás ♣♦♣✉❧❛r✐❞❛❞ ❝✉❛♥❞♦ ❧❛ ♣r❡❞✐❝❝✐ó♥ ❞❡ ❧❛ ❞❡✢❡❝❝✐ó♥ ❞❡ ❧✉③ s❡ ❝♦♥✜r♠ó ❞✉r❛♥t❡
❡❧ ❡❝❧✐♣s❡ s♦❧❛r ❞❡ ✶✾✶✾ ♣♦r ❊❞❞✐♥❣t♦♥ ❬✽❪✳ ❆❝t✉❛❧♠❡♥t❡✱ ❧❛ ❚❘● ❤❛ ✈✐st♦ r❡❢♦r③❛❞❛ s✉
✈❡r❛❝✐❞❛❞ ❝✉❛♥❞♦ ❡❧ ✶✶ ❞❡ ❢❡❜r❡r♦ ❞❡ ✷✵✶✻✱ s❡ ❛♥✉♥❝✐ó ❧❛ ♣r✐♠❡r❛ ❞❡t❡❝❝✐ó♥ ❞✐r❡❝t❛ ❞❡
♦♥❞❛s ❣r❛✈✐t❛❝✐♦♥❛❧❡s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❧❛ ❝♦❧✐s✐ó♥ ❞❡ ❞♦s ❛❣✉❥❡r♦s ♥❡❣r♦s ❬✾❪✳
▲❛ ❚❘● r❡✈♦❧✉❝✐♦♥ó ❧♦s ♠♦❞❡❧♦s ❝♦s♠♦❧ó❣✐❝♦s ❞❡❧ ❯♥✐✈❡rs♦✳ ▲❛ ❝♦s♠♦❧♦❣í❛ ❡st✉❞✐❛ ❧❛ ❝♦♠✲
♣♦s✐❝✐ó♥ ❞❡❧ ❯♥✐✈❡rs♦✱ s✉ ❡str✉❝t✉r❛✱ ❢♦r♠❛✱ ♦r✐❣❡♥✱ ❡✈♦❧✉❝✐ó♥ ② ❞❡st✐♥♦ ✜♥❛❧✳ ❆❝t✉❛❧♠❡♥t❡
❧❛ ❝♦s♠♦❧♦❣í❛ ❡stá ❜❛s❛❞❛ ❡♥ ❧❛ ❚❘● ② ❡♥ ❡❧ ♣r✐♥❝✐♣✐♦ ❝♦s♠♦❧ó❣✐❝♦✳ ▲❛ ❈♦s♠♦❧♦❣í❛ ▼♦❞❡r✲
♥❛ t✐❡♥❡ s✉ ♦r✐❣❡♥ ❡♥ ❡❧ ❛ñ♦ ✶✾✶✼ ❝♦♥ ❧❛ ❛♣❧✐❝❛❝✐ó♥ q✉❡ ❤❛❝❡ ❆❧❜❡rt ❊✐♥st❡✐♥ ❞❡ ❧❛ ❚❘● ❛❧
❯♥✐✈❡rs♦ ❝♦♠♦ ✉♥ t♦❞♦✳ ❙✉r❣❡ ❛sí ❡❧ ♣r✐♠❡r ♠♦❞❡❧♦ ❝♦s♠♦❧ó❣✐❝♦ r❡❧❛t✐✈✐st❛ ❬✶✵❪✿ ❊✐♥st❡✐♥
❡♥❝✉❡♥tr❛ q✉❡ s✉ ♠♦❞❡❧♦ ❝♦s♠♦❧ó❣✐❝♦ ♥♦ ♣r❡s❡♥t❛ s♦❧✉❝✐♦♥❡s ❡st❛❜❧❡s❀ ♣❛r❛ ❡❧❧♦✱ ♠♦❞✐✜✲
❝ó s✉s ❡❝✉❛❝✐♦♥❡s✱ ✐♥tr♦❞✉❝✐❡♥❞♦ ✉♥ tér♠✐♥♦ r❡♣✉❧s✐✈♦ ❞❡♥♦♠✐♥❛❞♦ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛
(Λ)✳ ❆s✉♠✐❡♥❞♦ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ❤♦♠♦❣é♥❡❛ ❡ ✐s♦tró♣✐❝❛ ❞❡ ♠❛t❡r✐❛ ❡ ✐♥tr♦❞✉❝✐❡♥❞♦ ❡st❡
tér♠✐♥♦ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛✱ ❊✐♥st❡✐♥ ♦❜t✉✈♦ ✉♥ ♠♦❞❡❧♦ ❞❡ ✉♥✐✈❡rs♦ ❡stát✐❝♦✳ ❊♥
❡s❡ ♠✐s♠♦ ❛ñ♦ ❡❧ ❛stró♥♦♠♦ ❤♦❧❛♥❞és ❲✐❧❧❡♠ ❞❡ ❙✐tt❡r ❤✐③♦ ✉♥❛ ♣✉❜❧✐❝❛❝✐ó♥ ❬✶✶❪ ❡♥ ❧❛
❝✉❛❧ ❞❡s❝r✐❜❡ ✉♥❛ ♥✉❡✈❛ s♦❧✉❝✐ó♥ ❛ ❧❛ ❚❘● ❡♥ ❡❧ ✈❛❝í♦ ❝♦♥ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♣❡r♦ s✐♥
♠❛t❡r✐❛✳
❊♥ ✶✾✷✷✱ ❡❧ ❛stró♥♦♠♦✱ ♠❡t❡♦ró❧♦❣♦ ② ♠❛t❡♠át✐❝♦ r✉s♦ ❆❧❡①❛♥❞❡r ❋r✐❡❞♠❛♥♥ ♣✉❜❧✐❝♦ s✉
tr❛❜❛❥♦ ❬✶✷❪ ❡♥ ❡❧ ❝✉❛❧ ♠❡♥❝✐♦♥❛ ❡❧ ❞❡s❝✉❜r✐♠✐❡♥t♦ ❞❡ s♦❧✉❝✐♦♥❡s ❞✐♥á♠✐❝❛s ❛ ❧❛s ❡❝✉❛✲
❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥✱ ❞❡s❝r✐❜✐❡♥❞♦ ❛sí ✉♥ ✉♥✐✈❡rs♦ ②❛ s❡❛ ❡♥ ❡①♣❛♥s✐ó♥ ♦ ❝♦♥tr❛❝❝✐ó♥✳ ❖tr♦
❞❡s❝✉❜r✐♠✐❡♥t♦ ♥♦t❛❜❧❡ ♣❛r❛ ❧❛ ❝♦s♠♦❧♦❣í❛ ❢✉❡ r❡❛❧✐③❛❞♦ ♣♦r ❡❧ ❢ís✐❝♦✱ ❛stró♥♦♠♦ ② s❛✲
❝❡r❞♦t❡ ❜❡❧❣❛ ●❡♦r❣❡s ▲❡♠❛✐tr❡ ❬✶✸❪✱ q✉✐❡♥ ♦❜t✉✈♦✱ ❞❡ ❢♦r♠❛ ✐♥❞❡♣❡♥❞✐❡♥t❡✱ ❧❛s ♠✐s♠❛s
❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯❈❈■Ó◆ ✸
❡❝✉❛❝✐♦♥❡s ♦❜t❡♥✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡ ♣♦r ❋r✐❡❞♠❛♥♥✳ ❊♥ ✶✾✷✾✱ ♦❜s❡r✈❛❝✐♦♥❡s ❞❡❧ ❯♥✐✈❡rs♦
❤❡❝❤❛s ♣♦r ❊❞✇✐♥ ❍✉❜❜❧❡✱ ♠♦str❛r♦♥ q✉❡ ❡❢❡❝t✐✈❛♠❡♥t❡ ❧❛s ❣❛❧❛①✐❛s ❡st❛❜❛♥ ❛❧❡❥á♥❞♦s❡
✉♥❛s ❞❡ ♦tr❛s ❡♥ ✉♥❛ ❡s♣❡❝✐❡ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ r❡❝❡s✐ó♥✱ ❝♦♥ ❧♦ ❝✉❛❧ s❡ ❞❡t❡r♠✐♥❛ q✉❡
❡❧ ❡st❛❞♦ r❡❛❧ ❞❡❧ ✉♥✐✈❡rs♦ ❡s ✉♥ ❡st❛❞♦ ❞✐♥á♠✐❝♦❀ ❢✉❡ ❡❧ ❞❡s❝✉❜r✐♠✐❡♥t♦ ❞❡ ❧❛ ❡①♣❛♥s✐ó♥
❞❡❧ ✉♥✐✈❡rs♦✳ ❊❧ ✉♥✐✈❡rs♦ ❞❡s❝r✐t♦ ♣♦r ❡❧ ♠♦❞❡❧♦ ❞❡ ❋r✐❡❞♠❛♥♥✱ ❛♣❛rt❡ ❞❡ s❡r ❞✐♥á♠✐❝♦ ❡s
❡s♣❛❝✐❛❧♠❡♥t❡ ❤♦♠♦❣é♥❡♦ ❡ ✐s♦tró♣✐❝♦ ❡♥ r❡❧❛❝✐ó♥ ❛ ❝✉❛❧q✉✐❡r ♣✉♥t♦❀ ② ♣♦s❡❡ ✉♥ ♦r✐❣❡♥ ❡♥
❡❧ ♣❛s❛❞♦ ❡♥ ❡❧ q✉❡ ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❧❛ ♠❛t❡r✐❛ ② ❧❛ t❡♠♣❡r❛t✉r❛ ❞✐✈❡r❣❡♥✿ ❡❧ ❧❧❛♠❛❞♦ ❇✐❣
❇❛♥❣✳ ❊st❡ ♠♦❞❡❧♦ s❡ ❤❛ ❝♦♥✈❡rt✐❞♦ ❡♥ ❧❛ ❜❛s❡ ❞❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ❞❡ ❧❛ ❝♦s♠♦❧♦❣í❛✳ ▲♦s
❞❡s❝✉❜r✐♠✐❡♥t♦s r❡❛❧✐③❛❞♦s ♣♦r ❊❞✇✐♥ ❍✉❜❜❧❡ ❬✶✹❪ ② ❧❛ ❚❘● ❞✐❡r♦♥ ✐♥✐❝✐♦ ❛ ❧❛ ❝♦s♠♦❧♦❣í❛
♠♦❞❡r♥❛✱ ❧❛ ❝✉❛❧ s❡ ❡①♣r❡s❛ ❡♥ ✉♥ ♠♦❞❡❧♦ ✐s♦tró♣✐❝♦ ② ❤♦♠♦❣é♥❡♦ ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ ♠♦❞❡❧♦
❞❡ ❋r✐❡❞♠❛♥♥✲▲❡♠❛✐tr❡✲❘♦❜❡rts♦♥✲❲❛❧❦❡r ✭❋▲❘❲✮ ❬✶✺❪ ✳ ❍❛st❛ ❡♥t♦♥❝❡s✱ ❧❛ ❝♦s♠♦❧♦❣í❛✱
❝♦♠♦ ❤❡♠♦s ♣♦❞✐❞♦ ♥♦t❛r✱ ❤❛❜í❛ t♦♠❛❞♦ ❞♦s ❞✐r❡❝❝✐♦♥❡s✿ ❞❡ ✉♥❛ ♣❛rt❡✱ ❡❧ ❡st✉❞✐♦ ❞❡ ❧♦s
s✐st❡♠❛s s✐♠♣❧❡s q✉❡ ♣❡r♠✐t✐rí❛ ❧❛ ✈❡r✐✜❝❛❝✐ó♥ ② ❡❧ ❛♥á❧✐s✐s ❞❡ ❢❡♥ó♠❡♥♦s ❛ ♣❡q✉❡ñ❛ ❡s❝❛❧❛
♦ ❡s❝❛❧❛ ❧♦❝❛❧ ❞❡s❝r✐t♦s ♣♦r ❧❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞❀ ② ♣♦r ❡❧ ♦tr♦ ❧❛❞♦✱ ❡❧ ♠♦❞❡❧♦ ❞❡
✉♥✐✈❡rs♦ ❛ ❣r❛♥ ❡s❝❛❧❛ ♦ ♠♦❞❡❧♦ ❣❧♦❜❛❧ ❛ ✜♥ ❞❡ ♣r❡❞❡❝✐r ❧❛ ❡✈♦❧✉❝✐ó♥ ② ❡❧ ♦r✐❣❡♥ ❞❡❧ ✉♥✐✈❡rs♦
❞❡s❝r✐t♦ ♣♦r ❧❛ ♠étr✐❝❛ ❞❡ ❋▲❘❲✳ ❊♥ ✶✾✸✸✱ ▼❝❱✐tt✐❡ ♣r❡s❡♥t❛ ✉♥ ♠♦❞❡❧♦ ❬✶✻❪ ❝♦♥ ❡❧ ❝✉❛❧
✉♥✐✜❝❛ ❧♦s ♠♦❞❡❧♦s ❞❡s❝r✐t♦s ♣♦r ❧❛s ♠étr✐❝❛s ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ② ❋▲❘❲✳ ❊❧ ♠♦❞❡❧♦ ❞❡
▼❝❱✐tt✐❡ ❡s ✐♥t❡r❡s❛♥t❡ ♣❛r❛ ❡st✉❞✐❛r ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡❧ ✉♥✐✈❡rs♦ ♣✉❡st♦ q✉❡ ❧❛ ❡str✉❝t✉r❛
❞❡ s✉ ♠étr✐❝❛ ♠❛♥t✐❡♥❡ ❧♦s ❛s♣❡❝t♦s ❛ ♣❡q✉❡ñ❛ ② ❣r❛♥ ❡s❝❛❧❛ ❥✉♥t♦s❀ ❡s ❞❡❝✐r✱ ❝♦♥s✐❞❡r❛
s✐st❡♠❛s ❧♦❝❛❧❡s ✐♥✢✉❡♥❝✐❛❞♦s ♣♦r ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❛ ❣r❛♥ ❡s❝❛❧❛✳
✶✳✶✳ ❖❜❥❡t✐✈♦s
✶✳✶✳✶✳ ❖❜❥❡t✐✈♦ ❣❡♥❡r❛❧
❆♥❛❧✐③❛r ❧❛ s♦❧✉❝✐ó♥ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞❛ ❝♦♥ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛ ② ❡❧ ❡st✉❞✐♦
❞❡ ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦ tr❛♥s✐t❛❜❧❡s ❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡ ▼❝❱✐tt✐❡✳
❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯❈❈■Ó◆ ✹
✶✳✶✳✷✳ ❖❜❥❡t✐✈♦s ❡s♣❡❝í✜❝♦s
✶✳ ❉❡t❡r♠✐♥❛r ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ♣❛r❛ ✉♥❛ ♣❛rtí❝✉❧❛ ❝❛r❣❛❞❛✳
✷✳ ■♥✈❡st✐❣❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞❛ ❝♦♥ ❝♦♥st❛♥t❡ ❝♦s✲
♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛✳
✸✳ ❉❡t❡r♠✐♥❛r ✉♥ ♠♦❞❡❧♦ ❞❡ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❛tr❛✈❡s❛❜❧❡ ♣❛r❛ ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡❧
✉♥✐✈❡rs♦ ❞❡ ▼❝❱✐tt✐❡ ❝♦♠♦ ❡s ❡❧ ✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲✳
✹✳ ■♥✈❡st✐❣❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❢ís✐❝♦ ❞❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡ ▼❝❱✐tt✐❡✳
✶✳✷✳ ▼❡t♦❞♦❧♦❣í❛
▲❛ ♠❡t♦❞♦❧♦❣í❛ q✉❡ s❡ ❤❛ s❡❣✉✐❞♦ ❡♥ ❧❛ r❡❛❧✐③❛❝✐ó♥ ❞❡ ❡st❡ tr❛❜❛❥♦ ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ t❡ór✐❝❛
② ❧❛ ♣♦❞❡♠♦s r❡s✉♠✐r ❡♥ ❧♦s s✐❣✉✐❡♥t❡s ♣✉♥t♦s✿
✶✳ ❙❡ ❤❛ ✉s❛❞♦ ❧❛ t❡♦rí❛ ❞❡ ❧❛ ❘❡❧❛t✐✈✐❞❛❞ ●❡♥❡r❛❧✱ ❡s ❞❡❝✐r✱ ❧❛ ❛❝❝✐ó♥ ❞❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt
s✐♥ tér♠✐♥♦s ❛❞✐❝✐♦♥❛❧❡s✳
✷✳ ❙❡ ❤❛ ✉s❛❞♦ ❧❛ ▼étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ❝✉r✈❛t✉r❛ ♥✉❧❛✳
✸✳ P❛r❛ ♦❜t❡♥❡r r❡s✉❧t❛❞♦s✱ s❡ ❤❛ ✉s❛❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥ ❝♦♥ ♣r❡s❡♥❝✐❛
❞❡ ♠❛t❡r✐❛ ♦ ❡♥❡r❣í❛ ② ❝♦♥ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛✳
✹✳ ❙❡ ❤❛ ❡st✉❞✐❛❞♦ ❡❧ ♠♦❞❡❧♦ ❝♦s♠♦❧ó❣✐❝♦ ❞❡ ▼❝❱✐tt✐❡ ❡♥ ❡❧ ❝✉❛❧ s❡ ❤❛♥ ✐♥tr♦❞✉❝✐❞♦
❝❛♠❜✐♦s✱ ❝♦♠♦ ❝❛r❣❛ ❡❧é❝tr✐❝❛ ② ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛✱ ❝♦♥ ❡❧ ✜♥ ❞❡ ♣❧✉r❛✲
❧✐③❛r❧♦ ♣❛r❛ ♦❜t❡♥❡r r❡s✉❧t❛❞♦s ❝♦s♠♦❧ó❣✐❝♦s ♠❛s ❣❡♥❡r❛❧❡s✳
✶✳✸✳ ❊str✉❝t✉r❛ ❞❡ ❧❛ t❡s✐s
▲❛ ♣r❡s❡♥t❡ ✐♥✈❡st✐❣❛❝✐ó♥ ❡stá ❡str✉❝t✉r❛❞❛ ❡♥ ♦❝❤♦ ❝❛♣ít✉❧♦s✿
❈❛♣ít✉❧♦ ✶✳ ❊♥ ❡st❡ ❝❛♣ít✉❧♦✱ s❡ ❤❛❝❡ ✉♥❛ ✐♥tr♦❞✉❝❝✐ó♥ ❣❡♥❡r❛❧ ❛❧ tr❛❜❛❥♦ ❞❡ t❡s✐s❀ ❡♥ ❡❧ ❝✉❛❧
s❡ ❡s❜♦③❛♥ ❛❧❣✉♥♦s ❛♥t❡❝❡❞❡♥t❡s ❣❡♥❡r❛❧❡s ② s❡ ♣r❡s❡♥t❛ ✉♥❛ r❡✈✐s✐ó♥ ❝r♦♥♦❧ó❣✐❝❛ s✉❝✐♥t❛
❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯❈❈■Ó◆ ✺
❞❡ ❧♦s s✉❝❡s♦s ♠ás r❡♣r❡s❡♥t❛t✐✈♦s ❞❡ ❧❛ ❝♦s♠♦❧♦❣í❛❀ s❡ ❞❡s❝r✐❜❡ ❧♦s ♦❜❥❡t✐✈♦s ❣❡♥❡r❛❧❡s ②
❡s♣❡❝í✜❝♦s ❛sí ❝♦♠♦ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ❞❡ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥ ② ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧❛ t❡s✐s✳
❈❛♣ít✉❧♦ ✷✳ ❙❡ ❞❡s❛rr♦❧❧❛♥ ❛❧❣✉♥♦s tó♣✐❝♦s ❜ás✐❝♦s ❞❡ ❣❡♦♠❡trí❛ ❞✐❢❡r❡♥❝✐❛❧ q✉❡ s♦♥ ❝♦♥s✐✲
❞❡r❛❞♦s ♥❡❝❡s❛r✐♦s ♣❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦ ♣♦st❡r✐♦r ❞❡❧ tr❛❜❛❥♦ ❞❡ t❡s✐s✳ ❊♥ ❢♦r♠❛ ❡s♣❡❝í✜❝❛✱ s❡
❞❡s❛rr♦❧❧❛♥ t❡♠❛s ❝♦♠♦ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐❛❜❧❡s✱ ❡s♣❛❝✐♦ t❛♥❣❡♥t❡✱ ❡s♣❛❝✐♦ ❞✉❛❧✱ t❡♥s♦r❡s✱
❞❡r✐✈❛❞❛s ❞❡ ▲✐❡ ② ✈❡❝t♦r❡s ❞❡ ❑✐❧❧✐♥❣✱ ❡♥tr❡ ♦tr♦s✳
❈❛♣ít✉❧♦ ✸✳ ◆✉❡str♦ ♣r♦♣ós✐t♦✱ ❡♥ ❡st❡ ❝❛♣ít✉❧♦✱ ❡s ✐♥tr♦❞✉❝✐r s✉❝✐♥t❛♠❡♥t❡ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡
❡q✉✐✈❛❧❡♥❝✐❛ ❝♦♠♦ ♣✐❡❞r❛ ❛♥❣✉❧❛r ❞❡ ❧❛ ❚❘●✱ s✉s ♣♦st✉❧❛❞♦s ② ❡❝✉❛❝✐♦♥❡s✳ ❆q✉í s❡ ❤❛❝❡
❣r❛♥ é♥❢❛s✐s ❡♥ ❧♦s ♣r✐♥❝✐♣✐♦s ✈❛r✐❛❝✐♦♥❛❧❡s ❞❡ ❧❛ ❚❘●✱ ❜❛s❡s s♦❜r❡ ❧❛s ❝✉❛❧❡s s❡ ❢✉♥❞❛♠❡♥t❛
❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦✳
❈❛♣ít✉❧♦ ✹✳ ❊♥ ❡st❡ ❝❛♣ít✉❧♦✱ s❡ ❝♦♠✐❡♥③❛ ❝♦♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧♦s ❛❣✉❥❡r♦s ♥❡❣r♦s✱ s❡ ❞❡s❛rr♦✲
❧❧❛ s✉ ❞❡✜♥✐❝✐ó♥ ❢♦r♠❛❧ ② s❡ ❞❡s❝r✐❜❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡❧ ❛❣✉❥❡r♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱
❘❡✐ss♥❡r✲◆♦r❞stro¨♠ ② ✜♥❛❧♠❡♥t❡ s❡ ❤❛❝❡ ✉♥ ❛♥á❧✐s✐s s✉❝✐♥t♦ s♦❜r❡ ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦ tr❛♥✲
s✐t❛❜❧❡s✳
❈❛♣ít✉❧♦ ✺✳ ❙❡ ❛♥❛❧✐③❛ ❡❧ ♣r✐♥❝✐♣✐♦ ❝♦s♠♦❧ó❣✐❝♦✱ ❧❛ ❧❡② ❞❡ ❍✉❜❜❧❡ ② ❧♦s ♣❛rá♠❡tr♦s q✉❡ ♣❡r✲
♠✐t✐❡r♦♥ ♣❧❛♥t❡❛r ❧❛ ♠étr✐❝❛ ❞❡ ❋▲❘❲❀ t❛♠❜✐é♥ s❡ ❞❡❞✉❝❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❋r✐❡❞♠❛♥✳
❙❡❣✉✐❞❛♠❡♥t❡✱ ❡♥❢♦❝❛♠♦s ♥✉❡str♦ ❛♥á❧✐s✐s ❡♥ ❧❛ ✉♥✐✜❝❛❝✐ó♥ ❞❡ ❧❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞
② ❧❛ ♠étr✐❝❛ ❞❡ ❋▲❘❲✳ ❙❡ ❞❡s❛rr♦❧❧❛✱ ❞❡t❛❧❧❛❞❛♠❡♥t❡✱ ❡❧ ❛♥s❛t③ ❞❡ ❧❛ ♠étr✐❝❛ ♣❛r❛ ❧♦s
❝❛s♦s ❝♦♥ ② s✐♥ ❝✉r✈❛t✉r❛✱ ♣❛r❛ ❛sí ✜♥❛❧♠❡♥t❡ ♦❜t❡♥❡r ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡✳
❈❛♣ít✉❧♦ ✻✳ ❊♥ ❡st❡ ❝❛♣ít✉❧♦✱ s❡ ♣❧❛♥t❡❛ ✉♥ ❛♥s❛t③ ♣❛r❛ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞❛✱
♠❡❞✐❛♥t❡ ❡❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦✱ q✉❡ ✐♥❝❧✉②❡ ❛❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛ ❡❧❡❝tr♦♠❛❣♥ét✐❝♦❀
✐♥tr♦❞✉❝✐♠♦s ❧❛ ❝❛r❣❛ ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥ ♣❛r❛✱ ♣♦st❡r✐♦r♠❡♥t❡✱ ❡♥❝♦♥✲
tr❛r ❧❛ ♠étr✐❝❛ ❞❡ ▼❝✈✐tt✐❡ ❝❛r❣❛❞❛❀ ♠❡❞✐❛♥t❡ ❛rt✐✜❝✐♦s ♠❛t❡♠át✐❝♦s ❧♦❣r❛♠♦s ✐♥tr♦❞✉❝✐r ❡❧
tér♠✐♥♦ ❝♦s♠♦❧ó❣✐❝♦❀ ♣♦st❡r✐♦r♠❡♥t❡✱ ♠❡❞✐❛♥t❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥ ✐♥tr♦✲
❞✉❝✐♠♦s ❧❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛ ②✱ ❤❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❡♥❡r❣í❛✱
❛♥❛❧✐③❛♠♦s ❧❛s ❝♦♥s❡❝✉❡♥❝✐❛s ❝♦s♠♦❧ó❣✐❝❛s ❞❡ ❡st❛ s♦❧✉❝✐ó♥✳
❈❛♣ít✉❧♦ ✼✳ ❊♥ ❡st❡ ❝❛♣ít✉❧♦✱ ♠❡❞✐❛♥t❡ ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡ ❛❞❡❝✉❛❞♦s✱ ♠♦❞✐✜❝❛♠♦s ❡❧
♠♦❞❡❧♦ ❞❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ tr❛♥s✐t❛❜❧❡ ❞❡ ▼♦rr✐s✲❚❤♦r♥❡ ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡ ♦❜t❡♥❡♠♦s
✉♥ ♠♦❞❡❧♦ ❞❡ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ tr❛♥s✐t❛❜❧❡ ✐♥♠❡rs♦ ❡♥ ✉♥ ✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲ ❝♦♠♦ ❝❛s♦
❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯❈❈■Ó◆ ✻
♣❛rt✐❝✉❧❛r ❞❡❧ ✉♥✐✈❡rs♦ ❞❡ ▼❝❱✐tt✐❡❀ t❛♠❜✐é♥✱ ❡♥ ❡st❡ ❝❛♣ít✉❧♦✱ s❡ ❛♥❛❧✐③❛ ❡❧ ❝❛s♦ ❞❡ ✉♥
❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ♠ás ❣❡♥❡r❛❧ ✉s❛♥❞♦ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡❀ ❞♦♥❞❡ ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦
❡stá ♠♦❞❡❧❛❞♦ ♣♦r ✉♥❛ ❞❡❧❣❛❞❛ ❝❛♣❛ ❡s❢ér✐❝❛ q✉❡ ❛❝r❡❝❡♥t❛ ❡❧ ✢✉✐❞♦ ❞❡ q✉✐♥t❛ ❡s❡♥❝✐❛✳
❈❛♣ít✉❧♦ ✽✳ ❊♥ ❡st❡ ú❧t✐♠♦ ❝❛♣ít✉❧♦✱ s❡ ❤❛❝❡ ✉♥ r❡❝✉❡♥t♦ ❣❡♥❡r❛❧ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐✲
❞♦s ❛ ❧♦ ❧❛r❣♦ ❞❡❧ tr❛❜❛❥♦ ❞♦❝t♦r❛❧✱ ② s❡ ♣r❡s❡♥t❛ ❧❛s ❝♦♥❝❧✉s✐♦♥❡s ❣❧♦❜❛❧❡s ❛ ❧❛s q✉❡ ❤❡♠♦s
❛rr✐❜❛❞♦✳
❈❛♣ít✉❧♦ ✷
❊❧❡♠❡♥t♦s ❞❡ ❣❡♦♠❡trí❛ ❞✐❢❡r❡♥❝✐❛❧
❊♥ ❡st❡ ❝❛♣ít✉❧♦✱ ❞❡s❛rr♦❧❧❛r❡♠♦s ❞❡ ♠❛♥❡r❛ ❜r❡✈❡ ❛❧❣✉♥♦s tó♣✐❝♦s ❞❡ ❣❡♦♠❡rí❛ ❞✐❢❡r❡♥❝✐❛❧✱
♥❡❝❡s❛r✐♦s ♣❛r❛ ❝♦♠♣r❡♥❞❡r ❧❛ ♥❛t✉r❛❧❡③❛ ❣❡♦♠étr✐❝❛ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦✳ ❆♥❛❧✐③❛r❡♠♦s
❛❧❣✉♥♦s ❝♦♥❝❡♣t♦s ❝♦♠♦ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐❛❜❧❡s✱ ❡s♣❛❝✐♦ t❛♥❣❡♥t❡✱ t❡♥s♦r❡s ② ❞❡r✐✈❛❞❛s
❞❡ ▲✐❡✳
✷✳✶✳ ❱❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐❛❜❧❡s
❯♥❛ ✈❛r✐❡❞❛❞ ❞✐❢❡r❡♥❝✐❛❜❧❡ n✲❞✐♠❡♥s✐♦♥❛❧ ❡s t♦❞♦ ❝♦♥❥✉♥t♦ M ❛❧ ❝✉❛❧ s❡ ❧❡ ❤❛ ✜❥❛❞♦ ✉♥❛
❡str✉❝t✉r❛ ❞✐❢❡r❡♥❝✐❛❜❧❡ ❞❡ ❞✐♠❡♥s✐♦♥ n✳ ▼ás r✐❣✉r♦s❛♠❡♥t❡✱ s❡ ♣✉❡❞❡ ❞❡✜♥✐r ❛ ✉♥❛ ✈❛✲
r✐❡❞❛❞ ❞✐❢❡r❡♥❝✐❛❜❧❡ n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♦ ✉♥ ❡s♣❛❝✐♦ t♦♣♦❧ó❣✐❝♦ ❞❡ ❍❛✉s❞♦r✛ ❞♦t❛❞♦ ❞❡
✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ♠❛♣❡♦s ✐♥②❡❝t✐✈♦s φ ❡♥tr❡ ♣✉♥t♦s ❞❡ ❧❛ ✈❛r✐❡❞❛❞ U ⊂ M ② ❡❧ ❡s♣❛❝✐♦ r❡❛❧
n✲❞✐♠❡♥s✐♦♥❛❧ Rn ❬✶✼❪✱ ❞♦♥❞❡M ❡s ❞♦t❛❞♦ ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❝❛rt❛s {Uα, φα}✱ s✐❡♥❞♦ {Uα}
✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ✈❡❝✐♥❞❛❞❡s ❛❜✐❡rt❛s t❛❧ q✉❡ UαUα = M ② φα ❡s ✉♥ ❤♦♠♦♠♦r✜s♠♦ ❞❡ t❛❧
♠❛♥❡r❛ q✉❡ s✐ Ui ∩ Uj 6= ∅✱ ❡❧ ♠❛♣❡♦ φi ◦ φ−1j ❞❡❜❡ s❡r ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡ (C∞)✳
❯♥ ❡s♣❛❝✐♦ M q✉❡ ❝✉♠♣❧❡ ❝♦♥ ❧❛s ❝❛r❛❝t❡r✐st✐❝❛s ♠❡♥❝✐♦♥❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡ s❡ ❞❡♥♦♠✐♥❛
✈❛r✐❡❞❛❞ ❞✐❢❡r❡♥❝✐❛❜❧❡✳ ❈✉❛❧✐t❛t✐✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❞❡❝✐r q✉❡ ✉♥❛ ✈❛r✐❡❞❛❞ ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡s
✉♥ ❡s♣❛❝✐♦ q✉❡ ❧♦❝❛❧♠❡♥t❡ t✐❡♥❡ ❛s♣❡❝t♦ ❞❡ Rn✳ ❙❡❛ M ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s ❞♦♥❞❡ U ❡s
✉♥ s✉❜❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ ❞❡ M ✳ ❯♥❛ ❝❛rt❛ ❞❡ ❞✐♠❡♥s✐ó♥ n ❡♥ M ❡s ✉♥ ♣❛r ♦r❞❡♥❛❞♦ (U, φ)
❞♦♥❞❡ φ ❡s ✉♥ ❤♦♠❡♦♠♦r✜s♠♦ ❞❡ U ❡♥ Rn ❞♦♥❞❡ φ : U ⊂ M −→ Rn✳ P♦r ❧♦ t❛♥t♦ ✉♥❛
❈❆P❮❚❯▲❖ ✷✳ ❊▲❊▼❊◆❚❖❙ ❉❊ ●❊❖▼❊❚❘❮❆ ❉■❋❊❘❊◆❈■❆▲ ✽
❝❛rt❛ ♣✉❡❞❡ ❛s♦❝✐❛r ❜✐✉♥✐✈♦❝❛♠❡♥t❡ ❛ ✉♥ ♣✉♥t♦ p ∈ U ❡♥ ✉♥ ♣✉♥t♦ φ(p) ❡♥ Rn ❝♦♥t❡♥✐❞♦
❡♥ M ✳ ❈❛❞❛ ♣✉♥t♦ ❞❡ Rn t✐❡♥❡ n ❝♦♦r❞❡♥❛❞❛s u1, ...un✱ ❡♥t♦♥❝❡s✱ ♣♦❞❡♠♦s ❞❡❝✐r q✉❡ ❧❛
❝❛rt❛ ❛tr✐❜✉②❡ ❝♦♦r❞❡♥❛❞❛s ❛❧ ♣✉♥t♦ p ❞❡ M ✱ ❛ tr❛✈és ❞❡ ❧❛s ❝♦♦r❞❡♥❛❞❛ ui ② ❞❡ ❧❛ ❛♣❧✐✲
❝❛❝✐ó♥ φ ✳ ▲❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ p ♣✉❡❞❡♥ s❡r ❞❡s❝r✐t❛s ♣♦r ❧❛s n ❛♣❧✐❝❛❝✐♦♥❡s ❝♦♠♣✉❡st❛s
xi = ui ◦ φ✱ ❞❡♥♦♠✐♥❛❞❛s ❢✉♥❝✐♦♥❡s ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧❡s ❞❡ M ② ❧❛ n✲✉♣❧❛ x1, ...xn✳ ❙❡ ❞✐❝❡
q✉❡ ❡s ❡❧ s✐st❡♠❛ ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♦r❞❡♥❛❞❛s ❛s♦❝✐❛❞❛s ❛ ❧❛ ❝❛rt❛ (U, φ)✳ ❆s✐ ♣❛r❛ ❡❧ ♣✉♥t♦
p ∈ M,xi(p) = ui ◦ φ(p) = ui(φ(p)) = pi ❡s p = (p1, ..., pn)✳ ▲♦❣✐❝❛♠❡♥t❡✱ ✉♥ ♣✉♥t♦ ❞❡
M ♣✉❡❞❡ t❡♥❡r ♠ás ❞❡ ✉♥❛ ❝❛rt❛✳ ❈♦♥s✐❞❡r❡♠♦s q✉❡ (U1, φ1) ② (U2, φ2) s♦♥ ❞♦s ❝❛rt❛s n
❞✐♠❡♥s✐♦♥❛❧❡s s♦❜r❡ M ❝✉②♦s ❞♦♠✐♥✐♦s s❡ s♦❜r❡♣♦♥❡♥✱ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✶✳
❊♥ ❧❛ r❡❣✐ó♥ ❞❡ ✐♥t❡rs❡❝❝✐ó♥ U1
⋂
U2 ♣✉❡❞❡♥ ❞❡✜♥✐rs❡ ❞♦s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ M ❡♥ Rn✳ ❈♦♠♦
❧❛s ❛♣❧✐❝❛❝✐♦♥❡s φi s♦♥ ✐♥②❡❝t✐✈❛s✱ ♣✉❡❞❡♥ s❡r ✐♥✈❡rt✐❞❛s✱ ❧✉❡❣♦ ♣✉❡❞❡♥ s❡r ❞❛❞❛s ❧❛s ❛♣❧✐✲
❝❛❝✐♦♥❡s φ2 ◦ φ−11 ② φ1 ◦ φ−12 ❞❡ Rn ❡♥ Rn✳
❋✐❣✉r❛ ✷✳✶✿ ❙✉♣❡r♣♦s✐❝✐ó♥ ❞❡ ❡♥t♦r♥♦s ❝♦♦r❞❡♥❛❞♦s
▲❛ ♥♦❝✐ó♥ ❞❡ ✈❛r✐❡❞❛❞ ❡s ✉♥❛ ✈❡r❞❛❞❡r❛ ❡①t❡♥s✐ó♥ ♥❛t✉r❛❧ ❞❡❧ ❝♦♥❝❡♣t♦ ❞❡ s✉♣❡r✜❝✐❡ ❡♥
❣❡♦♠❡trí❛ ❞✐❢❡r❡♥❝✐❛❧✱ ❝♦♥ ❧❛ ❞✐❢❡r❡♥❝✐❛ q✉❡ ✉♥❛ ✈❛r✐❡❞❛❞ ♥♦ ❞❡❜❡✱ ♥❡❝❡s❛r✐❛♠❡♥t❡✱ ❡st❛r
✐♥♠❡rs❛ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❡✉❝❧✐❞✐❛♥♦ ②✱ ♣♦r t❛♥t♦✱ r❡♣r❡s❡♥t❛ ✉♥❛ ❡str✉❝t✉r❛ ♠ás ❣❡♥❡r❛❧✳
❈❆P❮❚❯▲❖ ✷✳ ❊▲❊▼❊◆❚❖❙ ❉❊ ●❊❖▼❊❚❘❮❆ ❉■❋❊❘❊◆❈■❆▲ ✾
✷✳✷✳ ❉✐❢❡♦♠♦r✜s♠♦
❙❡❛♥ M ② N ❞♦s ✈❛r✐❡❞❛❞❡s✱ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ φ : M −→ N ❛s♦❝✐❛ ✉♥ ♣✉♥t♦ p ❞❡ M ❛ ✉♥
♣✉♥t♦ φ(p) ❞❡ N ✳ ❘❡s✉❧t❛ ♥❡❝❡s❛r✐♦ ❝❛r❛❝t❡r✐③❛r ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞ ❞❡ ❞✐❝❤❛s
❛♣❧✐❝❛❝✐♦♥❡s✳ P❛r❛ ❡st♦✱ ✉s❛♠♦s ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞ ❡♥ Rn✳ ❈♦♥s✐❞❡r❛♠♦s ❧❛s
❝❛rt❛s (U1, ϕ1) ❡♥ M ② (U2, ϕ2) ❡♥ N ✱ t❛❧ q✉❡ ϕ1 : M −→ D,ϕ2 : M −→ D′ ✱ ❞♦♥❞❡
D ∈ Rn ② D′ ∈ Rn✳ ❉❡❝✐♠♦s q✉❡ φ : M −→ N ❡s ❞✐❢❡r❡♥❝✐❛❜❧❡ ❝✉❛♥❞♦ ❧❛ ❝♦♠♣♦s✐❝✐ó♥
ϕ2 ◦ φ ◦ ϕ−11 : D −→ D′ ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❜❧❡ ❞❡ Rn ❡♥ Rn✱ ❝♦♠♦ s❡ ♠✉❡str❛
❡♥❧❛ ✜❣✉r❛ ✷✳✷✳ ❈✉❛♥❞♦ φ ❡s ✐♥✈❡rt✐❜❧❡ ② φ−1 ❡s ❞✐❢❡r❡♥❝✐❛❜❧❡✱ ❡♥t♦♥❝❡s ❞❡❝✐♠♦s q✉❡ φ ❡s
✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ❡♥tr❡ ✈❛r✐❡❞❛❞❡s❀ ❛❞❡♠ás s❡ ❞✐❝❡ q✉❡ M ❡s ❞✐❢❡♦♠♦r❢❛ ❛ N ② ❛♠❜❛s
r❡♣r❡s❡♥t❛♥ ❧❛ ♠✐s♠❛ ✈❛r✐❡❞❛❞ ❛❜str❛❝t❛ ❬✶✽❪✳
❙✐M = N ✱ ❡♥t♦♥❝❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s φ : M −→M ❢♦r♠❛ ✉♥ ❣r✉♣♦ ❞❡♥♦t❛❞♦
❋✐❣✉r❛ ✷✳✷✿ ❉✐❢❡♦♠♦r✜s♠♦
❝♦♠♦ ❉✐✛✭▼✮✳
❈♦♥s✐❞❡r❡♠♦s ❡❧ ❝❛s♦ ❞❡ ❝✉r✈❛s ❡♥ ✉♥❛ s✉♣❡r✜❝✐❡✱ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✸✳ ❯♥❛
❝✉r✈❛ ❡♥ ✉♥❛ ✈❛r✐❡❞❛❞ M ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❜❧❡ ϕ : I −→ M ❞♦♥❞❡ I ❡s ✉♥
s✉❜❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ ❡♥ R❀ ♣♦r ❧♦ t❛♥t♦✱ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ ❞❡ ϕ ❝♦♥ ❧❛ ❝❛rt❛ φ ❝✉②♦ ❞♦♠✐♥✐♦
❝♦♥t✐❡♥❡ ❧❛ ✐♠❛❣❡♥ ❞❡ ❧❛ ❝✉r✈❛ φ ◦ ϕ : I −→ Rn ❞❡❜❡ s❡r ❞✐❢❡r❡♥❝✐❛❜❧❡✳
❙✐ ❝♦♥s✐❞❡r❛♠♦s ❧❛ ♣❛rt✐❝✉❧❛r✐❞❛❞ N = R ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞✱ ♥♦t❛♠♦s
❈❆P❮❚❯▲❖ ✷✳ ❊▲❊▼❊◆❚❖❙ ❉❊ ●❊❖▼❊❚❘❮❆ ❉■❋❊❘❊◆❈■❆▲ ✶✵
❋✐❣✉r❛ ✷✳✸✿ ❈✉r✈❛s ❡♥ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐❛❜❧❡s
q✉❡ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ❢✉♥❝✐ó♥ r❡❛❧ ❞✐❢❡r❡♥❝✐❛❜❧❡ f : M −→ R r❡s✉❧t❛ ❡✈✐❞❡♥t❡✳
❚❛♠❜✐é♥ ❤❛❝❡♠♦s ♥♦t❛r q✉❡ s✐ p ❡s ✉♥ ♣✉♥t♦ q✉❡ ♣❡rt❡♥❡❝❡ ❛ ❧❛ ❝❛rt❛ (U1, ϕ1)✱ ❞♦♥❞❡
ϕ1(p) = (x)✱ ❤❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛ ❛❝❝✐ó♥ ❞❡ φ ∈ ❉✐✛(M)✱ ♠❛♣❡❛♠♦s ❡❧ ♣✉♥t♦ p ❛ φ(p) ❝✉②❛s
❝♦♦r❞❡♥❛❞❛s s♦♥ ϕ1(φ(p)) = x
′
✳ ❊st❡ ❡♥❢♦q✉❡ ❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦ ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❞❡
❝♦♦r❞❡♥❛❞❛s ❛❝t✐✈❛s✳
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❞♦s ✈❛r✐❡❞❛❞❡s M ② N ✱ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✹✱ ❝♦♥s✐❞❡r❡♠♦s
✉♥ ❞✐❢❡♦♠♦r✜s♠♦ φ : M −→ N ② ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ f ∈ F(N) q✉❡ r❡♣r❡s❡♥t❛ ❡❧ ❝♦♥❥✉♥t♦ ❞❡
t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s q✉❡ ✈❛♥ ❞❡N ❛ R✱ ❡♥t♦♥❝❡s φ ✐♥❞✉❝❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ φ∗ : F(N) −→ F(M)✱
❞♦♥❞❡ ❛❧ tér♠✐♥♦ φ∗f s❡ ❧❡ ❞❡♥♦♠✐♥❛ ❡❧ ♣✉❧❧❜❛❝❦ ❞❡ f ② s❡ ❞❡✜♥❡ ❝♦♠♦✿ φ∗f = f ◦ φ✳
❋✐❣✉r❛ ✷✳✹✿ P✉❧❧❜❛❝❦ ♣❛r❛ ✉♥❛ ❢✉♥❝✐ó♥ ❢
❈❆P❮❚❯▲❖ ✷✳ ❊▲❊▼❊◆❚❖❙ ❉❊ ●❊❖▼❊❚❘❮❆ ❉■❋❊❘❊◆❈■❆▲ ✶✶
✷✳✸✳ P❧❛♥♦ t❛♥❣❡♥t❡
❯♥❛ ✈❛r✐❡❞❛❞ ♥♦ ❡s ♥❡❝❡s❛r✐❛♠❡♥t❡ ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ② ♥♦ ♣♦❞❡♠♦s ❤❛❜❧❛r ❛r❜✐tr❛r✐❛✲
♠❡♥t❡ ❞❡ ✈❡❝t♦r❡s ❡♥ M ✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♣♦❞❡♠♦s ❛s♦❝✐❛r ❛ M ❧❛ ♥♦❝✐ó♥ ❞❡ ✈❡❝t♦r t❛♥❣❡♥t❡
s✐ ❡s q✉❡ t❡♥❡♠♦s ♣r❡s❡♥t❡ ❡❧ ✈❡❝t♦r t❛♥❣❡♥t❡ ❛ ✉♥❛ ❝✉r✈❛ ❞❡ M ✳
❙❡❛ γ(t) ✉♥❛ ❝✉r✈❛ ❞❡ M ✱ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✺✱ ② s❡❛ φ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❧❛s
❢✉♥❝✐♦♥❡s r❡❛❧❡s ❞✐❢❡r❡♥❝✐❛❜❧❡s ❡♥ M ✳ ❊❧ ✈❡❝t♦r t❛♥❣❡♥t❡ γ
′
(t0) ❛ γ ❡♥ ❡❧ ♣✉♥t♦ p = γ(t0)
❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ γ
′
(t0) : φ −→ R✱ ❞❡✜♥✐❞❛ ❝♦♠♦ ❬✶✾❪ ✿
γ
′
(t0)[f ] =
df(γ(t))
dt
|t0 . ✭✷✳✶✮
❋✐❣✉r❛ ✷✳✺✿ ❊s♣❛❝✐♦ t❛♥❣❡♥t❡ ❡♥ ✉♥ ♣✉♥t♦ p ∈M ② ✈❡❝t♦r t❛♥❣❡♥t❡ ❛ ✉♥❛ ❝✉r✈❛ γ(t) ❡♥ p
❆❤♦r❛ ❝♦♥s✐❞❡r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣✐❡❞❛❞✿ s✐ γ
′
(t0) ② λ
′
(t0) s♦♥ ✈❡❝t♦r❡s t❛♥❣❡♥t❡s ❛ ❧❛s
❝✉r✈❛s γ(t) ② λ(t) ❡♥ ❡❧ ♣✉♥t♦ p = γ(t0) = λ(t0) ② s✐ a, b ∈ R ❡♥t♦♥❝❡s aγ ′(t0) + bλ′(t0) ❡s
✉♥ ✈❡❝t♦r t❛♥❣❡♥t❡ ❞❡✜♥✐❞♦ ♣♦r
(aγ
′
(t0) + bλ
′
(t0))[f ] = aγ
′
(t0)[f ] + bλ
′
(t0)[f ]. ✭✷✳✷✮
❊st❛ ♣r♦♣✐❡❞❛❞ ♥♦s ❣❛r❛♥t✐③❛ q✉❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❧♦s ✈❡❝t♦r❡s t❛♥❣❡♥t❡s ❛ M ❡♥ ❡❧
♣✉♥t♦ p ❡s ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞❡♥♦♠✐♥❛❞♦ ❡s♣❛❝✐♦ t❛♥❣❡♥t❡ ❛ M ❡♥ ❡♥ ❡❧ ♣✉♥t♦ p✱ ② ❡s
❞❡♥♦t❛❞♦ ♣♦r Tp(M)✳
❈❆P❮❚❯▲❖ ✷✳ ❊▲❊▼❊◆❚❖❙ ❉❊ ●❊❖▼❊❚❘❮❆ ❉■❋❊❘❊◆❈■❆▲ ✶✷
❆❤♦r❛ ❡s❝r✐❜❡r❡♠♦s ❧❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ✉♥ ✈❡❝t♦r t❛♥❣❡♥t❡ vp ❡♥ tér♠✐♥♦s ❞❡ ❝♦♦r❞❡♥❛❞❛s
❧♦❝❛❧❡s✳ ❙❡❛ (Up, φ) ✉♥❛ ❝❛rt❛ ❞❡ M ② f : M −→ R ② F : Rn −→ R ❡♥t♦♥❝❡s ❞❡✜♥✐♠♦s ✉♥❛
❛♣❧✐❝❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❜❧❡ ❞❛❞❛ ♣♦r f = F ◦φ✱ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✻✳ ❈♦♥s✐❞❡r❡♠♦s
❋✐❣✉r❛ ✷✳✻✿ ❆♣❧✐❝❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❜❧❡
φ(p) = (φ1p, ..., φ
n
p )✱ ❡♥t♦♥❝❡s f(p) = F ◦ φ(p) = F (xi(p))✳ ❍❛❝✐❡♥❞♦ ✉s♦ ❞❡❧ ❝♦♥❝❡♣t♦ ❞❡
❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞ ❞❡ ❧❛ ❢✉♥❝✐ó♥ F ❡①♣❛♥❞✐♠♦s ❧❛ ❢✉♥❝✐ó♥ f(p + ∆p) ❡♥ s❡r✐❡s ❞❡ t❛②❧♦r ②✱
t♦♠❛♥❞♦ ❡♥ ❝✉❡♥t❛ s✉ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧✱ ♦❜t❡♥❡♠♦s
vp[f ] = v
i(
∂f
∂xi
)|p. ✭✷✳✸✮
❙❡❛ {e′i} ✉♥❛ ❜❛s❡ ♥❛t✉r❛❧ ❛s♦❝✐❛❞❛ ❛ {x′i}✳ ❊♥t♦♥❝❡s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✸✮ ♦❜t❡♥❡♠♦s
v
′i = v[x
′i] = vj
∂x
′j
∂xj
. ✭✷✳✹✮
❯♥ ✈❡❝t♦r v s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r v = viei = v
′ie
′
i ❞❡ ❞♦♥❞❡ ♦❜t❡♥❡♠♦s
ei =
∂x
′j
∂xi
e
′
j, ✭✷✳✺✮
❞❡❜✐❞♦ ❛ q✉❡ ❡❧ ❞❡t(∂x
′jupslope∂xi) 6= 0 ❡s ❢❛❝t✐❜❧❡ ♦❜t❡♥❡r ❧❛ tr❛♥s❢♦r♠❛❝✐ó♥ ✐♥✈❡rs❛
e
′
i =
∂xj
∂x′i
ej. ✭✷✳✻✮
❈❆P❮❚❯▲❖ ✷✳ ❊▲❊▼❊◆❚❖❙ ❉❊ ●❊❖▼❊❚❘❮❆ ❉■❋❊❘❊◆❈■❆▲ ✶✸
P♦❞❡♠♦s ♥♦t❛r q✉❡ ❝✉❛♥❞♦ t❡♥❡♠♦s ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧❡s {xi} −→
{x′i}✱ ❝♦♥ ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ J ✱ ❧❛s ❜❛s❡s ♥❛t✉r❛❧❡s ❛s♦❝✐❛❞❛s s❡ tr❛♥s❢♦r♠❛♥ ❞❡ ❛❝✉❡r❞♦
❝♦♥ ❧❛ ✐♥✈❡rs❛ ❞❡ ❧❛ ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ J−1✳ ❊st❡ ❤❡❝❤♦ ❥✉st✐✜❝❛ ❡❧ ♥♦♠❜r❡ ❞❡ ✈❡❝t♦r❡s
❝♦♥tr❛✈❛r✐❛♥t❡s q✉❡ s❡ ❧❡ ❛s✐❣♥❛ ❛ ❧♦s ✈❡❝t♦r❡s ❧♦❝❛❧✐③❛❞♦s ❡♥ ❡❧ ❡s♣❛❝✐♦ t❡♥❣❡♥t❡ Tp(M)✳
❉❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ♠❛t❡♠át✐❝♦✱ ♣♦❞❡♠♦s ❞❡❝✐r q✉❡ ✉♥ ✈❡❝t♦r ❝♦♥tr❛✈❛r✐❛♥t❡ ❧♦❝❛❧✐③❛❞♦ ❡♥
✉♥ ♣✉♥t♦ p ❞❡ ❧❛ ✈❛r✐❡❞❛❞ ♥♦ ❡s ✉♥ ♦❜❥❡t♦ q✉❡ s❡ ❡♥❝✉❡♥tr❛ ❧♦❝❛❧✐③❛❞♦ ❡♥ ❧❛ ✈❛r✐❡❞❛❞✱ s✐♥♦
❡♥ ❡❧ ❡s♣❛❝✐♦ t❛♥❣❡♥t❡ Tp(M) ❞❡❧ ♣✉♥t♦ p✳
❆❤♦r❛ ❝♦♥s✐❞❡r❛r❡♠♦s ❡❧ ❡s♣❛❝✐♦ ❝♦t❛♥❣❡♥t❡ ♦ ❡s♣❛❝✐♦ ❞✉❛❧ T ∗p (M) ❞❡ ❝❛❞❛ ❡s♣❛❝✐♦ t❛♥❣❡♥t❡
Tp(M)✳ ❊❧ ❡s♣❛❝✐♦ ❞✉❛❧ T ∗p (M) ❡stá ❝♦♥st✐t✉✐❞♦ ♣♦r ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❧✐♥❡❛❧❡s ❞❡ Tp(M) ❡♥
R✳ ❊st♦s ❡❧❡♠❡♥t♦s s♦♥ ❞❡♥♦♠✐♥❛❞♦s ✶✲❢♦r♠❛ ♦ ✈❡❝t♦r❡s ❝♦✈❛r✐❛♥t❡s✳
❙❡❛ {xi} ✉♥ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧❡s ❡♥ Up ⊂ M ✳ ❊♥t♦♥❝❡s ❧❛s ❞✐❢❡r❡♥❝✐❛❧❡s dxi
❢♦r♠❛♥ ✉♥❛ ❜❛s❡ ❞❡ T ∗p (M) q✉❡ ❡s ❧❛ ❜❛s❡ ❞✉❛❧ ❞❡ ❧❛ ❜❛s❡ ♥❛t✉r❛❧ ❞❡ Tp(M) ❛s♦❝✐❛❞❛ ❛
{xi}✳ ❙❡❛ V ✉♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ ❡♥ M ✱ ❝♦♠♦ ❝❛❞❛ ❝♦♦r❞❡♥❛❞❛ xi ❡s ❢✉♥❝✐ó♥ ❞❡ F ✉s❛♥❞♦
❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❞✐❢❡r❡♥❝✐❛❧ t❡♥❡♠♦s
dxi(V ) = V [xi] = V jej[x
i] = V jdxi(ej),
❞♦♥❞❡ {ej} ❡s ❧❛ ❜❛s❡ ♥❛t✉r❛❧ ❛s♦❝✐❛❞❛ ❛ {xj}✱ t❛♠❜✐é♥ s❛❜❡♠♦s q✉❡ V i = V [xi] ❞❡ ❞♦♥❞❡
s❡ ♦❜t✐❡♥❡ q✉❡
dxi(ej) = δ
i
j,
❡①♣r❡s✐ó♥ q✉❡ ❞❡✜♥❡ ❧❛s ❢♦r♠❛s ❧✐♥❡❛❧❡s dxi ❝♦♠♦ ❡❧❡♠❡♥t♦s ❞❡ ❧❛ ❜❛s❡ ❞✉❛❧ ❞❡ ❧❛ ❜❛s❡
{xi}✳ ❈♦♥s✐❞❡r❛♥❞♦ df = (df)idxi✱ ❞♦♥❞❡ (df)i = (df)(ei) = ei[f ]✱ ❡♥t♦♥❝❡s df = ei[f ]dxi✳
❈♦♥s✐❞❡r❛♥❞♦ q✉❡ f ❡s ✉♥❛ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ tr❛♥s❢♦r♠❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s
{ei} −→ {e′i}❀ ❡s ❞❡❝✐r✱ ❡s❝r✐❜✐❡♥❞♦ f = x′i(xi, ..., xn) ❡♥❝♦♥tr❛♠♦s ❧❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❞❡
❧❛s ❜❛s❡s ❞❡ T ∗p (M)
dx
′i = ei[x
′i]dxj =
∂x
′j
∂xi
dxi,
② ✉s❛♥❞♦ ❧❛s r❡❧❛❝✐♦♥❡s dxi = ei ② dx
′i = e
′i✱ ♦❜t❡♥❡♠♦s
e
′i =
∂x
′i
∂xj
dxj. ✭✷✳✼✮
❉❡ ❡st❛ ❡①♣r❡s✐ó♥✱ s✉r❣❡ ❧❛ ❞❡s✐❣♥❛❝✐ó♥ ❞❡ ✈❡❝t♦r❡s ❝♦✈❛r✐❛♥t❡s ❛ ❧♦s ✈❡❝t♦r❡s ❞❡❧ ❡s♣❛❝✐♦
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❝♦t❛♥❣❡♥t❡ T ∗p (M)✳ P♦r t❛❧ r❛③ó♥✱ ♣♦❞❡♠♦s ❞❡❝✐r q✉❡ ❡❧ ❡s♣❛❝✐♦ ❝♦t❛♥❣❡♥t❡ ❡s ❡❧ ❡s♣❛❝✐♦
❞❡ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s q✉❡ ❧❧❡✈❛♥ ✈❡❝t♦r❡s t❛♥❣❡♥t❡s ❛ ♥ú♠❡r♦s✳
✷✳✹✳ ❚❡♥s♦r❡s
❙❡❛ V ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛ s♦❜r❡ R✳ ❊❧ ❡s♣❛❝✐♦ ❞✉❛❧ V ∗ ❞❡ V ✱ s✐❡♥❞♦
f ✉♥❛ ❢✉♥❝✐♦♥ ❧✐♥❡❛❧✱ ❡stá ❞❛❞♦ ♣♦r
V ∗ = {f : V −→ R}.
❙❡❛ {vu} ✉♥❛ ❜❛s❡ ❞❡ V ✳ ❙❡ ✐♥tr♦❞✉❝❡ ✉♥❛ ❜❛s❡ ♣❛r❛ V ∗ ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ r❡❧❛❝✐ó♥ ❞❡
❞✉❛❧✐❞❛❞
v∗µ(vν) = δ
µ
ν .
▲❛ ❞✐♠❡♥s✐ó♥ ❞❡ ❧❛ ❜❛s❡ V ∗ ❡s ❧❛ ♠✐s♠❛ ❞✐♠❡♥s✐ó♥ ❞❡ ❧❛ ❜❛s❡ V ✱ ♣♦r t❛♥t♦✱ ❧❛ ❝♦rr❡s✲
♣♦♥❞❡♥❝✐❛ vµ −→ v∗µ ❡st❛❜❧❡❝❡ ✉♥ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❧❛s ❜❛s❡s V ② V ∗✳ P♦r ♠❡❞✐♦ ❞❡ ✉♥
♣r♦❝❡❞✐♠✐❡♥t♦ s✐♠✐❧❛r✱ ❝♦♥s✐❞❡r❛♠♦s ❡❧ ❡s♣❛❝✐♦ ❞♦❜❧❡ ❞✉❛❧ V ∗∗ ❞❡ V ❡♥tr❡ ❧♦s ❡s♣❛❝✐♦s V ∗∗
② V ♣✉❡❞❡ ❡st❛❜❧❡❝❡rs❡ ✉♥ ✐s♦♠♦r✜s♠♦ ♠❡❞✐❛♥t❡ ❧❛ r❡❧❛❝✐ó♥
v∗∗(w∗) = w∗(v), v ∈ V, w∗ ∈ V ∗, v∗∗ ∈ V ∗∗.
❯♥ t❡♥s♦r r✲❝♦✈❛r✐❛♥t❡ ❡♥ V ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ♠✉❧t✐❧✐♥❡❛❧
F : V × V × ...× V︸ ︷︷ ︸
r−veces
−→ R. ✭✷✳✽✮
❙✐♠✐❧❛r♠❡♥t❡✱ ✉♥ t❡♥s♦r s✲❝♦♥tr❛✈❛r✐❛♥t❡ ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ♠✉❧t✐❧✐♥❡❛❧
F : V ∗ × V ∗ × ...× V ∗︸ ︷︷ ︸
s−veces
−→ R. ✭✷✳✾✮
❯♥ t❡♥s♦r ❞❡❧ t✐♣♦ (sr)✱ t❛♠❜✐é♥ ❧❧❛♠❛❞♦ t❡♥s♦r s✲❝♦♥tr❛✈❛r✐❛♥t❡ ② r✲❝♦✈❛r✐❛♥t❡ ❡s ✉♥❛
❛♣❧✐❝❛❝✐ó♥ ♠✉❧t✐❧✐♥❡❛❧
F : V ∗ × V ∗ × ...× V ∗︸ ︷︷ ︸
s−veces
× V × V × ...× V︸ ︷︷ ︸
r−veces
−→ R. ✭✷✳✶✵✮
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❊❧ ❡s♣❛❝✐♦ ❞❡ t♦❞♦s ❧♦s t❡♥s♦r❡s s✲❝♦♥tr❛✈❛r✐❛♥t❡s ❡♥ V ❡s ❞❡♥♦t❛❞♦ ♣♦r T s(V )✱ ❡❧ ❡s♣❛❝✐♦
❞❡ ❧♦s t❡♥s♦r❡s r✲❝♦✈❛r✐❛♥t❡s ♣♦r Tr(v) ② ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧♦s (sr)✲t❡♥s♦r❡s ♣♦r T
s
r ✳ ❊❧ ♣r♦❞✉❝t♦
t❡♥s♦r✐❛❧ ❞❡ ❞♦s ❡s♣❛❝✐♦s t❡♥s♦r✐❛❧❡s ❡s ✉♥ ♥✉❡✈♦ ❡s♣❛❝✐♦ t❡♥s♦r✐❛❧ ❞❡♥♦t❛❞♦ ♣♦r ⊗ ②✱ ❡♥
❢♦r♠❛ ❣❡♥❡r❛❧✱ ♣✉❡❞❡ ❛♣❧✐❝❛rs❡ ❛ ❞✐✈❡rs♦s ❝♦♥t❡①t♦s ❝♦♠♦ ✈❡❝t♦r❡s✱ t❡♥s♦r❡s ② ❡s♣❛❝✐♦s
t♦♣♦❧ó❣✐❝♦s ❬✷✵❪✳
❙✐ F ∈ T sr (V ) ② G ∈ T pq (V )✱ ❡❧ t❡♥s♦r F ⊗G ∈ T s+pr+q (V ) ❡s ❞❡✜♥✐❞♦ ♣♦r
(F ⊗G)(ω1, ..., ωs+p, X1, ..., Xr+q) =
F (ω1, ..., ωs, X1, ..., Xr)G(ω
s+1, ..., ωs+p, Xr+1, ..., Xr+q), ✭✷✳✶✶✮
❞♦♥❞❡ ωi ∈ V ∗ ② Xi ∈ V ✳
❙✐ (e1..., en) ❡s ✉♥❛ ❜❛s❡ ♣❛r❛ V ✱ s❡❛ (ϕ1, ..., ϕn)✱ ❧❛ ❜❛s❡ ❞✉❛❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ V ∗✱ ❞❡✜♥✐❞❛
♣♦r ϕ(ej) = δij✳ ❯♥❛ ❜❛s❡ ♣❛r❛ T
s
r (V ) ❡s ❞❛❞❛ ♣♦r ❡❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❧♦s t❡♥s♦r❡s ❞❡ ❧❛
❢♦r♠❛
eji ⊗ ...⊗ ejs ⊗ ϕi1 ⊗ ...⊗ ϕir, ✭✷✳✶✷✮
❞❡ ♠❛♥❡r❛ q✉❡ ❧♦s í♥❞✐❝❡s ip, iq✱ s❡ ❝♦♥s✐❞❡r❛♥ ❞❡s❞❡ 1 ❤❛st❛ n✳ ❊st♦s t❡♥s♦r❡s ❛❝tú❛♥ ❡♥
❧♦s ❡❧❡♠❡♥t♦s ❜ás✐❝♦s ❞❡ ❛❝✉❡r❞♦ ❛ ❧❛ r❡❧❛❝✐ó♥
ej1 ⊗ ...⊗ ejs ⊗ ϕi1 ⊗ ...⊗ ϕir(ϕu1, ..., ϕus, em1, ...emr) = δu1j1 ...δusjs δi1m1...δirmr, ✭✷✳✶✸✮
② ❝✉❛❧q✉✐❡r t❡♥s♦r F ∈ T sr (V ) ♣✉❡❞❡ s❡r ❡s❝r✐t♦ ❡♥ tér♠✐♥♦s ❞❡ ❡s❛ ❜❛s❡ ❝♦♠♦
F = F j1...jsi1...ir ej1 ⊗ ...⊗ ejs ⊗ ϕi1 ⊗ ...⊗ ϕir, ✭✷✳✶✹✮
❞♦♥❞❡
F j1...jsi1...ir = F (ϕ
j1, ..., ϕjs, ei1, ..., eir). ✭✷✳✶✺✮
❆❤♦r❛ ❞❡✜♥✐r❡♠♦s ✉♥❛ ♦♣❡r❛❝✐ó♥ ❧❧❛♠❛❞❛ tr❛③❛ ♦ ❝♦♥tr❛❝❝✐ó♥✳ ❉❡✜♥✐♠♦s trij : T
s+1
r+1 (V ) −→
T sr (V ) ❤❛❝✐❡♥❞♦ (tr
i
jF )(ω
1, ..., ωs, V1, ..., Vr) ❧❛ tr❛③❛ ❞❡❧ ❡♥❞♦♠♦r✜s♠♦
F (ω1, ..., ωs, V1, ..., Vr) ∈ T 11 (V ). ✭✷✳✶✻✮
❊♥ tér♠✐♥♦s ❞❡ ✉♥❛ ❜❛s❡✱ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ trijF s♦♥
(trijF )
p1...ps
q1...qr
= F p1...m...psq1...m...qr , ✭✷✳✶✼✮
❞♦♥❞❡ ❡❧ í♥❞✐❝❡ m ❡s ❡❧ i✲és✐♠♦ í♥❞✐❝❡ ❛rr✐❜❛ ② ❡❧ j✲❡s✐♠♦ í♥❞✐❝❡ ❛❜❛❥♦✳
❈❆P❮❚❯▲❖ ✷✳ ❊▲❊▼❊◆❚❖❙ ❉❊ ●❊❖▼❊❚❘❮❆ ❉■❋❊❘❊◆❈■❆▲ ✶✻
✷✳✺✳ ❚r❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦ ② ❝♦♥❡①✐ó♥ ❞❡ ▲❡✈✐✲❈✐✈✐t❛
❊♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✱ ❤❡♠♦s ❞❡✜♥✐❞♦ ❡❧ ❡s♣❛❝✐♦ t❛♥❣❡♥t❡ ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ ❝♦♠♦ ❧❛ ✉♥✐ó♥ ❞❡
❡s♣❛❝✐♦s t❛♥❣❡♥t❡s ✐♥❞✐✈✐❞✉❛❧❡s ❡♥ ✉♥ ❞❡t❡r♠✐♥❛❞♦ ♣✉♥t♦✳ P✉❡st♦ q✉❡ ❡st♦s s♦♥ ✐s♦♠♦r❢♦s✱
♣❡r♦ ❞✐❢❡r❡♥t❡s ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s✱ ♥♦ ❝❛❜❡ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❝♦♠♣❛r❛r ❡❧❡♠❡♥t♦s ❞❡ ❞♦s
❡s♣❛❝✐♦s t❛♥❣❡♥t❡s✳ ■♥tr♦❞✉❝✐r❡♠♦s ✉♥❛ ❡strt✉❝t✉r❛ q✉❡ ♥♦s ♣❡r♠✐t❛ ❡st❛ ♣♦s✐❜✐❧✐❞❛❞✳ ❊st❛
❡str✉❝t✉r❛ ❡s ❧❧❛♠❛❞❛ ❝♦♥❡①✐ó♥ ❬✷✶❪✳
❈♦♠❡♥③❛r❡♠♦s ❛♥❛❧✐③❛♥❞♦ ❧❛ ♥♦❝✐ó♥ ❞❡ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦✳ ❙❡❛ ❡❧ ♣✉♥t♦ p ∈ M ② v ∈
Tp(M) ✉♥ ✈❡❝t♦r ❡♥ ❡❧ ♣✉♥t♦ p✳ ❉❡s❡❛♠♦s tr❛♥s♣♦rt❛r✱ ♣❛r❛❧❡❧❛♠❡♥t❡✱ v ❛❧ ♣✉♥t♦ p
′
❝❡r❝❛♥♦
❛ p✱ t❛❧ q✉❡ p ② p
′
❡stá♥ ❝♦♥❡❝t❛❞♦s ♣♦r ✉♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ X✳ ❊st♦ s✐❣♥✐✜❝❛ q✉❡ ❡♥
✉♥ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛♣r♦♣✐❛❞❛s✱ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ p ② p
′
❡stá♥ r❡❧❛❝✐♦♥❛❞❛s ♣♦r
p
′a = pa+Xa✱ ② ❧♦s ❝♦♠♣♦♥❡♥t❡s Xa s♦♥ ❧♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦s ❝♦♠♦ ♣❛r❛ ❛♣r♦①✐♠❛r
❡❧ ✈❡❝t♦r tr❛♥s♣♦rt❛❞♦ ♣❛r❛❧❡❧❛♠❡♥t❡ v
′ ∈ Tp′ (M) ❡♥ ❧❛ ❢♦r♠❛
v
′a = va − ΓabcvbXc, ✭✷✳✶✽✮
❞♦♥❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s Γabc s❡ ❞❡♥♦♠✐♥❛♥ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❝♦♥❡①✐ó♥ ♦ sí♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧✳
❆❤♦r❛ ♣♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ❡st❡ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦ ✐♥✜♥✐t❡s✐♠❛❧ ❛❧ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦ ❛
❧♦ ❧❛r❣♦ ❞❡ ✉♥❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞❡ X✱ ❡s ❞❡❝✐r✱ ✉♥❛ ❝✉r✈❛ γ ∈ C∞(R,M) ❞❡ ♠❛♥❡r❛ q✉❡ s✉
✈❡❝t♦r t❛♥❣❡♥t❡ γ˙(t) ❡♥ p = γ(t) s❡❛ ✐❣✉❛❧ ❛ X(p)✳ ❉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✶✽✮✱ ♣♦❞❡♠♦s ♦❜t❡♥❡r
dva
dt
+ Γabcv
bXc = 0. ✭✷✳✶✾✮
❆❤♦r❛ ❡st❛♠♦s ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❣❡♥❡r❛❧✐③❛r ❡❧ ❝♦♥❝❡♣t♦ ❞❡ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦✳ ❙❡❛ X, V
❝❛♠♣♦s ✈❡❝t♦r✐❛❧❡s✳ V ❡s tr❛♥s♣♦rt❛❞♦ ♣❛r❛❧❡❧❛♠❡♥t❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ X✳ ❯s❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐ó♥
❞❡ ❧❛ ❝✉r✈❛ ✐♥t❡❣r❛❧✱ ♣♦❞❡♠♦s r❡❡s❝r✐❜✐r ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❧❛ ❝♦♠♣♦♥❡♥t❡ V a ❝♦♠♦
d
dt
V a(γ(t)) = Xc(γ(t))∂cV
a(γ(t)), ✭✷✳✷✵✮
②✱ ✜♥❛❧♠❡♥t❡✱ ♦❜t❡♥❡♠♦s ❧❛ ❝♦♥❞✐❝✐ó♥
(∇XV )a = Xc∂cV a + ΓabcvbXc = 0. ✭✷✳✷✶✮
❊❧ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ ∇XV ❡s ❧❧❛♠❛❞♦ ❧❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ V ❝♦♥ r❡s♣❡❝t♦ ❛ X✳
❊❧ ❝♦♥❝❡♣t♦ ❞❡ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ s❡ ♣✉❡❞❡ ❣❡♥❡r❛❧✐③❛r ❛❞✐❝✐♦♥❛❧♠❡♥t❡ ♣❛r❛ ♦♣❡r❛r s♦❜r❡
❈❆P❮❚❯▲❖ ✷✳ ❊▲❊▼❊◆❚❖❙ ❉❊ ●❊❖▼❊❚❘❮❆ ❉■❋❊❘❊◆❈■❆▲ ✶✼
❝❛♠♣♦s t❡♥s♦r❡s ❛r❜✐tr❛r✐♦s✳ ❙❡❛ X ✉♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ ② T ✉♥ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❞❡ t✐♣♦
(rs)✳ ▲❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ T ❝♦♥ r❡s♣❡❝t♦ ❛ X ♣✉❡❞❡ ❡s❝r✐❜✐rs❡ ❡♥ ❧❛ ❢♦r♠❛
(∇XT )a1...arb1...bs = Xd∂dT a1...arb1...bs +
r∑
i=1
ΓaicdT
a1...ar
b1...bs
Xd
−
s∑
i=1
ΓcbidT
a1...ar
b1...bs
Xd. ✭✷✳✷✷✮
❆❤♦r❛ t❡♥❡♠♦s ❞♦s ❡str✉❝t✉r❛s ❞✐❢❡r❡♥t❡s ❞❡✜♥✐❞❛s ❡♥ ❧❛ ✈❛r✐❡❞❛❞✿ ❧❛ ♠étr✐❝❛ ② ❧❛ ❝♦♥❡①✐ó♥✳
❙❡ ♣❧❛♥t❡❛ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ s✐ ❡st❛s ❞♦s ❡str✉❝t✉r❛s ♣✉❡❞❡♥ r❡❧❛❝✐♦♥❛rs❡✳ ❊st♦ ❡s r❡❛❧♠❡♥t❡
♣♦s✐❜❧❡✳ ❊①✐st❡ ✉♥❛ ❝♦♥❡①✐ó♥ ú♥✐❝❛ ❞❡ ♠♦❞♦ q✉❡ ❧♦s sí♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧ r❡s✉❧t❛♥ s❡r
s✐♠étr✐❝♦s ❡♥ s✉ ♣❛r ✐♥❢❡r✐♦r ❞❡ í♥❞✐❝❡s ② ❧❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ ❧❛ ♠étr✐❝❛ s❡ ❛♥✉❧❛✳
❊st❛ ❝♦♥❡①✐ó♥ s❡ ❧❧❛♠❛ ❧❛ ❝♦♥❡①✐ó♥ ❞❡ ▲❡✈✐✲❈✐✈✐t❛✱ ② s✉s ❝♦♠♣♦♥❡♥t❡s t♦♠❛♥ ❧❛ ❢♦r♠❛
Γabc =
1
2
gad(∂bgcd + ∂cgbd − ∂dgbc). ✭✷✳✷✸✮
P♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❡♥ ✉♥❛ ✈❛r✐❡❞❛❞ ❞♦t❛❞❛ ❝♦♥ ❧❛ ❝♦♥❡①✐♦♥ ❞❡ ▲❡✈✐✲❈✐✈✐t❛✱ t♦❞❛s ❧❛s
♣r♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❡stá♥ ❞❡t❡r♠✐♥❛❞❛s ♣♦r ❧❛ ♠étr✐❝❛✳
✷✳✻✳ ❚❡♥s♦r ❞❡ ❘✐❡♠❛♥♥
❊❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥ ❡s ✉♥ ♠❛♣❡♦ q✉❡ s✉r❣❡ ❛❧ ❝♦♥s✐❞❡r❛r ❧❛ ♥♦ ❝♦♥♠✉t❛t✐✈✐❞❛❞ ❞❡ ♦♣❡r❛✲
❝✐♦♥❡s s✉❝❡s✐✈❛s ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥✱ ❛♣❧✐❝❛❞❛s ❛ ✉♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ ♦ ❛ ✉♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧
❞✉❛❧✳ ❈✉❛♥❞♦ ❧♦s ✈❡❝t♦r❡s s❡ tr❛❧❛❞❛♥ ♣❛r❛❧❡❧❛♠❡♥t❡ ❡♥ ✉♥ ❝❛♠✐♥♦ ❝❡rr❛❞♦ ❞❡♥tr♦ ❞❡ ✉♥❛
✈❛r✐❡❞❛❞✱ ❣❡♥❡r❛❧♠❡♥t❡✱ s✉❢r❡♥ tr❛♥s❢♦r♠❛❝✐♦♥❡s✳ ❊st❛s s❡ r❡❧❛❝✐♦♥❛♥ ❝♦♥ ❧❛ ❝✉r✈❛t✉r❛ ❞❡
❞✐❝❤❛ ✈❛r✐❡❞❛❞✳ ❊❧ ♠❛♣❡♦ ❧♦❝❛❧ ❞❡ ❧❛ ❝✉r✈❛t✉r❛ ❡s r❡❛❧✐③❛❞♦ ♣♦r ❡❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥✳ ▲❛
❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ ✉♥ ✈❡❝t♦r ❝♦♥tr❛✈❛r✐❛♥t❡ ♣r❡s❡♥t❛ ❧❛ ❢♦r♠❛
∇νV ρ = ∂νV ρ + ΓρνλV λ, ✭✷✳✷✹✮
❞♦♥❞❡ Γρνλ s♦♥ ❧♦s sí♠❜♦❧♦s ❞❡ ❈r✐st♦✛❡❧ ② ❡stá♥ ❞❛❞♦s ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✸✮✳ ❆♣❧✐❝❛♥❞♦
❧❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✹✮✱ ♦❜t❡♥❡♠♦s
∇µ∇νV ρ = ∂µ(∂νV ρ + ΓρνλV λ) + Γρσµ(∂νV σ + ΓσνλV λ)− Γσνµ(∂σV ρ + ΓρλσV λ), ✭✷✳✷✺✮
❈❆P❮❚❯▲❖ ✷✳ ❊▲❊▼❊◆❚❖❙ ❉❊ ●❊❖▼❊❚❘❮❆ ❉■❋❊❘❊◆❈■❆▲ ✶✽
❡❢❡❝t✉❛♥❞♦ ✉♥❛ ♣❡r♠✉t❛❝✐ó♥ ❞❡ í♥❞✐❝❡s µ⇆ ν ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✺✮✱ r❡s✉❧t❛
∇ν∇µV ρ = ∂ν(∂µV ρ + ΓρµλV λ) + Γρσν(∂µV σ + ΓσµλV λ)− Γσµν(∂σV ρ + ΓρλσV λ). ✭✷✳✷✻✮
❙✉str❛②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✻✮ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✺✮✱ ❡❢❡❝t✉❛♥❞♦ ❧❛s s✉st✐t✉❝✐♦♥❡s ♥❡❝❡s❛r✐❛s
② ❝♦♥s✐❞❡r❛♥❞♦ ❧❛ s✐♠❡trí❛ ❞❡ ❧♦s í♥❞✐❝❡s ✐♥❢❡r✐♦r❡s ❞❡ ❧♦s s✐♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧✱ ♦❜t❡♥❡♠♦s
[∇µ,∇ν ]V ρ = (∂µΓρνλ − ∂νΓρµλ + ΓρσµΓσνλ − ΓρσνΓσµλ)V λ, ✭✷✳✷✼✮
❞♦♥❞❡ ❛❧ tér♠✐♥♦ ❡♥tr❡ ♣❛r❡♥t❡s✐s ❧♦ ❞❡♥♦♠✐♥❛♠♦s ❝♦♠♦ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥ ❬✷✶❪
Rρµνλ = ∂µΓ
ρ
νλ − ∂νΓρµλ + ΓρσµΓσνλ − ΓρσνΓσµλ. ✭✷✳✷✽✮
❚❡♥✐❡♥❞♦ ♣r❡s❡♥t❡ Rµνλσ = R
ρ
µνλgρσ ♣♦❞❡♠♦s ✐♥❞✐❝❛r ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡❧ t❡♥s♦r ❞❡
❝✉r✈❛t✉r❛✳
✲ ❙✐♠❡trí❛✿
Rµνλσ = Rλσµν ✭✷✳✷✾✮
✲ ❆♥t✐s✐♠❡trí❛✿
Rµνλσ = −Rνµλσ = −Rµνσλ ✭✷✳✸✵✮
✲ ❈✐❝❧✐❝✐❞❛❞✿
Rµνλσ +Rµσνλ +Rµλσν = 0 ✭✷✳✸✶✮
P♦❞❡♠♦s ♥♦t❛r q✉❡ ❡❧ t❡♥s♦r ❞❡ r✐❡♠❛♥♥ ❡s ❞❡ ❝✉❛rt♦ ♦r❞❡♥✱ ♣♦r t❛♥t♦✱ ♣♦s❡❡ ✷✺✻ ❝♦♠✲
♣♦♥❡♥t❡s❀ s✐♥ ❡♠❜❛r❣♦✱ ❞❡❜✐❞♦ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ s✐♠❡trí❛✱ ❛♥t✐s✐♠❡trí❛ ② ❝✐❝❧✐❝✐❞❛❞✱ s✉s
❝♦♠♣♦♥❡♥t❡s s❡ r❡❞✉❝❡♥ ❛ ✷✵✳ ❊❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥ ♠✐❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ✉♥ ✈❡❝t♦r ❛❧ s❡r
tr❛s❧❛❞❛❞♦ ♣❛r❛❧❡❧❛♠❡♥t❡ ❛❧r❡❞❡❞♦r ❞❡ ✉♥❛ ❝✉r✈❛ ❝❡rr❛❞❛✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ s✐ ❡❧ t❡♥s♦r ❞❡
❘✐❡♠❛♥♥ ❡s ♥✉❧♦✱ ❡❧ tr❛s❧❛❞♦ ♣❛r❛❧❡❧♦ ❞❡ ✉♥ ✈❡❝t♦r ♥♦ ❞❡♣❡♥❞❡ ❞❡ ❧❛ tr❛②❡❝t♦r✐❛✱ ❧♦ q✉❡
✐♠♣❧✐❝❛ q✉❡ ❧❛ ✈❛r✐❡❞❛❞ ❡s ♣❧❛♥❛❀ ♣♦r ❧♦ t❛♥t♦✱ ✉♥❛ ✈❛r✐❡❞❛❞ ❡s ♣❧❛♥❛ s✐ t♦❞❛s ❧❛s ❝♦♠✲
♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥ s♦♥ ✐❞❡♥t✐❝❛♠❡♥t❡ ❝❡r♦✳ P♦r ❧♦ t❛♥t♦✱ ✉♥❛ ✈❛r✐❡❞❛❞ t✐❡♥❡
❝✉r✈❛t✉r❛ s✐ ♣♦r ❧♦ ♠❡♥♦s ✉♥❛ ❝♦♠♣♦♥❡♥t❡ ❞❡❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥ ❡s ❞✐st✐♥t❛ ❞❡ ❝❡r♦✳
❈❆P❮❚❯▲❖ ✷✳ ❊▲❊▼❊◆❚❖❙ ❉❊ ●❊❖▼❊❚❘❮❆ ❉■❋❊❘❊◆❈■❆▲ ✶✾
❆❤♦r❛ ♣♦❞❡♠♦s r❡❛❧✐③❛r ✉♥❛ ❝♦♥tr❛❝❝✐ó♥ ❛❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥ ❝♦♥ ❡❧ ✜♥ ❞❡ ♦❜t❡♥❡r ✉♥
t❡♥s♦r ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ❞❡ ✶✵ ❝♦♠♣♦♥❡♥t❡s ❞❡♥♦♠✐♥❛❞♦ ❚❡♥s♦r ❞❡ ❘✐❝❝✐
Rµλ = R
ρ
µρλ. ✭✷✳✸✷✮
❯s❛♥❞♦ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ s✐♠❡trí❛ ❞❛❞❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✾✮ ♥♦t❛♠♦s q✉❡ ❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐
❡s s✐♠étr✐❝♦✱ ❡s ❞❡❝✐r Rµλ = Rλµ✱ ❡♥ tér♠✐♥♦s ❞❡ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❧❛ ❝♦♥❡①✐ó♥ t❡♥❡♠♦s
Rµλ = ∂µΓ
ρ
ρλ − ∂ρΓρµλ + ΓρσµΓσρλ − ΓρσρΓσµλ. ✭✷✳✸✸✮
▲❛ ♣r♦♣✐❡❞❛❞ ❛♥t✐s✐♠étr✐❝❛ ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✸✵✮ ♥♦s ✐♥❞✐❝❛ q✉❡ Rµλ ❡s ❡❧ ú♥✐❝♦
t❡♥s♦r ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ q✉❡ ♣✉❡❞❡ s❡r ❢♦r♠❛❞♦ ❛ ♣❛rt✐r ❞❡❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥✳ ❉❡ ✐❣✉❛❧
♠❛♥❡r❛ ♣♦❞❡♠♦s ❝♦♥tr❛❡r ❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐ Rµλ ② ❝♦♥str✉✐r ❡❧ ❡s❝❛❧❛r ❞❡ ❘✐❝❝✐✱ t❛♠❜✐é♥
❞❡♥♦♠✐♥❛❞♦ ❡s❝❛❧❛r ❞❡ ❝✉r✈❛t✉r❛✱ ❞❛❞♦ ♣♦r
R = gµλRµλ. ✭✷✳✸✹✮
❊❧ ❡s❝❛❧❛r ❞❡ ❘✐❝❝✐ ❡s♣❡❝✐✜❝❛ ✉♥ ♥ú♠❡r♦ r❡❛❧ ❡♥ ❝❛❞❛ ♣✉♥t♦ ❞❡ ❧❛ ✈❛r✐❡❞❛❞✱ ❞❡t❡r♠✐♥❛♥❞♦
❧❛ ❝✉r✈❛t✉r❛ ✐♥trí♥s❡❝❛ ❞❡ ❧❛ ✈❛r✐❡❞❛❞ ❡♥ ❞✐❝❤♦ ♣✉♥t♦✳
❖tr❛ r❡❧❛❝✐ó♥ ♠✉② ✐♠♣♦rt❛♥t❡ ❡♥tr❡ ❧♦s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥ ❡s ❧❛ ✐❞❡♥t✐❞❛❞
❞❡ ❇✐❛♥❝❤✐✱ ✉♥❛ r❡❧❛❝✐ó♥ ❝í❝❧✐❝❛ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ ❘✐❡♠❛♥♥✳ ▲❛ ♠❛♥❡r❛ ♠ás ❢á❝✐❧
❞❡ ✈❡r❧❛ ❡s ❡♥ ✉♥ ♣✉♥t♦ ② ❝♦♥s✐❞❡r❛r ❡♥ ❡s❡ ♣✉♥t♦ ✉♥ s✐st❡♠❛ ✐♥❡r❝✐❛❧ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ q✉❡
❛♥✉❧❛ ❛ ❧♦s sí♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧ ❞❡❥❛♥❞♦ ❛❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥ s♦❧♦ ❝♦♥ ❧❛s s❡❣✉♥❞❛s
❞❡r✐✈❛❞❛s ❞❡ ❧❛ ♠étr✐❝❛ ② ❧❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ s❡ r❡❞✉❝❡ ❛ ❧❛ ✉s✉❛❧ ❡♥ ❞✐❝❤♦ ♣✉♥t♦✳
❈♦♥s✐❞❡r❡♠♦s ❧❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥
∇τRσγλβ = 1
2
∂
∂xτ
(
∂2gγλ
∂xσ∂xβ
− ∂
2gσλ
∂xβ∂xγ
+
∂2gσβ
∂xγ∂xλ
− ∂
2gσβ
∂xσ∂xλ
). ✭✷✳✸✺✮
P❡r♠✉t❛♥❞♦ ❡❧ í♥❞✐❝❡ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❝♦♥ ❧♦s ❞♦s ú❧t✐♠♦s í♥❞✐❝❡s ❞❡❧ t❡♥s♦r ❞❡ ❝✉r✈❛t✉r❛✱
s❡ ♦❜t✐❡♥❡
∇τRσγλβ +∇βRσγτλ +∇λRσγβτ = 0, ✭✷✳✸✻✮
❡st❛ ❡①♣r❡s✐ó♥ ❡s ❝♦♥♦❝✐❞❛ ❝♦♠♦ ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡ ❇✐❛♥❝❤✐✳
❍❛❝✐❡♥❞♦ ✉♥❛ ❝♦♥tr❛❝❝✐ó♥ ❝♦♥ gσλ✱ s✐♠✐❧❛r♠❡♥t❡ ❝♦♠♦ s❡ ❤✐③♦ ♣❛r❛ ♦❜t❡♥❡r ❡❧ t❡♥s♦r ❞❡
❈❆P❮❚❯▲❖ ✷✳ ❊▲❊▼❊◆❚❖❙ ❉❊ ●❊❖▼❊❚❘❮❆ ❉■❋❊❘❊◆❈■❆▲ ✷✵
❘✐❝❝✐❀ ❡♥ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦✱ ❛♣❧✐❝❛♠♦s ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❛♥t✐s✐♠❡trí❛ ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥
✭✷✳✸✵✮❀ ❡♥ ❡❧ t❡r❝❡r ② ❝✉❛rt♦ í♥❞✐❝❡ ❡❢❡❝t✉❛♠♦s ❧❛ ❝♦♥t❛❝❝✐ó♥✳ ❆❧ r❡s♣❡❝t♦✱ ❞❡❧ t❡r❝❡r tér♠✐♥♦✱
t❡♥✐❡♥❞♦ ♣r❡s❡♥t❡ q✉❡ ❧❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ ❧❛ ♠étr✐❝❛ ❡s ♥✉❧❛
∇τRγβ −∇βRγτ +∇λRγβτ = 0. ✭✷✳✸✼✮
❝♦♥tr❛②❡♥❞♦ ❝♦♥ gγβ✿
∇τR−∇βRβτ −∇λRµτ = 0,
∇µRµτ −
1
2
∇τR = 0,
∇µ(Rµτ −
1
2
Rδµτ ) = 0. ✭✷✳✸✽✮
▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r gτν ♦❜t❡♥❡♠♦s
∇µ(Rµν − 1
2
Rgµν) = 0. ✭✷✳✸✾✮
❆ ❧❛ ❝❛♥t✐❞❛❞ ❞❡♥tr♦ ❞❡❧ ♣❛r❡♥t❡s✐s s❡ ❧❡ ❞❡♥♦♠✐♥❛ t❡♥s♦r ❞❡ ❊✐♥st❡✐♥✱
Gµν = Rµν − 1
2
Rgµν = 0. ✭✷✳✹✵✮
❈❛❜❡ r❡s❛❧t❛r q✉❡ ❡❧ t❡♥s♦r ❞❡ ❊✐♥st❡✐♥ G ❡s✱ ❡s❡♥❝✐❛❧♠❡♥t❡✱ ✉♥ t❡♥s♦r ♠✐①t♦ ❞❡ ♦r❞❡♥ ❞♦s❀
② ♣✉❡st♦ q✉❡ ❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐ ❡s ✉♥ t❡♥s♦r s✐♠étr✐❝♦✱ ❡❧ t❡♥s♦r ❞❡ ❊✐♥st❡✐♥ t❛♠❜✐é♥ ❡s ✉♥
t❡♥s♦r s✐♠étr✐❝♦ ② ❧✐❜r❡ ❞❡ ❞✐✈❡r❣❡♥❝✐❛✳
✷✳✼✳ ❉❡r✐✈❛❞❛ ❞❡ ▲✐❡ ② ✈❡❝t♦r❡s ❞❡ ❑✐❧❧✐♥❣
▲❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ♠✐❞❡ ❡❧ ❝❛♠❜✐♦ ❞❡ ✉♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ✢✉❥♦ ❞❡ ♦tr♦
❝❛♠♣♦✳ ▲❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ s❡ ♣✉❡❞❡ ❝❛❧❝✉❧❛r s♦❜r❡ ❝✉❛❧q✉✐❡r ✈❛r✐❡❞❛❞ ❞✐❢❡r❡♥❝✐❛❜❧❡ M ✳
❙❡❛ V µ ∈ M ✉♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ ✱ q✉❡ ❞❡✜♥❡ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉r✈❛s γµ(λ) ❛ t❛✈és ❞❡ ❧❛
❡❝✉❛❝✐ó♥
V µ(γ(λ)) =
d
dλ
γµ(λ), ✭✷✳✹✶✮
❞♦♥❞❡ γµ(λ) s♦♥ ❧❛s ❧✐♥❡❛s ❞❡ ❝❛♠♣♦ ♦ ❝✉r✈❛s ✐♥t❡❣r❛❧❡s ❞❡ V µ✳
▲❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ LV ❡s ✉♥ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ ② r❡♣r❡s❡♥t❛ ❧❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧ ❡♥
❈❆P❮❚❯▲❖ ✷✳ ❊▲❊▼❊◆❚❖❙ ❉❊ ●❊❖▼❊❚❘❮❆ ❉■❋❊❘❊◆❈■❆▲ ✷✶
❧❛ ❞✐r❡❝❝✐ó♥ ❞❡❧ ❝❛♠♣♦ V µ ♦ ❧❛ ❞❡r✐✈❛❞❛ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛s ❝✉r✈❛s ✐♥t❡❣r❛❧❡s γµ(λ)✳
❙❡❛♥ p ② q ❞♦s ♣✉♥t♦s ✐♥✜♥✐t❡s✐♠❛❧♠❡♥t❡ ❝❡r❝❛♥♦s✱ ❝♦♥ ❝♦♦r❞❡♥❛❞❛s xµ ② x
′µ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✱ t❛❧ q✉❡
x
′µ = xµ − εV µ(x), ✭✷✳✹✷✮
❞♦♥❞❡ V µ ❡s ❧❛ ❞✐r❡❝❝✐ó♥ ❡♥ ❧❛ q✉❡ q✉❡r❡♠♦s ❡❢❡❝t✉❛r ❧❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧ ② ε ❡s ✉♥❛
❝❛♥t✐❞❛❞ ✐♥✜♥✐t❡s✐♠❛❧✳
❉❡✜♥✐♠♦s ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❞❡ ✉♥ ❝❛♠♣♦ f(x) ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡ ✉♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ V µ
❝♦♠♦
LV f = l´ım
ε→0
f
′
(x)− f(x)
ε
= l´ım
ε→0
f
′
(x
′
+ εV µ)− f(x)
ε
. ✭✷✳✹✸✮
❯♥❛ ❞❡✜♥✐❝✐ó♥ ❡q✉✐✈❛❧❡♥t❡ ❡s ❧❛ s✐❣✉✐❡♥t❡ ❬✷✷❪✿
LV f = l´ım
ε→0
ϕ∗εf − f
ε
. ✭✷✳✹✹✮
❉♦♥❞❡ {ϕε} ❡s ❡❧ ✢✉❥♦ ❞❡ V ② {ϕ∗ε} ❡s ❡❧ ♣✉❧❧❜❛❝❦✳
❯t✐❧✐③❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐ó♥ ❢♦r♠❛❧✱ s❡ ♣✉❡❞❡ ❡st❛❜❧❡❝❡r q✉❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❡♥tr❡ ❝❛♠♣♦s
✈❡❝t♦r✐❛❧❡s ❡s
LX(Y ) = [X, Y ].
P❛r❛ t❡♥s♦r❡s✱
LX(S ⊗ T ) = (LXS)⊗ T + S ⊗ LXT.
▲❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❝♦♠♣❛rt❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧✐♥❡❛❧✐❞❛❞ ② ❧❛ r❡❣❧❛ ❞❡ ▲❡✐❜♥✐③
LV (αAµ + βBµ) = αLVAµ + βLVBµ,
LV (AµBνρ) = (LVAµ)Bνρ) + Aµ(LVBνρ). ✭✷✳✹✺✮
❙❡❛♥ V µ ② W µ ❞♦s ❝❛♠♣♦s ✈❡❝t♦r✐❛❧❡s✱ ❡♥t♦♥❝❡s ❡❧ ❝♦♥♠✉t❛❞♦r ❞❡ ❞♦s ❞❡r✐✈❛❞❛s ❞❡ ▲✐❡ ❛
❧♦ ❧❛r❣♦ ❞❡ V µ ② W µ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❝♦♠♦ ♦tr❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ [LV ,LW ] = LZ ✱ ❞♦♥❞❡
Zµ = LVW µ = V ν∂νW µ −W ν∂νW µ.
❆❤♦r❛ ❛♥❛❧✐③❛r❡♠♦s ❛❝❡r❝❛ ❞❡ ❧❛s s✐♠❡trí❛s ❞❡ ✉♥ ❝❛♠♣♦ t❡♥s♦r✐❛❧✱ ♣❛r❛ ❡❧❧♦✱ ❝♦♥s✐❞❡r❡♠♦s
❛ ϕ ∈ Diff(M) ❝♦♠♦ ❡❧ ✢✉❥♦ ❞❡ ✉♥ ❝❛♠♣♦❀ ② ❞❡❝✐♠♦s q✉❡ ϕ ❡s ✉♥❛ s✐♠❡trí❛ ❞❡ ❛❧❣ú♥
❝❛♠♣♦ t❡♥s♦r✐❛❧ T s✐ ❡❧ ❝❛♠♣♦ ❡s ✐♥✈❛r✐❛♥t❡ ❜❛❥♦ ❧❛ ❛❝❝✐ó♥ ❞❡❧ ♣✉❧❧❜❛❝❦ ❞❡ ϕ
ϕ∗T = T. ✭✷✳✹✻✮
❈❆P❮❚❯▲❖ ✷✳ ❊▲❊▼❊◆❚❖❙ ❉❊ ●❊❖▼❊❚❘❮❆ ❉■❋❊❘❊◆❈■❆▲ ✷✷
❙✐ ❧❛ ❢❛♠✐❧✐❛ ❞❡ s✐♠❡trí❛s ✉♥✐♣❛r❛♠étr✐❝❛s ❡s ❣❡♥❡r❛❞❛ ♣♦r ✉♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ V ✱ ❡♥t♦♥❝❡s
s❡ t✐❡♥❡
LV T = 0. ✭✷✳✹✼✮
❊st❛ r❡❧❛❝✐ó♥ ♥♦s ♣❡r♠✐t❡ ❞❡❞✉❝✐r q✉❡ s✐ T ♣♦s❡❡ ✉♥❛ s✐♠❡trí❛✱ ❜❛❥♦ ❛❧❣✉♥❛ ❢❛♠✐❧✐❛ ❞❡
❞✐❢❡♦♠♦r✜s♠♦s✱ s✐❡♠♣r❡ s❡rá ♣♦s✐❜❧❡ ❤❛❧❧❛r ✉♥ s✐st❡♠❛ ❝♦♦r❞❡♥❛❞♦ ❧♦❝❛❧ ❡♥ ❡❧ ❝✉❛❧ ❧❛s
❝♦♠♣♦♥❡♥t❡s ❞❡ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❝♦♦r❞❡♥❛❞❛ ❞❡ T s❡❛♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡❧ ♣❛rá♠❡tr♦ ❞❡
❧❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞❡✜♥✐❞❛ ♣♦r ❡❧ ❝❛♠♣♦ V ✳ ❊st♦ ✐♠♣❧✐❝❛ q✉❡✱ s✐ t♦❞❛s ❧❛s ❝♦♠♣♦♥❡♥t❡s
s♦♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ ✉♥❛ ❞❡ ❧❛s ❝♦♦r❞❡♥❛❞❛s✱ ❡♥t♦♥❝❡s ❡❧ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ ❛s♦❝✐❛❞♦ ❛ ❡s❛
❝♦♦r❞❡♥❛❞❛ ❣❡♥❡r❛ ✉♥❛ s✐♠❡trí❛✳
❊♥ r❡❧❛t✐✈✐❞❛❞ ❣❡♥❡r❛❧✱ ❡s ❞❡ ♠✉❝❤❛ ✐♠♣♦rt❛♥❝✐❛ ❧❛ s✐♠❡trí❛ r❡s♣❡❝t♦ ❛ ❧❛ ♠étr✐❝❛✳ P❛r❛
s✉ ❛♥á❧✐s ❝♦♥s✐❞❡r♠♦s ❧❛ ✈❛r✐❡❞❛❞ (M, g)✱ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ϕ ❡s ✉♥❛ ✐s♦♠❡trí❛ s✐ ♣r❡s❡r✈❛
❧❛ ♠étr✐❝❛❀ ❡♥t♦♥❝❡s
ϕ∗(gϕ(p)) = (ϕ
∗g)(p) = g(p). ✭✷✳✹✽✮
P♦r ❧♦ t❛♥t♦✱ s❡ ❞✐❝❡ q✉❡ ✉♥❛ ♠étr✐❝❛ gµν t✐❡♥❡ ✉♥❛ ✐s♦♠❡trí❛ s✐ s✉ ❡①♣r❡s✐ó♥ ♥♦ ❝❛♠❜✐❛
❜❛❥♦ ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ xµ −→ x′µ = xµ + εkµ ♣❛r❛ ✉♥ ❝❛♠♣♦ kµ ❡♥ ❝♦♥❝r❡t♦✳ ❊♥ ♦tr❛s
♣❛❧❛❜r❛s✱ ♣❡❞✐r q✉❡ ❧❛ ♠étr✐❝❛ s❡❛ ✐♥✈❛r✐❛♥t❡✱ ❜❛❥♦ ❞✐❝❤❛ tr❛♥s❢♦r♠❛❝✐ó♥✱ ❡s ❧♦ ♠✐s♠♦ q✉❡
♣❡❞✐r q✉❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❞❡ ❧❛ ♠étr✐❝❛ ❝♦♥ r❡s♣❡❝t♦ ❛ kµ s❡❛ ♥✉❧❛✱ ❧♦ ❝✉❛❧ s❡ ❡①♣r❡s❛
♣♦r ❧❛ r❡❧❛❝✐ó♥
LV gµν = kρ∂ρgµν + gρν∂µkρ + gµρ∂νkρ = 0. ✭✷✳✹✾✮
❊st❛ r❡❧❛❝✐ó♥✱ ♣❛r❛ ✈❛r✐❡❞❛❞❡s ❡q✉✐♣❛❞❛s ❝♦♥ ❧❛ ❝♦♥❡①✐ó♥ ❞❡ ▲❡✈✐✲❈✐✈✐t❛✱ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛
❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❑✐❧❧✐♥❣✱
▽µkν + ▽νkµ = 0. ✭✷✳✺✵✮
▲♦s ✈❡❝t♦r❡s q✉❡ s❛t✐s❢❛❝❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✺✵✮ s❡ ❞❡♥♦♠✐♥❛♥ ✈❡❝t♦r❡s ❞❡ ❑✐❧❧✐♥❣✳ ❊❧ ❝♦♥♠✉✲
t❛❞♦r ❞❡ ❞♦s ✈❡❝t♦r❡s ❞❡ ❑✐❧❧✐♥❣ ❞❛ ♦tr♦ ✈❡❝t♦r ❞❡ ❑✐❧❧✐♥❣ ② ❡st♦s ❝♦♥♠✉t❛❞♦r❡s ❢♦r♠❛♥ ❡❧
á❧❣❡❜r❛ ❞❡ ✐s♦♠❡trí❛s ❞❡ ❧❛ ♠étr✐❝❛ gµν ✳ ▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ❑✐❧❧✐♥❣ ♠✉❡str❛ q✉❡ ❧❛ ❣❡♦♠❡trí❛
❧♦❝❛❧ ♥♦ ❝❛♠❜✐❛ ♠✐❡♥tr❛s ♥♦s ❞❡s♣❧❛③❛♠♦s ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛s ❧í♥❡❛s ❞❡ ✢✉❥♦ ϕ✳ P♦r ❡st❛
r❛③ó♥✱ ❧♦s ✈❡❝t♦r❡s ❞❡ ❑✐❧❧✐♥❣ r❡♣r❡s❡♥t❛♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡ ❧❛ s✐♠❡trí❛ ❡♥ ✉♥❛ ❞❡t❡r♠✐♥❛❞❛
✈❛r✐❡❞❛❞ ❞✐❢❡r❡♥❝✐❛❜❧❡✳
❈❛♣ít✉❧♦ ✸
❘❡❧❛t✐✈✐❞❛❞ ●❡♥❡r❛❧
▲❛ ❘❡❧❛t✐✈✐❞❛❞ ●❡♥❡r❛❧ ❡s ✉♥❛ t❡♦rí❛ ❣r❛✈✐t❛❝✐♦♥❛❧ ②✱ ❡♥ ❧❛ ❛❝t✉❛❧✐❞❛❞✱ ❡s ✉♥❛ ❞❡ ❧❛s t❡♦rí❛s
♠ás ❛❝❡♣t❛❞❛s✳ ❋✉❡ ♣r♦♣✉❡st❛ ♣♦r ❆❧❜❡rt ❊✐♥st❡✐♥ ② t✐❡♥❡ ❝♦♠♦ ❢✉♥❞❛♠❡♥t♦ ❡①♣❧✐❝❛r ❧♦s ❢❡✲
♥ó♠❡♥♦s ❣r❛✈✐t❛❝✐♦♥❛❧❡s ❝♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛s ❞❡ ❧❛ ❝✉r✈❛t✉r❛ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦✱ ❣❡♥❡r❛❞❛
♣♦r ❡❧ ❝♦♥t❡♥✐❞♦ ❞❡ ♠❛t❡r✐❛ ② ❝❛♠♣♦s ♣r❡s❡♥t❡s✳ ❉❡❜✐❞♦ ❛ ❡st❛ r❛③ó♥✱ ❢✉❡ ♣♦s✐❜❧❡ r❡❛❧✐③❛r
✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❢❡♥♦♠❡♥♦❧ó❣✐❝❛ ❞❡ ❧❛ ❣r❛✈❡❞❛❞✱ ✈✐st❛ ❝♦♠♦ ✉♥❛ ❢✉❡r③❛
❞❡ ❛tr❛❝❝✐ó♥ ◆❡✇t♦♥✐❛♥❛ ❛ ✉♥❛ ♣r♦♣✐❡❞❛❞ ♥❡t❛♠❡♥t❡ ❣❡♦♠étr✐❝❛ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦✳ ❊❧
♦❜❥❡t♦ ♠❛t❡♠át✐❝♦ q✉❡ ❞❡✜♥❡ t❛❧ ❣❡♦♠❡trí❛ ❡s ❞❡♥♦♠✐♥❛❞♦ t❡♥s♦r ♠étr✐❝♦ (gµν)✱ ❞♦♥❞❡ µ
② ν s♦♥ í♥❞✐❝❡s r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s t❡tr❛✲❞✐♠❡♥s✐♦♥❛❧❡s✳ ❊❧ t❡♥s♦r ♠étr✐❝♦ ❡s
✉♥ t❡♥s♦r s✐♠étr✐❝♦ ❞❡✜♥✐❞♦ ❡♥ tér♠✐♥♦s ❞❡❧ ✐♥t❡r✈❛❧♦ ds2 ❡♥tr❡ ❞♦s ♣✉♥t♦s ❡♥ ❡❧ ❡s♣❛❝✐♦✲
t✐❡♠♣♦✱ s❡♣❛r❛❞♦s ♣♦r ✉♥ ❞❡s♣❧❛③❛♠✐❡♥t♦ ✐♥✜♥✐t❡s✐♠❛❧ dxµ✳ ❉❡ ❡st❡ ♠♦❞♦✱ ❧❛ ❞✐st❛♥❝✐❛
✐♥✜♥✐t❡s✐♠❛❧ (ds2) ② ❡❧ t❡♥s♦r ♠étr✐❝♦ s❡ r❡❧❛❝✐♦♥❛♥ ♣♦r ❧❛ ❡①♣r❡s✐ó♥
ds2 = gµνdx
µdxν , ✭✸✳✶✮
s✐❡♥❞♦ xµ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❧❛ ❝✉❛❞r✐✲❝♦♦r❞❡♥❛❞❛✱ ❝♦♥ ❡❧ í♥❞✐❝❡ µ = (0, 1, 2, 3)✱ ❞♦♥❞❡ µ =
0 ❞❡♥♦t❛ ❧❛ ❝♦♦r❞❡♥❛❞❛ t❡♠♣♦r❛❧ ② µ = (1, 2, 3) ≡ i ❞❡♥♦t❛♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❡s♣❛❝✐❛❧❡s✳
❊♥ ❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❛ ❞❡s❝r✐❜✐r ❧♦s ♣♦st✉❧❛❞♦s ❢✉♥❞❛♠❡♥t❛❧❡s ❞❡ ❧❛ ❘❡❧❛t✐✈✐❞❛❞ ●❡♥❡r❛❧✱
❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ② ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥✳
❈❆P❮❚❯▲❖ ✸✳ ❘❊▲❆❚■❱■❉❆❉ ●❊◆❊❘❆▲ ✷✹
✸✳✶✳ ❊❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❊q✉✐✈❛❧❡♥❝✐❛
❊❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ❡s ❧❛ ♣✐❡❞r❛ ❛♥❣✉❧❛r ❞❡ ❧❛ t❡♦rí❛ ❞❡ ❧❛ ❣r❛✈❡❞❛❞ ❞❡ ❊✐♥st❡✐♥✱
q✉✐❡♥ ❧♦ ❞❡s❝✉❜r✐ó ❜❛sá♥❞♦s❡ ❡♥ ✉♥ ❡①♣❡r✐♠❡♥t♦ ♠❡♥t❛❧ ❬✷✸❪ ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ ❡①♣❡r✐♠❡♥t♦
❞❡❧ ❛s❝❡♥s♦r✳ ❯♥ s✉❥❡t♦ s❡ ❡♥❝✉❡♥tr❛ ❞❡♥tr♦ ❞❡ ✉♥ ❛s❝❡♥s♦r s✐♥ ✈❡♥t❛♥❛s ② ❡♥ ❛✉s❡♥❝✐❛ ❞❡
❢✉❡r③❛s ❣r❛✈✐t❛t♦r✐❛s✳ ❙✐ ❡❧ ❛s❝❡♥s♦r s❡ ❞❡s♣❧❛③❛ ❝♦♥ ♠♦✈✐♠✐❡♥t♦ r❡❝t✐❧í♥❡♦✱ ✉♥✐❢♦r♠❡♠❡♥t❡
❛❝❡❧❡r❛❞♦✱ ❝♦♥ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ♠❛❣♥✐t✉❞ ✐❣✉❛❧ ❛ ❧❛ ❣r❛✈❡❞❛❞ ❡♥ ❧❛ s✉♣❡r✜❝✐❡ t❡rr❡str❡✱ ❡♥
❡st❛s ❝✐r❝✉♥st❛♥❝✐❛s✱ ❡❧ s✉❥❡t♦ ♥♦ ♥♦t❛rá ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❡st❛ ❛❝❡❧❡r❛❝✐ó♥ ② ❧❛ q✉❡ s❡rí❛
❝❛✉s❛❞❛ ♣♦r ❡❧ ❝❛♠♣♦ ❣r❛✈✐t❛t♦r✐♦ ❡♥ ❧❛ s✉♣❡r✜❝✐❡ t❡rr❡str❡❀ ❧❛s ❡❝✉❛❝✐♦♥❡s q✉❡ ❞❡s❝r✐❜❡♥
❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❝❛✐❞❛ ❞❡ ✉♥ ❝✉❡r♣♦✱ ❡♥ ❛✉s❡♥❝✐❛ ❞❡ r♦③❛♠✐❡♥t♦ ❝♦♥ ❡❧ ❛✐r❡✱ s❡rí❛♥ ❧❛s
♠✐s♠❛s✳ ❊st❡ ❡①♣❡r✐♠❡♥t♦ ❝♦♥❞✉❝❡ ❛ ❧❛ ✐❣✉❛❧❞❛❞ ❡♥tr❡ ❧❛s ♠❛s❛s ❣r❛✈✐t❛t♦r✐❛ ❡ ✐♥❡r❝✐❛❧
q✉❡ ✜❣✉r❛♥ ❡♥ ❧❛ ❡❝✉❛❝✐♦♥ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ◆❡✇t♦♥ ② ❡♥ s✉ s❡❣✉♥❞❛ ❧❡② r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❆ ❡st❛ ✐❣✉❛❧❞❛❞✱ s❡ ❧❡ ❝♦♥♦❝❡ ❝♦♠♦ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ❞é❜✐❧✳ ❙✐ s❡ ❞✐❡r❛ ❡❧ ❝❛s♦
❡♥ ❡❧ q✉❡ ❡❧ ❛s❝❡♥s♦r s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❝❛✐❞❛ ❧✐❜r❡ ❡♥ ✉♥ ❝❛♠♣♦ ❣r❛✈✐t❛t♦r✐♦✱ ❞❡ ❛❝✉❡r❞♦ ❛❧
♣r✐♥❝✐♣✐♦ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ❞é❜✐❧✱ t♦❞♦s ❧♦s ❝✉❡r♣♦s ❞❡♥tr♦ ❞❡❧ ❛s❝❡♥s♦r t❡♥❞rí❛♥ ❧❛ ♠✐s♠❛
♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥✳ P♦r t❛♥t♦✱ s❡rí❛ ❝♦♠♦ s✐ ♥♦ ❡①✐st✐❡r❛ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧
❛❧❣✉♥♦✳ ❙✐ s❡ ❛♥❛❧✐③❛ ❡❧ ❡①♣❡r✐♠❡♥t♦ ❧♦❝❛❧♠❡♥t❡✱ ❡♥t♦♥❝❡s ❡❧ ❝❛♠♣♦ ❣r❛✈✐t❛t♦r✐♦ s❡ ❝♦♠♣♦rt❛
❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❤♦♠♦❣é♥❡♦ ② ♥♦ ❡①✐st✐rí❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ✉♥❛ ❝❛í❞❛ ❧✐❜r❡ ② ❧❛ ❛✉s❡♥❝✐❛
❞❡ ❝❛♠♣♦ ❣r❛✈✐t❛t♦r✐♦✳ ❊st❛ ❝♦♥❝❧✉s✐ó♥ ❝♦♥❞✉❥♦ ❛ ❊✐♥st❡✐♥ ❛ ❢♦r♠✉❧❛r s✉ ♣r✐♥❝✐♣✐♦ ❞❡
❡q✉✐✈❛❧❡♥❝✐❛ ❢✉❡rt❡✱ q✉❡ ♣✉❡❞❡ ❡①♣r❡s❛rs❡ ❞✐❝✐❡♥❞♦ q✉❡ ❡s ✐♠♣♦s✐❜❧❡ ❞✐st✐♥❣✉✐r ✉♥ ❝❛♠♣♦
❞❡ ❣r❛✈❡❞❛❞ ❞❡ ✉♥ s✐st❡♠❛ ❛❝❡❧❡r❛❞♦ ♣♦r ♠❡❞✐♦ ❞❡ ❝✉❛❧q✉✐❡r ❡①♣❡r✐❡♥❝✐❛ ❧♦❝❛❧❀ ♦ ♠ás
❡①♣❧✐❝✐t❛♠❡♥t❡✱ ♣♦❞r✐❛♠♦s ❡♥✉♥❝✐❛r❧♦ ❞✐❝✐❡♥❞♦ q✉❡ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❡♥ ❝❛✐❞❛ ❧✐❜r❡
❡s ❡q✉✐✈❛❧❡♥t❡✱ ❧♦❝❛❧♠❡♥t❡✱ ❛ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ✐♥❡r❝✐❛❧✳ ❊st♦ ♥♦s ❝♦♥❞✉❝❡ ❛ ❝♦♥❝❧✉✐r
q✉❡ ❡♥ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❞❡ ❝❛✐❞❛ ❧✐❜r❡ ❡s ❛♣❧✐❝❛❜❧❡ ❧❛ t❡♦rí❛ ❞❡ ❧❛ r❡❧❛t✐✈✐❞❛❞
❡s♣❡❝✐❛❧✳ ❯♥❛ ❞❡ ❧❛s ❝♦♥s❡❝✉❡♥❝✐❛s ❞✐r❡❝t❛s ❞❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ❢✉❡rt❡ ❡s q✉❡ ❧❛
❣❡♦♠❡trí❛ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ♠❛s❛ ♦ ❡♥❡r❣í❛✳
❊❧ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ♣❛r❛ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡s ✉♥❛ ✈❛r✐❡❞❛❞ t❡tr❛✲❞✐♠❡♥s✐♦♥❛❧ ♣s❡✉❞♦✲
r✐❡♠❛♥♥✐❛♥❛ (M, g)✱ ❞♦♥❞❡ ❧❛ ♠étr✐❝❛ gµν ♣♦s❡❡ ❧❛ ♠✐s♠❛ s✐❣♥❛t✉r❛ q✉❡ ❧❛ ♠étr✐❝❛ ηµν ❞❡
▼✐♥❦♦✇s❦✐✳
❈❆P❮❚❯▲❖ ✸✳ ❘❊▲❆❚■❱■❉❆❉ ●❊◆❊❘❆▲ ✷✺
❙❛❜❡♠♦s q✉❡ ✉♥ s✐st❡♠❛ ✐♥❡r❝✐❛❧ ❧♦❝❛❧✱ ❝♦♥ r❡s♣❡❝t♦ ❛ ✉♥ ♣✉♥t♦ p ∈ M ✱ ❡s ✉♥ s✐st❡♠❛ ❞❡
❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧❡s xµ ❞❡✜♥✐❞❛s ❡♥ ✉♥❛ ✈❡❝✐♥❞❛❞ ❞❡❧ ♣✉♥t♦ p s✐ ❡s q✉❡ ❝✉♠♣❧❡
gµν(p) = ηµν ,
∂gµν
∂xσ
(p) = 0.
▲❛ ✈❡rs✐ó♥ ♠❛t❡♠át✐❝❛ ❞❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ❡s ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ s✐st❡♠❛ ✐♥❡r❝✐❛❧
❧♦❝❛❧✳ ❊st♦ ✐♠♣❧✐❝❛ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❡♥❝♦♥tr❛r ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❞♦♥❞❡ ❧❛s ❝♦♠♣♦✲
♥❡♥t❡s ❞❡ ❧❛ ♠étr✐❝❛ ② s✉s ♣r✐♠❡r❛ ❞❡r✐✈❛❞❛ s❡❛♥ ♥✉❧❛s ❡♥ ❞✐❝❤♦ ❡✈❡♥t♦✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱
❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❧❛ ♠étr✐❝❛ ❡♥ ✉♥ s✐st❡♠❛ ❧♦❝❛❧ ❞❡ r❡❢❡r❡♥❝✐❛ ❞❡❜❡♥ t♦♠❛r ❧❛ ❢♦r♠❛ ❬✷✹❪✳
gµν(x
σ) = ηµν − 1
3
Rµσντ (p)x
σxτ + ϑ(xσ)3,
❝❡r❝❛ ❞❡❧ ♣✉♥t♦ p✱ ❞♦♥❞❡ Rµσντ s♦♥ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❝✉r✈❛t✉r❛ ❝♦♥ r❡s♣❡❝t♦
❛ ❧❛s ❝♦♦r❞❡♥❛❞❛s xσ ❛♥❛❧✐③❛❞♦ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✷✳
P❛r❛ ❡♥❝♦♥tr❛r ❧❛s ❧❡②❡s ❞❡ ❧❛ ❢ís✐❝❛ s♦❜r❡ (M, .g)✱ ✉s❛♠♦s ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❝♦✈❛r✐❛♥❝✐❛❀
❡♥t♦♥❝❡s ✉♥❛ ❡❝✉❛❝✐ó♥ ❞❡ ♣r✐♠❡r ♦r❞❡♥ t❡♥❞rá ❧❛ ❢♦r♠❛ ❞❡ ✉♥❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❬✷✹❪
∇T = J,
❞♦♥❞❡ ❚ ② ❏ s♦♥ ❝❛♠♣♦s t❡♥s♦r✐❛❧❡s✳ ❍❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ♣❛r❛ ✉♥ ❝❛♠♣♦
t❡♥s♦r✐❛❧ t ❞❡ t✐♣♦ (rs)✱ ❝♦♥ r❡s♣❡❝t♦ ❛ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧❡s x
1...xn✱ s❡ t✐❡♥❡ ❧❛ ❡①♣r❡s✐ó♥
▽kt
i1...ir
j1...js
=
∂ti1...irj1...js
∂xk
+ Γi1klt
li2...ir
j1...js
+ ...+ Γirklt
i1...ir−1l
j1...js
− Γlkj1ti1...irlj2...js − ...− Γlkjsti1...irj1...js−1l. ✭✸✳✷✮
❈♦♥ r❡s♣❡❝t♦ ❛ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧❡s✱ s❡ t✐❡♥❡ ❬✷✹❪
∂
∂xµ
T ...... + Γ
.
..T
...
... + ...− Γ...T ...... = J ...... (p).
❈♦♠♦ ❡♥ r❡❧❛t✐✈✐❞❛❞ ❡s♣❡❝✐❛❧ t❡♥❡♠♦s ❧❛ ❡①♣r❡s✐ó♥
∂T = J, ✭✸✳✸✮
❞♦♥❞❡ T ② J s♦♥ t❡♥s♦r❡s ❞❡ ▲♦r❡♥t③✱ ② ❡♥ r❡❧❛t✐✈❛❞ ❣❡♥❡r❛❧✱ ♣❛r❛ ❧❛ ♠✐s♠❛ ❧❡②✱ s❡ t✐❡♥❡
▽T = J, ✭✸✳✹✮
❞♦♥❞❡ T ② J s♦♥ ❝❛♠♣♦s t❡♥s♦r✐❛❧❡s s♦❜r❡ (M, g)✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❤❡♠♦s ♦❜t❡♥✐❞♦
✉♥ ❛❝♦♣❧❛♠✐❡♥t♦ ❞❡ ❧❛ ♠❛t❡r✐❛ ❛❧ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧✳
❈❆P❮❚❯▲❖ ✸✳ ❘❊▲❆❚■❱■❉❆❉ ●❊◆❊❘❆▲ ✷✻
✸✳✷✳ ❚❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦
❊❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲▼♦♠❡♥t♦ ❞❡s❝r✐❜❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ② t❛♠❜✐❡♥ ❡❧ ✢✉❥♦ ❞❡ ❡♥❡r❣í❛ ②
♠♦♠❡♥t♦ ❞❡❜✐❞♦ ❛ ❧❛ ♣r❡s❡♥❝✐❛ ② ♠♦✈✐♠✐❡♥t♦ ❞❡ ♠❛t❡r✐❛ ② r❛❞✐❛❝✐ó♥ ❡♥ ✉♥❛ r❡❣✐ó♥ ❞❡❧
❡s♣❛❝✐♦✲t✐❡♠♣♦✳
❈♦♥s✐❞❡r❡♠♦s ✉♥ ✢✉✐❞♦ ❝♦♥ ❞❡♥s✐❞❛❞ ♣r♦♣✐❛ ρ(x) ② ✉(x) s✉ ❝✉❛❞r✐✈❡❝t♦r ✈❡❧♦❝✐❞❛❞✱ ❝♦♥
❧♦s q✉❡ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♥ t❡♥s♦r ❚ ❞❡ r❛♥❣♦ ✷ ❛ ♣❛rt✐r ❞❡ ❧♦s ❝✉❛❞r✐✈❡❝t♦r❡s ✈❡❧♦❝✐❞❛❞✱
❞❡ ❧❛ ❢♦r♠❛
❚(x) = ρ(x)✉(x)⊗ ✉(x). ✭✸✳✺✮
❉♦♥❞❡ ❚(x) ❡s ❧❧❛♠❛❞♦ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦✳ ❊♥ ✉♥ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s xµ
❞♦♥❞❡ ❡❧ ❝✉❛❞r✐✈❡❝t♦r ✈❡❧♦❝✐❞❛❞ ❞❡❧ ✢✉✐❞♦ ❡s uµ✱ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥tr❛✈❛r✐❛♥t❡s ❞❡❧ t❡♥s♦r
❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ✈✐❡♥❡♥ ❞❛❞❛s ♣♦r
T µν = ρuµuν .
P❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥ ✢✉✐❞♦ ♣❡r❢❡❝t♦ ❝♦♥ ♣r❡s✐ó♥ p✱ ❡s ♣♦s✐❜❧❡ ❡♥❝♦♥tr❛r ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡✲
r❡♥❝✐❛❀ ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡ ✉♥ ♣✉♥t♦ ❞❡❧ ✢✉✐❞♦ s❡ ✈❡❛ ❡♥ r❡♣♦s♦✱ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r
❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ♣✉❡❞❡♥ ❡①♣r❡s❛rs❡ ♣♦r ❬✷✺❪
[T µν ] =

ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p
 ✭✸✳✻✮
❊♥ ❣❡♥❡r❛❧✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ❝♦♠♦ ❬✷✾❪
T µν = (ρ+ p)uµuν − pηµν .
❊st❛ ❡❝✉❛❝✐ó♥ ❡s ✈á❧✐❞❛ ♣❛r❛ ❝✉❛❧q✉✐❡r s✐st❡♠❛ ❝❛rt❡s✐❛♥♦ ❧♦❝❛❧♠❡♥t❡ ✐♥❡r❝✐❛❧✳ ❯s❛♥❞♦ ❡❧
♣r✐♥❝✐♣✐♦ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ ♠í♥✐♠♦✱ ❤❛❝❡♠♦s ❡❧ ❝❛♠❜✐♦ (ηµν 7−→ gµν) ❝♦♥ ❡❧ ✜♥ ❞❡ ♦❜t❡♥❡r
✉♥❛ ❡①♣r❡s✐ó♥ ❝♦✈❛r✐❛♥t❡ ❞❡❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ♣❛r❛ ✉♥ ✢✉✐❞♦ ♣❡r❢❡❝t♦✱ ✈á❧✐❞♦ ❡♥
✉♥ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛r❜✐tr❛r✐♦✱ ♦❜t❡♥❡♠♦s ❧❛ ❡①♣r❡s✐ó♥
T µν = (ρ+ p)uµuν − pgµν . ✭✸✳✼✮
❈❆P❮❚❯▲❖ ✸✳ ❘❊▲❆❚■❱■❉❆❉ ●❊◆❊❘❆▲ ✷✼
❉❡ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r✱ ♥♦t❛♠♦s q✉❡ T µν ❡s ✉♥ t❡♥s♦r s✐♠étr✐❝♦ ② ❡st❛ ❝♦♥❢♦r♠❛❞♦ ♣♦r
❧♦s ❝❛♠♣♦s ❡s❝❛❧❛r❡s p ② ρ✱ ② ✉♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ ✉ q✉❡ s♦♥ ❧❛s ✈❛r✐❛❜❧❡s q✉❡ ❝❛r❛❝t❡r✐③❛♥
❛❧ ✢✉✐❞♦✳
✸✳✸✳ ❊❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥
▲❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ ❤❛♥ ❞❡s❡♠♣❡ñ❛❞♦ ✉♥ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ❞❡♥tr♦ ❞❡ ❧❛ ❢ís✐❝❛ t❡ó✲
r✐❝❛❀ ❡❧❧❛s ♣♦s❡❡♥ ✉♥❛ ♥♦t❛❜❧❡ r✐q✉❡③❛ ❝♦♥❝❡♣t✉❛❧ ② ❤❛♥ ❝♦♥tr✐❜✉✐❞♦ ❛ ❞❡s❝✉❜r✐r ② ❡♥t❡♥❞❡r
✉♥❛ s❡r✐❡ ❞❡ ❢❡♥ó♠❡♥♦s ❛str♦❢ís✐❝♦s ② ♣❧❛♥t❡❛♥ ❞✐✈❡rs♦s ♠♦❞❡❧♦s ❝♦s♠♦❧ó❣✐❝♦s q✉❡ ♥♦s ♣❡r✲
♠✐t❡♥ ❡♥t❡♥❞❡r ♥✉❡str♦ ✉♥✐✈❡rs♦✳
❊✐♥st❡✐♥✱ ♣❛r❛ ❡❧❛❜♦r❛r ❧❛ ❚❘●✱ s❡ ❛♣♦②❛ ❡♥ ❧❛ ❣❡♦♠❡trí❛ ❞❡ ❘✐❡♠❛♥♥✱ r❡❝♦♥♦❝✐❡♥❞♦ q✉❡
❡st❛ s❡ ❛❞❛♣t❛ ♣❡r❢❡❝t❛♠❡♥t❡ ❛ ❧❛ ❢ís✐❝❛ ❞❡ ❧❛ ❣r❛✈❡❞❛❞✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❛♣❛rt❡ ❞❡ ✉t✐❧✐③❛r
❡❧ ❢♦r♠❛❧✐s♠♦ t❡♥s♦r❛❧ ♣❛r❛ ❡①♣r❡s❛r s✉s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦✱ ❊✐♥st❡✐♥ s❡ ❜❛só ❡♥ ❝✐♥❝♦
♣r✐♥❝✐♣✐♦s ❬✷✼❪ ♣❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛ ❚❘● ✿
✶✳ Pr✐♥❝✐♣✐♦ ❞❡ ▼❛❝❤✳✲ ❊st❡ ♣r✐♥❝✐♣✐♦ s❡ ♣✉❡❞❡ ❡♥✉♥❝✐❛r ❞✐❝✐❡♥❞♦ q✉❡ ❧❛ ✐♥❡r❝✐❛ ❞❡
❝✉❛❧q✉✐❡r s✐st❡♠❛ ❡s ❡❧ r❡s✉❧t❛❞♦ ❞❡ s✉ ✐♥t❡r❛❝❝✐ó♥ ❝♦♥ ❡❧ r❡st♦ ❞❡❧ ❯♥✐✈❡rs♦✳ ❊♥ ♦tr❛s
♣❛❧❛❜r❛s✱ ❝❛❞❛ ♣❛rtí❝✉❧❛ ❞❡❧ ✉♥✐✈❡rs♦ ❡❥❡r❝❡ ✉♥❛ ✐♥✢✉❡♥❝✐❛ s♦❜r❡ t♦❞❛s ❧❛s ❞❡♠ás ♣❛r✲
tí❝✉❧❛s✳ ❊♥ ❢♦r♠❛ ♠❛s ❝♦♥❝✐s❛✱ ♣♦❞rí❛♠♦s ❞❡❝✐r q✉❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥❡r❝✐❛❧❡s ❞❡ ✉♥
♦❜❥❡t♦ ❡stá♥ ❞❡✜♥✐❞❛s ♣♦r ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ♦tr♦s ❝✉❡r♣♦s ❡♥ ❡❧ ✉♥✐✈❡rs♦❀ ❡♥t❡♥❞✐❡♥❞♦✲
s❡ q✉❡ ❧❛s ❧❡②❡s ❞❡ ❧❛ ❢ís✐❝❛✱ ❛ ♥✐✈❡❧ ❧♦❝❛❧✱ ❡stá♥ ❞❡t❡r♠✐♥❛❞❛s ♣♦r ❧❛ ❡str✉❝t✉r❛ ❞❡❧
✉♥✐✈❡rs♦ ❛ ❣r❛♥ ❡s❝❛❧❛ ❬✷✽❪✳
✷✳ Pr✐♥❝✐♣✐♦ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛✳✲ ❊st❡ ♣r✐♥❝✐♣✐♦ tr❛t❛ ❞❡ ❧❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❡♥tr❡ ✉♥❛ ❛❝❡❧❡✲
r❛❝✐ó♥ ✉♥✐❢♦r♠❡ ② ✉♥ ❝❛♠♣♦ ❣r❛✈✐t❛t♦r✐♦ ✉♥✐❢♦r♠❡❀ ② s❡ ❡♥✉♥❝✐❛ ❡♥ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡
❞✐❝✐❡♥❞♦ q✉❡ ❧❛ ♠❛s❛ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♥ ♦❜❥❡t♦ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ s✉ ♠❛s❛ ✐♥❡r❝✐❛❧
❬✷✼❪✳ ❊❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ❡s ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❧❛ ❚❘❀ ♣♦r t❛❧ r❛③ó♥✱ ❧♦
tr❛t❛r❡♠♦s ❝♦♥ ♠ás ❞❡t❛❧❧❡ ♣♦st❡r✐♦r♠❡♥t❡✳
✸✳ Pr✐♥❝✐♣✐♦ ❞❡ ❈♦✈❛r✐❛♥③❛✳✲ ❊♥ ❧❛ t❡♦rí❛ ❞❡ ❧❛ r❡❧❛t✐✈✐❞❛❞ ❡s♣❡❝✐❛❧✭❚❘❊✮✱ t♦❞♦s ❧♦s
❈❆P❮❚❯▲❖ ✸✳ ❘❊▲❆❚■❱■❉❆❉ ●❊◆❊❘❆▲ ✷✽
♦❜s❡r✈❛❞♦r❡s ✐♥❡r❝✐❛❧❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✳ ❊♥ ❧❛ ❚●❘✱ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❝♦✈❛r✐❛♥③❛ ❡st❛✲
❜❧❡❝❡ q✉❡ t♦❞♦s ❧♦s ♦❜s❡r✈❛❞♦r❡s✱ ②❛ s❡❛ q✉❡ ❡sté♥ ❡♥ ♠❛r❝♦s ❞❡ r❡❢❡r❡♥❝✐❛ ✐♥❡r❝✐❛❧❡s
♦ ♥♦✱ ❞❡❜❡♥ ♦❜s❡r✈❛r ❧❛s ♠✐s♠❛s ❧❡②❡s ❞❡ ❧❛ ❢ís✐❝❛ ❬✷✼❪✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❧❛s ❝♦♦r✲
❞❡♥❛❞❛s s♦♥ ❛♣❡♥❛s ✉♥ ❛rt✐✜❝✐♦ ♣❛r❛ ❞❡s❝r✐❜✐r ❧❛ ♥❛t✉r❛❧❡③❛ ② ♥♦ ❡①✐st❡♥ ❛ ♣r✐♦r✐✱
❡♥t♦♥❝❡s ♥♦ ❞❡❜❡♥ t❡♥❡r ♣❛rt✐❝✐♣❛❝✐ó♥ ❡♥ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❞❡ ❧❛s ❧❡②❡s ❢✉♥❞❛♠❡♥t❛❧❡s✳
❊st♦ ♥♦s ♣❡r♠✐t❡ ❡①♣r❡s❛r ❧❛s ❧❡②❡s ❞❡ ❧❛ ❢ís✐❝❛✱ ♣♦r ♠❡❞✐♦ ❞❡ ❡♥t❡s ♠❛t❡♠át✐❝♦s
✐♥✈❛r✐❛♥t❡s✱ ❛♥t❡ tr❛♥s❢♦r♠❛❝✐♦♥❡s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡♥♦♠✐♥❛❞♦s t❡♥s♦r❡s✳
✹✳ Pr✐♥❝✐♣✐♦ ❞❡ ❈♦rr❡s♣♦♥❞❡♥❝✐❛✳✲ ❊st❡ ♣r✐♥❝✐♣✐♦ ❡st❛❜❧❡❝❡ q✉❡ ❜❛❥♦ ❧❛ ✐♥✢✉❡♥❝✐❛
❞❡ ❝❛♠♣♦s ❣r❛✈✐t❛❝✐♦♥❛❧❡s ❞é❜✐❧❡s ② ❛ ✈❡❧♦❝✐❞❛❞❡s ♠✉② ✐♥❢❡r✐♦r❡s ❛ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡
❧❛ ❧✉③✱ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❞❡ ❧❛ ❚❘● ❞❡❜❡♥ s❡r ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❧❛s ♠✐s♠❛s q✉❡ ❧❛s
♣r❡❞✐❝❝✐♦♥❡s ❞❡ ❧❛ t❡♦rí❛ ❝❧ás✐❝❛ ❞❡ ◆❡✇t♦♥✳ ❈✉❛♥❞♦ ❧♦s ❝❛♠♣♦s ❣r❛✈✐t❛❝✐♦♥❛❧❡s s❡❛♥
♥✉❧♦s✱ ❧❛ ❚❘● ❞❡❜❡ r❡❞✉❝✐rs❡ ❛ ❧❛ t❡♦r✐❛ ❡s♣❡❝✐❛❧ ❞❡ ❧❛ ❘❡❧❛t✐✈✐❞❛❞ ❬✷✼❪✳
✺✳ Pr✐♥❝✐♣✐♦ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ ♠í♥✐♠♦ ❣r❛✈✐t❛❝✐♦♥❛❧✳✲ ❊st❡ ♣r✐♥❝✐♣✐♦ ♣❡r♠✐t❡ ❤❛❝❡r
❧❛ tr❛♥s✐❝✐ó♥ ❡♥tr❡ ✉♥ ❡s♣❛❝✐♦ ♣❧❛♥♦ ② ✉♥♦ ❝✉r✈♦ r❡❛❧✐③❛♥❞♦ ❧❛ s✉st✐t✉❝✐♦♥ ❞❡ ❧❛
❞❡r✐✈❛❞❛ ♦r❞✐♥❛r✐❛ ♣♦r ❧❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ (∂µ 7−→ ∇µ) ② ❧❛ ♠étr✐❝❛ ❞❡ ▼✐♥❦♦✇s❦✐
♣♦r ✉♥❛ ❢♦r♠✉❧❛❝✐ó♥ ❣❡♥❡r❛❧ ❞❡❧ t❡♥s♦r ♠étr✐❝♦ (ηµν 7−→ gµν)❀ ♣❡r♦ t❡♥✐❡♥❞♦ ♣r❡s❡♥t❡
q✉❡ ♥✐♥❣ú♥ tér♠✐♥♦ q✉❡ ❝♦♥t❡♥❣❛ ❡①♣❧í❝✐t❛♠❡♥t❡ ❧❛ ❝✉r✈❛t✉r❛ ❞❡❜❡ s❡r ❛ñ❛❞✐❞♦ ❛❧
❤❛❝❡r ❧❛ tr❛♥s✐❝✐ó♥ ❞❡ ❧❛ ❚❘❊ ❛ ❧❛ ❚❘● ❬✷✼❪✳
❈♦♥s✐❞❡r❡♠♦s ✉♥ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❢✉❡rt❡✿ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛✱ ❡s
❢❛❝t✐❜❧❡✱ ❡♥ ✉♥ ♣✉♥t♦ p ❝✉❛❧q✉✐❡r❛ ❞❡❧ ❝❛♠♣♦✱ ❞❡✜♥✐r ✉♥ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧♠❡♥t❡
✐♥❡r❝✐❛❧❡s ❬✷✻❪✱ ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡ s❡ ❝✉♠♣❧❛
gµν(p) = η
µν ,
(
∂gµν
∂xγ
)x=p = 0.
❊♥ ❧❛ t❡♦rí❛ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ◆❡✇t♦♥✱ ❡❧ ♣♦t❡♥❝✐❛❧ ❣r❛✈✐t❛❝✐♦♥❛❧ φ ❡stá ❞❛❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥
❞❡ P♦✐ss♦♥
∇2φ = 4πGρ, ✭✸✳✽✮
❈❆P❮❚❯▲❖ ✸✳ ❘❊▲❆❚■❱■❉❆❉ ●❊◆❊❘❆▲ ✷✾
❞♦♥❞❡ G ❡s ❧❛ ❝♦♥st❛♥t❡ ❣r❛✈✐t❛❝✐♦♥❛❧✳ ❚❡♥✐❡♥❞♦ ♣r❡s❡♥t❡ q✉❡ g00 = −(1 + 2φ) ② T00 ≃ ρ❀
s✉st✐t✉②❡♥❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✼✮✱ ♦❜t❡♥❡♠♦s
∇2φ = −8πGT00. ✭✸✳✾✮
❊st❛ ❡❝✉❛❝✐ó♥ ❡s ✈á❧✐❞❛ ♣❛r❛ ✉♥ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧♠❡♥t❡ ✐♥❡r❝✐❛❧✱ s✐♥ ❡♠❜❛r❣♦
❡st❛ ❡①♣r❡s✐ó♥ ♥♦s ❞❛ ✉♥❛ ♥♦❝✐ó♥ ♣❛r❛ ♣❧❛♥t❡❛r ✉♥❛ ❡①♣r❡s✐ó♥ ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ❡❧ ❝❛s♦
❞❡ ❝❛♠♣♦s ❣r❛✈✐t❛❝✐♦♥❛❧❡s✱ ❝♦♥s✐❞❡r❛♠♦s ✉♥❛ ❡①♣r❡s✐ó♥ ❞❡ ❧❛ ❢♦r♠❛
Gµν = −8πGTµν , ✭✸✳✶✵✮
❞♦♥❞❡ Gµν ❞❡❜❡ s❡r ✉♥ t❡♥s♦r q✉❡ ❞❡s❝r✐❜❛ ❧❛ ❝✉r✈❛t✉r❛❀ ♣♦r t❛♥t♦✱ ❞❡❜❡ s❡r ✉♥❛ ❝♦♠❜✐✲
♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡❧ t❡♥s♦r ♠étr✐❝♦ ② ❞❡ s✉s ♣r✐♠❡r❛s ② s❡❣✉♥❞❛s ❞❡r✐✈❛❞❛s✳ P❛r❛ ❞❡t❡r♠✐♥❛r
❧❛ ❢♦r♠❛ ❞❡❧ t❡♥s♦r Gµν ✱ ✈❛♠♦s ❛ s❡ñ❛❧❛r ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥s✐❞❡r❛❝✐♦♥❡s✿
✶✳ ❊❧ t❡♥s♦r Gµν ❞❡❜❡ s❡r s✐♠étr✐❝♦ ②❛ q✉❡ Tµν ❧♦ ❡s✳
✷✳ ❊❧ t❡♥s♦r Gµν t✐❡♥❡ q✉❡ s❡r ✉♥ ♦❜❥❡t♦ ♣✉r❛♠❡♥t❡ ❣❡♦♠étr✐❝♦❀ ♣♦r t❛♥t♦✱ s❡rá ❢✉♥❝✐ó♥
s♦❧❛♠❡♥t❡ ❞❡ ❧❛ ♠étr✐❝❛ ② ❞❡ s✉s ❞❡r✐✈❛❞❛s✳
✸✳ P❛r❛ ❡❧ ❡s♣❛❝✐♦ ♣❧❛♥♦✱ t❡♥❡♠♦s q✉❡ Gµν = 0✳
✹✳ ❉❡ ❛❝✉❡r❞♦ ❛ ❧❛ ❧❡② ❞❡ ❝♦♥s❡r✈❛❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ▽µT µν = 0✱ ❡st♦ ✐♠♣❧✐❝❛ q✉❡
t❛♠❜✐é♥ ❞❡❜❡ ❝✉♠♣❧✐rs❡ ▽µGµν = 0✳
✺✳ ❊♥ ❡❧ ❧í♠✐t❡ ◆❡✇t♦♥✐❛♥♦✱ ❞❡❜❡ ❝✉♠♣❧✐rs❡ q✉❡ G00 ≃ ▽2g00✳
❈♦♠♦ ❤❡♠♦s ❡①♣r❡s❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❧❛ r❡❧❛t✐✈✐❞❛❞ ❣❡♥❡r❛❧ tr❛t❛ ❞❡ ❧❛ ❝✉r✈❛t✉r❛ ❞❡❧
❡s♣❛❝✐♦✲t✐❡♠♣♦ ② ❡❧ t❡♥s♦r q✉❡ ❝❛❧❝✉❧❛ ❧❛ ❝✉r✈❛t✉r❛ ❡s ❡❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥❀ s✐♥ ❡♠❜❛r❣♦✱
❡st❡ t❡♥s♦r ❡s ❞❡ ❝✉❛rt♦ ♦r❞❡♥ ② ❛♥t✐s✐♠étr✐❝♦❀ ♣♦r t❛❧ r❛③ó♥✱ ❡❧ t❡♥s♦r Gµν ❞❡❜❡ ❝♦♥str✉✐rs❡
❛ ♣❛rt✐r ❞❡ ❧❛s ❝♦♥tr❛❝❝✐♦♥❡s ❞❡❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥✳ ▲♦s ú♥✐❝♦s t❡♥s♦r❡s q✉❡ ♣✉❡❞❡♥
♦❜t❡♥❡rs❡ ❛ ♣❛rt✐r ❞❡❧ t❡♥s♦r ❞❡ r✐❡♠❛♥♥ s♦♥ ❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐ ② ❡❧ ❡s❝❛❧❛r ❞❡ ❝✉r✈❛t✉r❛❀
❡♥t♦♥❝❡s ❝♦♥s✐❞❡r❛♠♦s q✉❡ Gµν ❞❡❜❡ t❡♥❡r ❧❛ ❢♦r♠❛
Gµν = C1Rµν + C2gµνR, ✭✸✳✶✶✮
❈❆P❮❚❯▲❖ ✸✳ ❘❊▲❆❚■❱■❉❆❉ ●❊◆❊❘❆▲ ✸✵
❞♦♥❞❡ C1 ② C2 s♦♥ ❝♦♥st❛♥t❡s✳
❆♣❧✐❝❛♥❞♦ ❧❛ ❝♦♥s✐❞❡r❛❝✐ó♥ ✭✹✳✮✱ ♦❜t❡♥❡♠♦s
Gµν;µ = C1R
µ
ν;µ + C2δ
µ
νR;µ = 0. ✭✸✳✶✷✮
❯s❛♥❞♦ ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡ ❇✐❛♥❝❤✐✱ ♦❜t❡♥❡♠♦s
R;η = 2R
µ
η;µ. ✭✸✳✶✸✮
❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✸✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✷✮✱ ♦❜t❡♥❡♠♦s q✉❡ C2 = −C1/2❀ ❡♥t♦♥✲
❝❡s ♦❜t❡♥❡♠♦s
Gµν = C1(Rµν − 1
2
gµνR).
❆❤♦r❛ ✉t✐❧✐③❛r❡♠♦s ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✺✳✮ ❡♥ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r✱ ♦❜t❡♥✐é♥❞♦s❡
G00 = C1
(
R00 − 1
2
g00R
)
≃ ∇2g00. ✭✸✳✶✹✮
❍❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ◆❡✇t♦♥✐❛♥❛ gµν = ηµν+hµν ✱ ❞♦♥❞❡ ‖ hµν ‖≪ 1❀ ❡♥t♦♥❝❡s
♦❜t❡♥❡♠♦s
G00 ≃ C1
[
R00 − 1
2
(−1)R
]
≃ ∇2g00. ✭✸✳✶✺✮
P❛r❛ ❡❧ ❝❛s♦ ❞❡ s✐st❡♠❛s ♥♦ r❡❧❛t✐✈íst✐❝♦s✱ s❡ ❝✉♠♣❧❡ q✉❡ ‖ Gij ‖≪‖ G00 ‖✳ ❇❛❥♦ ❡st❛
❝♦♥s✐❞❡r❛❝✐ó♥✱ s❡ t✐❡♥❡ q✉❡
Rij − 1
2
ηijR ≃ 0. ✭✸✳✶✻✮
❯s❛♥❞♦ ❧❛ r❡❧❛❝✐ó♥
R ≃ Rkk −R00
≃ 3
2
R−R00
≃ 2R00. ✭✸✳✶✼✮
❘❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✼✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✺✮✱
G00 ≃ C1
[
R00 +
1
2
(2R00)
]
≃ ∇2g00,
≃ 2C1R00 ≃ ∇2g00,
≃ 2C1
(
1
2
∂2g00
∂xixj
)
≃ ∇2g00. ✭✸✳✶✽✮
❈❆P❮❚❯▲❖ ✸✳ ❘❊▲❆❚■❱■❉❆❉ ●❊◆❊❘❆▲ ✸✶
❉❡ ❧❛ r❡❧❛❝✐ó♥ ❛♥t❡r✐♦r✱ ❝♦♥❝❧✉✐♠♦s q✉❡ C1 = 1✳
❊♥t♦♥❝❡s✱ ✜♥❛❧♠❡♥t❡✱ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ t♦♠❛♥ ❧❛ ❢♦r♠❛
Gµν = Rµν − 1
2
gµνR = −8πGTµν . ✭✸✳✶✾✮
▲❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ r❡❧❛❝✐♦♥❛♥ ♠❛t❡r✐❛ ❝♦♥ ❣❡♦♠❡trí❛✳ ▲❛ ♠❛t❡r✐❛ ❡s ❧❛ q✉❡ ❞❡t❡r✲
♠✐♥❛ ❧❛ ❣❡♦♠❡trí❛ ❝✉r✈❛♥❞♦ ❛❧ ❡s♣❛❝✐♦❀ ② ❡❧ ❡s♣❛❝✐♦ ❞❡t❡r♠✐♥❛ ❧❛ tr❛②❡❝t♦r✐❛ ❞❡ ❧❛ ♠❛t❡r✐❛✳
✸✳✹✳ ▲♦s ♣♦st✉❧❛❞♦s ❞❡ ❧❛ ❘❡❧❛t✐✈✐❞❛❞ ●❡♥❡r❛❧
❊♥ ❧❛ ❚❘●✱ ❧❛ ❣r❛✈❡❞❛❞ s❡ ♠❛♥✐✜❡st❛ ❛ tr❛✈és ❞❡ ❧❛ ❝✉r✈❛t✉r❛ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦❀ ② ❧❛
tr❛②❡❝t♦r✐❛ ❞❡s❝r✐t❛ ♣♦r ✉♥❛ ♣❛rtí❝✉❧❛✱ ❝♦♥ ♦ s✐♥ ♠❛s❛✱ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ❣❡♦♠❡trí❛ ❧♦❝❛❧ ❞❡❧
❡s♣❛❝✐♦✲t✐❡♠♣♦ ♣♦r ❞♦♥❞❡ ❡❧❧❛ s❡ ❞❡s♣❧❛③❛✳
▲❛ ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥ ❞❡ ❧❛ ❚❘● r❡♣r❡s❡♥t❛♥ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ♠❛t❡♠át✐❝❛
❞❡ ✉♥❛ ❡♥t✐❞❛❞ ❣❡♦♠étr✐❝❛ ❞❡♥♦♠✐♥❛❞❛ ❡s♣❛❝✐♦✲t✐❡♠♣♦✳ ▲❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ❡st❛ t❡♦rí❛
s❡ ❜❛s❛ ❡♥ ♣♦st✉❧❛❞♦s ❬✷✾❪ q✉❡ ♣❡r♠✐t✐❡r♦♥ ❛ ❊✐♥st❡✐♥ r❡❧❛❝✐♦♥❛r ❡❧ ❛s♣❡❝t♦ ❣❡♦♠étr✐❝♦
❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❝♦♥ ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ♠❛t❡r✐❛ ♦ ❡♥❡r❣í❛✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❞❡s❝r✐❜✐♠♦s ❧♦s
♣♦st✉❧❛❞♦s q✉❡ ♣❡r♠✐t✐❡r♦♥ ❧❛ ❡❧❛❜♦r❛❝✐ó♥ ❞❡ ❧❛ ❚❘●✳
P♦st✉❧❛❞♦ ✶✳ ▲❛ ✈❛r✐❡❞❛❞ ❡s♣❛❝✐♦✲t✐❡♠♣♦✳✲ ❊❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡stá ❝♦♥st✐t✉✐❞♦
♣♦r t♦❞♦s ❧♦s ❡✈❡♥t♦s ❢ís✐❝♦s✱ ❡❧ ❝✉❛❧ s❡rá ❞❡s❝r✐t♦ ♣♦r ❡❧ ♣❛r (M, g)✳M ❡s ✉♥❛ ✈❛r✐❡❞❛❞
s✉❛✈❡ (C∞) ✹✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥❡❝t❛❞❛ ❞❡ ❍❛✉s❞♦r❢ ② g ✉♥❛ ♠étr✐❝❛ ▲♦r❡♥t③✐❛♥❛ s♦❜r❡
M ✳
▲❛ ❝✉r✈❛t✉r❛ ❡♥ ❧❛ ✈❛r✐❡❞❛❞ ❡stá ❞❡s❝r✐t❛ ♣♦r ❡❧ t❡♥s♦r ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❡♠❛♥♥ ❘✱
q✉❡ ❡♥ ❝♦♠♣♦♥❡♥t❡s ♣♦❞❡♠♦s ❡s❝r✐❜✐r❧❛ ❝♦♠♦
Rαβγδ = ∂γΓ
α
δβ − ∂δΓαγβ + ΓαγσΓσδβ − ΓασδΓσγ2β ✭✸✳✷✵✮
❝♦♥ Γαβγ ❧❛s ❝♦♥❡①✐♦♥❡s ❛❢í♥ ♦ sí♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧
Γαβγ =
1
2
gασ[∂γgγσ + ∂βgσγ − ∂σgβγ ], ✭✸✳✷✶✮
❈❆P❮❚❯▲❖ ✸✳ ❘❊▲❆❚■❱■❉❆❉ ●❊◆❊❘❆▲ ✸✷
❞♦♥❞❡ gαβ s♦♥ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ♠étr✐❝♦✳ ❯♥❛ r❡str✐❝❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ q✉❡
s❡ ✐♠♣♣♦♥❡ s♦❜r❡ ❧❛ ✈❛r✐❡❞❛❞ M ❡♥ ❘● ❡s q✉❡ s❡❛ ❧✐❜r❡ ❞❡ t♦rs✐ó♥✳ ❉✐❝❤❛ r❡str✐❝❝✐ó♥
s❡ ❜❛s❛ ❡♥ ❡❧ t❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❧❛ ❣❡♦♠❡trí❛ r✐❡♠❛♥♥✐❛♥❛✱ ❡❧ ❝✉❛❧ ❞✐❝❡ q✉❡✱ ❡♥
✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ (M, g)✱ ❡①✐st❡ ✉♥❛ ú♥✐❝❛ ❝♦♥❡①✐ó♥ s✐♠étr✐❝❛ Γαβγ q✉❡ ❡s
❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❧❛ ♠étr✐❝❛ ❣✳ ❊st❛ ❝♦♥❡①✐♦♥ ❡s ❧❧❛♠❛❞❛ ❧❛ ❝♦♥❡①✐ó♥ ❞❡ ▲❡✈✐✲❈✐✈✐t❛✳
▲❛ ❝♦♥❞✐❝✐ó♥ ❞❡ q✉❡ ❧❛ ✈❛r✐❡❞❛❞ s❡❛ ❧✐❜r❡ ❞❡ t♦rs✐ó♥ s❡ s❛t✐s❢❛❝❡ ❡①✐❣✐❡♥❞♦ q✉❡ ❡❧
t❡♥s♦r ❞❡ t♦rs✐ó♥ ❞❡ ❈❛rt❛♥ Sαβγ s❡❛ ♥✉❧♦
Sαβγ = Γ
α
[βγ] = 0 ✭✸✳✷✷✮
② ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛ ❝♦♥❡①✐ó♥ Γαβγ ② ❧❛ ♠étr✐❝❛ g s❡ ♦❜t✐❡♥❡ ❡①✐❣✐❡♥❞♦ q✉❡ ❧❛ ❞❡r✐✈❛❞❛
❝♦✈❛r✐❛♥t❡ ❞❡ ❧❛ ♠étr✐❝❛ s❡❛ ♥✉❧❛
∇γgαβ = 0. ✭✸✳✷✸✮
P♦st✉❧❛❞♦ ✷✳ ❈♦♥s❡r✈❛❝✐ó♥ ❧♦❝❛❧ ❞❡ ❧❛ ❡♥❡r❣í❛✳✲ ❊①✐st❡ ✉♥ t❡♥s♦r s✐♠étr✐❝♦
Tαβ = Tαβ(ψ) = Tβα q✉❡ ❡s ❢✉♥❝✐ó♥ ❞❡ ❧♦s ❝❛♠♣♦s ❞❡ ♠❛t❡r✐❛ ψ ② s✉s ❞❡r✐✈❛❞❛s t❛❧
q✉❡
❛✮ Tαβ = 0 s♦❜r❡ U ∈M s✐ ② s♦❧♦ s✐ ψi = 0 ♣❛r❛ t♦❞♦ i s♦❜r❡ U ✳
❜✮ ∇βT αβ❂✵
▲❛ ♣r✐♠❡r❛ ❝♦♥❞✐❝✐ó♥ ❡①♣r❡s❛ q✉❡ t♦❞♦s ❧♦s ❝❛♠♣♦s ❞❡ ♠❛t❡r✐❛ ❝♦♥tr✐❜✉②❡♥ ❛ ❧❛
❡♥❡r❣í❛✳ ❆ ♣❛rt✐r ❞❡ ❧❛ s❡❣✉♥❞❛ ❝♦♥❞✐❝✐ó♥✱ s✐ ❧❛ ✈❛r✐❡❞❛❞ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❛❞♠✐t❡ ✉♥
❝❛♠♣♦ ✈❡❝t♦r✐❛❧ ❞❡ ❑✐❧❧✐♥❣ ❑✱ ❡♥t♦♥❝❡s ♦❜t❡♥❡♠♦s ✉♥❛ ❧❡② ❞❡ ❝♦♥s❡r✈❛❝✐ó♥ ❞❛❞❛ ♣♦r
pα = T αβKβ, ✭✸✳✷✹✮
q✉❡ s♦♥ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ ✈❡❝t♦r P ♦❜t❡♥✐❞❛ ♣♦r ❝♦♥tr❛❝❝✐ó♥ ❞❡❧ t❡♥s♦r ❡♥❡r❣í❛✲
♠♦♠❡♥t♦ ❝♦♥ ❡❧ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣✱ ❡♥t♦♥❝❡s
pα;α = T
αβ
;α Kβ + T
αβKβ;α, ✭✸✳✷✺✮
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♣✉❡s T αβ✱ T µν;ν = 0 ② ❑ s❛t✐s❢❛❝❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❑✐❧❧✐♥❣ K(α;β) = 0.
P♦st✉❧❛❞♦ ✸✳ ❈❛✉s❛❧✐❞❛❞ ▲♦❝❛❧✳✲ ▲❛ ♠étr✐❝❛ s♦❜r❡ ❧❛ ✈❛r✐❡❞❛❞ ❡s♣❛❝✐♦✲t✐❡♠♣♦
(M, g) ❡stá ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥
Rαβ − 1
2
Rgαβ = kTαβ, ✭✸✳✷✻✮
s✐❡♥❞♦ Rαβ ❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐✱ R ❡❧ ❡s❝❛❧❛r ❞❡ ❝✉r✈❛t✉r❛✱ Tαβ ❡❧ t❡♥s♦r ❡♥❡r❣í❛✲
♠♦♠❡♥t♦ ② k = 8πG ② G ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❣r❛✈✐t❛❝✐ó♥ ✉♥✐✈❡rs❛❧✳
❙✐ ❞❡✜♥✐♠♦s ❡❧ t❡♥s♦r ❞❡ ❊✐♥st❡✐♥ Gαβ❝♦♠♦
Gαβ = Rαβ − 1
2
Rgαβ, ✭✸✳✷✼✮
❡♥t♦♥❝❡s s❡ t✐❡♥❡ ✉♥❛ r❡str✐❝❝✐ó♥ ❣❡♦♠étr✐❝❛
∇βGαβ = 0, ✭✸✳✷✽✮
❝♦♥♦❝✐❞❛ ❝♦♠♦ ❧❛ ■❞❡♥t✐❞❛❞ ❞❡ ❇✐❛♥❝❤✐✳
✸✳✺✳ Pr✐♥❝✐♣✐♦ ✈❛r✐❛❝✐♦♥❛❧ ❞❡ ❧❛ ❘❡❧❛t✐✈✐❞❛❞ ●❡♥❡r❛❧
❉❡s♣✉és ❞❡ ♣r♦♠✉❧❣❛r s✉ ❚❡♦rí❛ ❞❡ ❧❛ ❘❡❧❛t✐✈✐❞❛❞ ●❡♥❡r❛❧✱ ❊✐♥st❡✐♥ s❡ ❡♥❢r❡♥tó ❝♦♥ ❡❧
♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r s✉s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❛ ♣❛rt✐r ❞❡ ✉♥ ❧❛❣r❛♥❣✐❛♥♦ ② ✉♥ ♣r✐♥❝✐✲
♣✐♦ ✈❛r✐❛❝✐♦♥❛❧ δS = 0 ❡①♣r❡s❛♥❞♦ S ❧❛ ❛❝❝✐ó♥ t♦t❛❧✳ ❊✐♥st❡✐♥ ② ❍✐❧❜❡rt ❡♥❝♦♥tr❛r♦♥ ❧♦s
♠✐s♠♦s r❡s✉❧t❛❞♦s ✉s❛♥❞♦ ♠❡❞✐♦s ❞✐❢❡r❡♥t❡s❀ s✐♥ ❡♠❜❛r❣♦✱ ✉♥❛ ❢♦r♠❛ ❞❡ ❞❡t❡r♠✐♥❛r ❧❛s
❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ ❛ ♣❛rt✐r ❞❡❧ ♣r✐♥❝✐♣✐♦ ✈❛r✐❛❝✐♦♥❛❧ ❝♦♥s✐st❡ ❡♥ t❡♥❡r ❡♥ ❝✉❡♥t❛ ✉♥❛
❛❝❝✐ó♥ ❛s♦❝✐❛❞❛ ❛❧ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ❧❛ ❝✉❛❧ ❡s ❞❡♥♦♠✐♥❛❞❛ ❝♦♠♦ ❧❛ ❛❝❝✐ó♥ ❞❡ ❊✐♥st❡✐♥✲
❍✐❧❜❡rt SEH ✳ ▲❛ ❛❝❝✐ó♥ S ❡stá ❡①♣r❡s❛❞❛ ❡♥ tér♠✐♥♦s ❞❡ SEH ✱ ❡❧ tér♠✐♥♦ ❞❡ ❢r♦♥t❡r❛ ❞❡
●✐❜❜♦♥s✲❨♦r❦✲❍❛✇❦✐♥❣ (SGYH) ❬✸✵❪ ✱ ② ❧❛ ❛❝❝✐ó♥ ❛s♦❝✐❛❞❛ ❛ ❧♦s ❝❛♠♣♦s ❞❡ ♠❛t❡r✐❛ SM ✳
▲❛ ❛❝❝✐ó♥ t♦t❛❧ ♣✉❡❞❡ ❡s❝r✐❜✐rs❡ ❝♦♠♦ ❬✸✶❪
S =
1
2k
(SEH + SGYH) + SM , ✭✸✳✷✾✮
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❝♦♥
SEH =
∫
ν
d4x
√−gR, ✭✸✳✸✵✮
SGYH = 2
∮
∂ν
d3yε
√
|h|K, ✭✸✳✸✶✮
② ❞♦♥❞❡ ν ❡s ✉♥ ❤✐♣❡r✈♦❧ú♠❡♥ ❡♥ M ✱ ∂ν s✉ ❢r♦♥t❡r❛✱ h ❡❧ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ❧❛ ♠étr✐❝❛
✐♥❞✉❝✐❞❛✱ K ❡s ❧❛ tr❛③❛ ❞❡ ❧❛ ❝✉r✈❛t✉r❛ ❡①trí♥s❡❝❛ s♦❜r❡ ❧❛ ❢r♦♥t❡r❛ ∂ν ② ε t♦♠❛ ❡❧ ✈❛❧♦r ❞❡
✰✶ ② ✲✶ s✐ ∂ν ❡s t✐♣♦ t❡♠♣♦r❛❧ ♦ ❡s♣❛❝✐❛❧ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❱❛♠♦s ❛ ♦❜t❡♥❡r ❧❛s ❡❝✉❛❝✐♦♥❡s
❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥ ✈❛r✐❛♥❞♦ ❧❛ ❛❝❝✐ó♥ ❝♦♥ r❡s♣❡❝t♦ ❛ gαβ✳ ❋✐❥❛♠♦s ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡
❢r♦♥t❡r❛
δgαβ|∂ν = 0, ✭✸✳✸✷✮
❯s❛♥❞♦ ❧♦s s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s
δgαβ = −gαµgβνδgµν , δgαβ = −gαµgβνδgµν , ✭✸✳✸✸✮
δ
√−g = −1
2
√−ggαβδgαβ, ✭✸✳✸✹✮
δRαβγδ = ∇γ(δΓαδβ)−∇δ(δΓαγβ), ✭✸✳✸✺✮
δRαβ = ∇γ(δΓγβα)−∇β(δΓγγα). ✭✸✳✸✻✮
❆❤♦r❛ ❤❛❧❧❛♠♦s ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt
δSEH =
∫
ν
d4x(Rδ
√−g +√−gδR). ✭✸✳✸✼✮
❍❛❝✐❡♥❞♦ ✉s♦ ❞❡ R = gαβRαβ② ❞❡ ❧❛ r❡❧❛❝✐ó♥ ✭✸✳✸✻✮ ♦❜t❡♥❡♠♦s
δSEH =
∫
ν
d4x
√−g(Rαβ − 1
2
Rgαβ)δg
αβ
+
∫
ν
d4x
√−g∇σ(gαβ(δΓσβα)− gασ(δΓγαγ)).
✭✸✳✸✽✮
❉❡♥♦t❛♥❞♦ ❧❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧ ❞❡ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r ♣♦r δSB✱ s❡ ♦❜t✐❡♥❡
δSB =
∫
ν
d4x
√−g∇σV σ, ✭✸✳✸✾✮
❞♦♥❞❡ V σ = gαβ(δΓσβα)− gασ(δΓγαγ)✳
❯t✐❧✐③❛♥❞♦ ❡❧ t❡♦r❡♠❛ ❞❡ ●❛✉ss✲❙t♦❦❡s∫
ν
dnx
√
|g|∇µAµ =
∮
∂ν
dn−1yε
√
|h|nµV µ, ✭✸✳✹✵✮
❈❆P❮❚❯▲❖ ✸✳ ❘❊▲❆❚■❱■❉❆❉ ●❊◆❊❘❆▲ ✸✺
♦❜t❡♥❡♠♦s
δSB =
∮
∂ν
d3yε
√
|h|nσV σ. ✭✸✳✹✶✮
P♦❞❡♠♦s ❡s❝r✐❜✐r
Vσ|∂ν = gσµV µ|∂ν = gαβ[∂β(δgσα)− ∂σ(δgβα)]. ✭✸✳✹✷✮
❆❤♦r❛ ❝❛❧❝✉❧❛r❡♠♦s ❡❧ tér♠✐♥♦ nσVσ|∂ν ✱ ♣❛r❛ ❡❧❧♦✱ ❤❛r❡♠♦s ✉s♦ ❞❡ gαβ = hαβ + εnαnβ✱
r❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ❡①♣r❡s✐ó♥ ✭✸✳✹✷✮ ② ❡❢❡❝t✉❛♥❞♦ ❧❛s ♦♣❡r❛❝✐♦♥❡s ♦❜t❡♥❡♠♦s
nσVσ|∂ν = −nσhαβ∂σ(δgβα). ✭✸✳✹✸✮
❉❡ ❡st❛ ♠❛♥❡r❛✱ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡❧ tér♠✐♥♦ ❞❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡s
δSEH = 2
∫
ν
d4x
√−g(Rαβ − 1
2
Rgαβ)δg
αβ
−
∮
∂ν
d3yε
√
|h|hαβ∂σ(δgβα)nσ.
✭✸✳✹✹✮
P♦❞❡♠♦s ♥♦t❛r q✉❡ s✐ ✜❥❛♠♦s δgαβ = 0 ❡①✐st❡ ✉♥ tér♠✐♥♦ ❞❡ ❢r♦♥t❡r❛ ❛❞✐❝✐♦♥❛❧✳ ❊st❡ tér✲
♠✐♥♦ s❡ ♣✉❡❞❡ ❛♥✉❧❛r ❛r❣✉♠❡♥t❛♥❞♦ ✢✉❥♦s ♥✉❧♦s ❡♥ ❡❧ ✐♥✜♥✐t♦✱ ✜❥❛♥❞♦ t❛♥t♦ ❧❛ ✈❛r✐❛❝✐ó♥
❞❡ ❧❛ ♠étr✐❝❛ ❝♦♠♦ s✉ ♣r✐♠❡r ❞❡r✐✈❛❞❛ ❛ s❡r ♥✉❧❛s s♦❜r❡ ❧❛ ❢r♦♥t❡r❛❀ ❡s ❞❡❝✐r✱ δgαβ = 0 ②
∂γδgαβ = 0✳ ❆✉♥q✉❡ ❡st❡ ú❧t✐♠♦ ❛r❣✉♠❡♥t♦ ♥♦s ❝♦♥❞✉❝❡ ❞✐r❡❝t❛♠❡♥t❡ ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡
❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥ ✭♣✉❡s ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❡♥ ❧❛ ❢r♦♥t❡r❛ ❡s ❛✉t♦♠át✐❝❛♠❡♥t❡ ❝❡r♦✮✱ ✐♠♣❧✐❝❛
✜❥❛r ❞♦s ❝♦♥❞✐❝✐♦♥❡s ❡♥ ❧❛ ✈❛r✐❛❝✐ó♥✳ P❛r❛ ❡✈✐t❛r ❡st♦✱ ❍❛✇❦✐♥❣✱ ❨♦r❦ ② ●✐❜❜♦♥s ✐♥tr♦❞✉✲
❥❡r♦♥ ✉♥ tér♠✐♥♦ ❞❡ ❢r♦♥t❡r❛ q✉❡ ♣❡r♠✐t❡ t❡♥❡r ✉♥ ♣r♦❜❧❡♠❛ ✈❛r✐❛❝✐♦♥❛❧ ❜✐❡♥ ❞❡✜♥✐❞♦ ❝♦♥
s♦❧♦ δgαβ = 0✳ ❊s ✐♠♣♦rt❛♥t❡ r❡❝❛❧❝❛r q✉❡ ❛✉♥q✉❡ ❧❛ ❛❝❝✐ó♥ t♦t❛❧ s❡ ✈❡❛ ♠♦❞✐✜❝❛❞❛ ♣♦r
tér♠✐♥♦s ❛❞✐❝✐♦♥❛❧❡s s♦❜r❡ ❧❛ ❢r♦♥t❡r❛✱ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ♦❜t❡♥✐❞❛s s♦♥ ❧❛s ♠✐s♠❛s✳
❆❤♦r❛ ❡✈❛❧✉❛r❡♠♦s ❡❧ tér♠✐♥♦ ❞❡ ❢r♦♥t❡r❛ ❞❡ ●✐❜❜♦♥s✲❨♦r❦✲❍❛✇❦✐♥❣
δSGYH =
∮
∂ν
d3yε
√
|h|δK. ✭✸✳✹✺✮
❯s❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ tr❛③❛ ❞❡ ❧❛ ❝✉r✈❛t✉r❛ ❡①trí♥s❡❝❛ K = ∇αnα✱ ❞❡t❡r♠✐♥❛♠♦s ❧❛
✈❛r✐❛❝✐♦♥ ❞❡ K
δK = −hαβ∂σ(δgβα)nσ. ✭✸✳✹✻✮
❊♥t♦♥❝❡s t❡♥❡♠♦s ♣❛r❛ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡❧ tér♠✐♥♦ ❞❡ ❢r♦♥t❡r❛
δSEH =
∮
∂ν
d3yε
√
|h|hαβ∂σ(δgβα)nσ. ✭✸✳✹✼✮
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❱❡♠♦s q✉❡ ❡st❡ tér♠✐♥♦ ❝❛♥❝❡❧❛ ❡①❛❝t❛♠❡♥t❡ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❡♥ ❧❛ ❢r♦♥t❡r❛ ♣r♦✈❡♥✐❡♥t❡ ❞❡
❧❛ ❛❝❝✐ó♥ ❞❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt✳
❊♥ ✉♥ ❛s♣❡❝t♦ ♠ás ❢♦r♠❛❧✱ ♣♦❞r✐❛♠♦s ❞❡t❡r♠✐♥❛r ❡❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛ ♠♦♠❡♥t♦ ❤❛❝✐❡♥❞♦
✉s♦ ❞❡ ❧❛ ❛❝❝✐ó♥ ❞❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ♣❛r❛ ✉♥❛ ❞❡♥s✐❞❛❞ ❧❛❣r❛♥❣✐❛♥❛ L✳ ❙✐ t❡♥❡♠♦s ✉♥❛
❛❝❝✐ó♥ ❞❡ ♠❛t❡r✐❛ ❞❡✜♥✐❞❛ ♣♦r
SM =
∫
LM [gαβ, ϕ]
√−gd4x, ✭✸✳✹✽✮
❞♦♥❞❡ ϕ ❞❡♥♦t❛ ❧♦s ❝❛♠♣♦s ❞❡ ♠❛t❡r✐❛✳ ▲❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❡st❛ ❛❝❝✐ó♥ t♦♠❛ ❧❛ ❢♦r♠❛
δSM =
∫
d4xδ(
√−gLM),
=
∫
d4x
(
∂LM
∂gαβ
δgαβ
√−g + LMδ
√−g
)
,
= δSM =
∫
ν
d4x
√−g(∂LM
∂gαβ
− 1
2
LMgαβ)δgαβ. ✭✸✳✹✾✮
❉❡✜♥✐♠♦s ❡❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ❝♦♠♦
Tαβ = −2∂LM
∂gαβ
+ LMgαβ = − 2√−g
δSM
δgαβ
. ✭✸✳✺✵✮
❊❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ❡s ❞❡ ♠✉❝❤❛ ✐♠♣♦rt❛♥❝✐❛ t❛♥t♦ ❡♥ r❡❧❛t✐✈✐❞❛❞ ❣❡♥❡r❛❧ ❝♦♠♦
❡♥ ❝♦s♠♦❧♦❣í❛ ♣✉❡st♦ q✉❡ r❡♣r❡s❡♥t❛ ❡❧ ✢✉❥♦ ❞❡❧ t❡tr❛✲♠♦♠❡♥t♦✱ ❛ tr❛✈és ❞❡ ❧❛ ❤✐♣❡rs✉♣❡r✲
✜❝✐❡ q✉❡ ❡♥❣❧♦❜❛ ❧❛s ❢✉❡♥t❡s ❞❡ ❝❛♠♣♦✳
❘❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✺✵✮✱ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✾✮✱ ♦❜t❡♥❡♠♦s
δSM = −1
2
∫
ν
d4x
√−gTαβδgαβ, ✭✸✳✺✶✮
✐♠♣♦♥✐❡♥❞♦ q✉❡ ❧❛s ✈❛r✐❛❝✐♦♥❡s t♦t❛❧❡s ♣❡r♠❛♥❡③❝❛♥ ✐♥✈❛r✐❛♥t❡s✱ ❝♦♥ r❡s♣❡❝t♦ ❛ δgαβ✱ ♣♦✲
❞❡♠♦s ❡s❝r✐❜✐r ✜♥❛❧♠❡♥t❡
1√−g
δS
δgαβ
= 0⇒ Rαβ − 1
2
Rgαβ = kTαβ, ✭✸✳✺✷✮
q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥✳
P♦r ♦tr♦ ❧❛❞♦✱ ❝❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧ ♣r✐♥❝✐♣✐♦ ✈❛r✐❛❝✐♦♥❛❧ ②✱ ♣♦r ❡♥❞❡✱ ❧❛ ❛❝❝✐ó♥ ❞❡
❈❆P❮❚❯▲❖ ✸✳ ❘❊▲❆❚■❱■❉❆❉ ●❊◆❊❘❆▲ ✸✼
❊✐♥st❡✐♥✲❍✐❧❜❡rt ♥♦s ♣❡r♠✐t❡ ❞❡t❡r♠✐♥❛r ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❤❛♠✐✉❧t♦♥✐❛♥❛ ❞❡ ❧❛ ❘❡❧❛t✐✈✐❞❛❞
●❡♥❡r❛❧❬✸✷❪✳ P❛r❛ ❡❧❧♦✱ ❝♦♥s✐❞❡r❛♠♦s ❧❛ ❞❡♥s✐❞❛❞ ❧❛❣r❛♥❣✐❛♥❛ ❞❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❞❛❞❛ ♣♦r
L = √−g(4)R = √−g(3)R−K2 +KabKab+ △a;a, ✭✸✳✺✸✮
❞♦♥❞❡ △a;a= ∇a(−na∇cnc+nc∇cna)✱ s✐❡♥❞♦▽a ❧❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❡♥ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦
t❡tr❛❞✐♠❡♥s✐♦♥❛❧✳
❯s❛♥❞♦ ❧❛ r❡❧❛❝✐♦♥❡s S =
∫
dx4
√−gR ② √−g = N√h✱ ♦❜t❡♥❡♠♦s
S =
∫
N
√
h((3)R +KabK
ab −K2)dx4, ✭✸✳✺✹✮
❞♦♥❞❡ h ❡s ❡❧ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ❧❛ ♠étr✐❝❛ ❡s♣❛❝✐❛❧ ✐♥❞✉❝✐❞❛ hab ② N ❧❛ ❢✉♥❝✐ó♥ ❧❛♣s♦✳
❚ér♠✐♥♦s ✉s❛❞♦s ❡♥ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❆❉▼ ❞❡ ❧❛ ❘❡❧❛t✐✈✐❞❛❞ ●❡♥❡r❛❧ ❬✸✷❪✳
❯s❛♥❞♦ ❧❛ ♠étr✐❝❛ ❞❡ ❲✐tt
Gabcd =
1
2
√
h(hachbd + hadhbc − 2habhcd), ✭✸✳✺✺✮
s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❧❛ ❞❡♥s✐❞❛❞ ❧❛❣r❛♥❣✐❛♥❛ ❝♦♠♦
L = NGabcdKabKcd +
√
h
(3)
R. ✭✸✳✺✻✮
▲♦s ♠♦♠❡♥t♦s ❝❛♥ó♥✐❝♦s ✈✐❡♥❡♥ ❞❛❞♦s ♣♦r
πab =
∂L
∂h˙ab
=
√
h(Kab −Khab), ✭✸✳✺✼✮
πN =
∂L
∂h˙
= 0, πaNa =
∂L
∂N˙a
. ✭✸✳✺✽✮
P♦r ❧♦ t❛♥t♦✱ ❧❛ ❞❡♥s✐❞❛❞ ❤❛♠✐❧t♦♥✐❛♥❛ ✈✐❡♥❡ ❞❛❞❛ ♣♦r ❧❛ s✐❣✉✐❡♥t❡ ❡①♣r❡s✐ó♥✿
H = πabh˙ab − L = NGabcdπabπcd −N
√
N
(3)
R− 2NbDaπab, ✭✸✳✺✾✮
❞♦♥❞❡ Da ❡s ❧❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡✜♥✐❞❛ ❡♥ ❧❛ ❤✐♣❡rs✉♣❡r✜❝✐❡ ❡s♣❛❝✐❛❧Σt✳ ❯s❛♥❞♦ ❧❛ r❡✲
❧❛❝✐ó♥ H =
∫
dx3H✱ ❝❛❧❝✉❧❛♠♦s ❧❛ ❤❛♠✐❧t♦♥✐❛♥❛ ❞❡ ❧❛ ❘❡❧❛t✐✈✐❞❛❞ ●❡♥❡r❛❧✱ ❝✉②❛ ❡①♣r❡s✐ó♥
✈✐❡♥❡ ❞❛❞❛ ♣♦r
H =
∫
dx3[piabh˙ab − L = NGabcdπabπcd −N
√
N
(3)
R− 2NbDaπab]. ✭✸✳✻✵✮
✭✸✳✻✶✮
❈❆P❮❚❯▲❖ ✸✳ ❘❊▲❆❚■❱■❉❆❉ ●❊◆❊❘❆▲ ✸✽
❊❧ ❢♦r♠❛❧✐s♠♦ ❤❛♠✐❧t♦♥✐❛♥♦ ❡s ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦❜t❡♥❡r s♦❧✉❝✐♦♥❡s ♥✉♠ér✐❝❛s ❛ ❧❛s ❡❝✉❛✲
❝✐♦♥❡s ❞❡ ❧❛ ❘❡❧❛t✐✈✐❞❛❞ ●❡♥❡r❛❧ ❞❡ ❊✐♥st❡✐♥ ♣❛r❛ s✐st❡♠❛s ❢ís✐❝♦s r❡❛❧❡s ♦ ❝♦♠♣❧❡❥♦s✱ ❛sí
❝♦♠♦ ❡s ❧❛ ❜❛s❡ ♣❛r❛ ❧❛ ❝✉❛♥t✐③❛❝✐ó♥ ❝❛♥ó♥✐❝❛ ❞❡ ❧❛ ❣r❛✈❡❞❛❞✳
✸✳✻✳ ■♥✈❛r✐❛♥❝✐❛ ❞❡ ❧❛ r❡❧❛t✐✈✐❞❛❞ ❣❡♥❡r❛❧ ❜❛❥♦ ❞✐❢❡♦♠♦r✲
✜s♠♦s
▲❛ ❘❡❧❛t✐✈✐❞❛❞ ●❡♥❡r❛❧ ❡s ✉♥❛ t❡♦rí❛ ❞♦♥❞❡ t♦❞❛s ❧❛s ❝❛♥t✐❞❛❞❡s s♦♥ ❝♦✈❛r✐❛♥t❡s ❜❛❥♦
❞✐❢❡♦♠♦r✜s♠♦s✳ ❊st♦ s✐❣♥✐✜❝❛ q✉❡ s✐ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ♥✉❡str♦ ✉♥✐✈❡rs♦ ❡stá♥ r❡♣r❡s❡♥t❛❞♦s
♣♦r ✉♥❛ ✈❛r✐❡❞❛❞ (M, gµν) ② ❝❛♠♣♦s ❞❡ ♠❛t❡r✐❛ ϕ❀ ❡♥t♦♥❝❡s s✐ φ ∈ diff(M)✱ ❧♦s ❝♦♥❥✉♥t♦s
(M, gµν , ϕ) ② (M,φ∗gµν , φ∗ϕ) s♦♥ ❢ís✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✳ ❈♦♠❡♥❝❡♠♦s ❛♥❛❧✐③❛♥❞♦ ✉♥
❞✐❢❡♦♠♦r✜s♠♦✿
Xµ −→ Xµ + ξµ, ✭✸✳✻✷✮
P❛r❛ ✉♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧✱ ❧❛ ✈❛r✐❛❝✐ó♥ δAµ✱ ❜❛❥♦ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦✱ ❡st❛rá ❞❛❞❛ ♣♦r ❧❛
❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ✐♥tr♦❞✉❝✐❞❛ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✷
δAµ = LξAµ
= −ξσ∂σAµ − (∂µξλ)Aλ. ✭✸✳✻✸✮
P♦r ❧♦ t❛♥t♦✱ ❧❛s tr❛♥s❢♦r♠❛❝✐♦♥❡s ❞❡ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❛ Aµ s♦♥
Aµ −→ Aµ − ξσ∂σAµ − (∂µξλ)Aλ. ✭✸✳✻✹✮
❯t✐❧✐③❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ♣❛r❛ ✉♥ t❡♥s♦r ❣❡♥ér✐❝♦ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥✱
LξTµν ✱ ♦❜t❡♥❡♠♦s ❧❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❛ ❡❧ t❡♥s♦r gµν ❝♦♠♦
gµν −→ Aµν − ξσ∂σgµν − ∂µξλgλν − ∂νξλgνλ. ✭✸✳✻✺✮
❆❤♦r❛ ♣♦❞❡♠♦s ❤❛❝❡r ✉♥ ❛♥á❧✐s✐s ❛ ♣❛rt✐r ❞❡ ❧❛ ❛❝❝✐ó♥ ❞❡ ❊✐♥st❡✐✲❍✐❧❜❡rt✱ ❡s❝r✐t❛ ❝♦♠♦
SEH [gµν(x)] =
∫
gµνRµν
√−gd4x. ✭✸✳✻✻✮
❈❆P❮❚❯▲❖ ✸✳ ❘❊▲❆❚■❱■❉❆❉ ●❊◆❊❘❆▲ ✸✾
❍❛❝✐❡♥❞♦ ✉♥❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ❛❝❝✐ó♥ s♦❜r❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ♠étr✐❝❛✱ ♦❜t❡♥❡♠♦s
δSEH = SEH [g
µν + δgµν ]− SEH [gµν ],
=
∫
Gµνδg
µν + ▽µv
µ, ✭✸✳✻✼✮
❞♦♥❞❡ vµ = ▽ν(−δgµν + gµνgαβδgαβ).
❍❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✻✼✮ ② ❝♦♥s✐❞❡r❛♥❞♦ ❡❧ ❞✐❢❡♦♠♦r✜s♠♦ δgµν = Lξgµν ✿
δSEH =
∫
Gµν(Lξgµν)
√−gd4x = −2
∫
Gµν(▽µξν)
√−gd4x. ✭✸✳✻✽✮
❍❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✸✹✮ ② ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❞❡ ❧❛ ♠étr✐❝❛✱ ♦❜t❡♥❡♠♦s
Lξ
√−g = 1
2
gµνLξgµν = (▽αξα)
√−g. ✭✸✳✻✾✮
❯s❛♥❞♦ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❞❡ ✉♥ ❡s❝❛❧❛r ❡s ❧❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧✱ ♦❜t❡✲
♥❡♠♦s
δSEH =
∫
Lξ(ψ
√−g)d4x =
∫
(ξµ▽µψ + ψ▽µξ
µ)
√−gd4x =
∫
ψξµd3χµ, ✭✸✳✼✵✮
❞♦♥❞❡ ψ ❡s ✉♥ ❡s❝❧❛r ❝♦♥str✉✐❞♦ ❛ ♣❛rt✐r ❞❡ ❧♦s ❝❛♠♣♦s t❡♥s♦r✐❛❧❡s✱ ♣❛r❛ ❧❛ ❛❝❝✐ó♥ ❞❡
❊✐♥st❡✐♥✲❍✐❧❜❡rt ψ ≡ R✳
■♥t❡❣r❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✻✽✮ ♣♦r ♣❛rt❡s ② ✉s❛♥❞♦ ❧❛ ❧❡② ❞❡ ❣❛✉ss✱ t❡♥❡♠♦s
δSEH = −
∫
Gµνξνd
3χµ +
∫
ξν▽µG
µν
√−gd4x. ✭✸✳✼✶✮
❇❛❥♦ r❡♣❛r❛♠❡tr✐③❛❝✐ó♥✱ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❢r♦♥t❡r❛ ❡s ♥✉❧❛✱ ♣❡r♦ ξν ❡s ❛r❜✐tr❛r✐♦ ❡♥ ❧❛ ✐♥t❡❣r❛❧
t❡tr❛✲✈♦❧✉♠étr✐❝❛❀ ❛❞❡♠ás δSEH = 0✳ ❊st♦ ✐♠♣❧✐❝❛ ✉♥❛ ✐♥✈❛r✐❛♥❝✐❛ ♣♦r ❞✐❢❡♦♠♦r✜s♠♦
❡①♣r❡s❛❞❛ ♣♦r
▽µG
µν = 0. ✭✸✳✼✷✮
❆♥❛❧✐③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✼✷✮✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ s❡ tr❛t❛ ❞❡ ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡ ❇✐❛♥❝❤✐
② ❡s ✉♥❛ ♣r♦♣✐❡❞❛❞ ❣❡♦♠étr✐❝❛ ❞❡❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥✳
❈❛♣ít✉❧♦ ✹
❙♦❧✉❝✐♦♥❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ♣❧❛♥❛s
▲♦s ❞✐✈❡rs♦s ♠♦❞❡❧♦s ❝♦s♠♦❧ó❣✐❝♦s r❡s✉❧t❛♥ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦
❞❡ ❊✐♥st❡♥✱ ❧❛s ❝✉❛❧❡s ❡stá♥ ❞❛❞❛s ♣❛r❛ ❞✐❢❡r❡♥t❡s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♠❛t❡r✐❛ ❝♦♠♦ ❤♦♠♦❣é✲
♥❡❛s✱ ✐s♦tró♣✐❝❛ ② ❛♥✐s♦tró♣✐❝❛s✳ ▲❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ ♣r❡s❡♥t❛♥ ❝✐❡rt❛ ❝♦♠♣❧❡❥✐❞❛❞
❡♥ s✉s s♦❧✉❝✐ó♥❡s❀ ♣♦r t❛♥t♦✱ s✉s s♦❧✉❝✐♦♥❡s ❛♥❛❧ít✐❝❛s ♦❜❡❞❡❝❡♥ ❛ ❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s✱ ♣♦r
❡❥❡♠♣❧♦✱ q✉❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♠❛s❛ ♦ ❡♥❡r❣í❛ ❡sté♥ ❧♦❝❛❧✐③❛❞❛s ❡♥ r❡❣✐♦♥❡s ♣❡q✉❡ñ❛s
❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ② q✉❡ ❢✉❡r❛ ❞❡ ❡st❛ ♣❡q✉❡ñ❛ r❡❣✐ó♥ ♣r❡❞♦♠✐♥❡ ❡❧ ✈❛❝í♦✳ ❊♥ ❡❧ ❝❛s♦ ❞❡
q✉❡ ❧❛ ♠❛t❡r✐❛ ♣r❡s❡♥t❡ ✉♥❛ ❞❡♥s✐❞❛❞ ♠✉② ❛❧t❛✱ ♥♦s ❡♥❝♦♥tr❛♠♦s ❝♦♥ ❧❛ ❢♦r♠❛❝✐ó♥ ❞❡ ✉♥
❛❣✉❥❡r♦ ♥❡❣r♦✳
❊♥ ❝✉❛♥t♦ ❛ ❧♦s ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦✱ s✉ ❡st✉❞✐♦ s❡ r❡♠♦♥t❛ ❛❧ ❛ñ♦ ✶✾✶✻✱ ♣♦❝♦ t✐❡♠♣♦ ❞❡s♣✉és
❞❡ q✉❡ ❊✐♥st❡✐♥ ♣✉❜❧✐❝❛r❛ s✉ ❚❘●✱ ❝✉❛♥❞♦ ❡❧ ❢ís✐❝♦ ❱✐❡♥és ▲✉❞✇✐❣ ❋❧❛♠♠ ❬✻✾❪✱ ❛♥❛❧✐③ó ❡❧
❛❣✉❥❡r♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③❝❤✐❧❞ ② ❞❡s❝✉❜r✐ó q✉❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ ♣❡r♠✐tí❛♥ ✉♥❛
s❡❣✉♥❞❛ s♦❧✉❝✐ó♥ ✱ ❛❤♦r❛ ❝♦♥♦❝✐❞❛ ❝♦♠♦ ❛❣✉❥❡r♦ ❜❧❛♥❝♦✱ q✉❡ s❡ ❡♥❝✉❡♥tr❛ ❝♦♥❡❝t❛❞♦ ❛ ❧❛
❡♥tr❛❞❛ ❞❡❧ ❛❣✉❥❡r♦ ♥❡❣r♦ ♣♦r ✉♥ ❝♦♥❞✉❝t♦ ❞❡ ❡s♣❛❝✐♦ t✐❡♠♣♦✳ ❊♥ ❡❧ ❛ñ♦ ❞❡ ✶✾✸✺ ❊✐♥st❡✐♥
② ◆❛t❤❛♥ ❘♦s❡♥ ♣✉❜❧✐❝❛r♦♥ ✉♥ ❛rt✐❝✉❧♦ ❬✼✵❪ ❡♥ ❡❧ ❝✉❛❧ ✐♥t❡♥t❛❜❛♥ ❝♦♥str✉✐r ✉♥ ♠♦❞❡❧♦
❣❡♦♠étr✐❝♦ ♣❛r❛ ♣❛rtí❝✉❧❛s ❢✉♥❞❛♠❡♥t❛❧❡s✱ t❛❧ ❝♦♠♦ ❡❧❡❝tr♦♥❡s✱ ❡♥ tér♠✐♥♦s ❞❡ tú♥❡❧❡s ❞❡
❡s♣❛❝✐♦✲t✐❡♠♣♦ ✉♥✐❞♦s ♣♦r ❧í♥❡❛s ❞❡ ❢✉❡r③❛ ❡❧é❝tr✐❝❛✳ ❊st♦ ❞✐♦ ♣❛s♦ ❛❧ ♥♦♠❜r❡ ❞❡ ♣✉❡♥t❡
❞❡ ❊✐♥st❡✐♥✲❘♦s❡♥ ❛❧ ❝✉❛❧ ♣♦st❡r✐♦r♠❡♥t❡ ❡❧ ❢ís✐❝♦ ❏♦❤♥ ❲❤❡❡❧❡r ❧❡ ❧❧❛♠❛rí❛ ❆❣✉❥❡r♦ ❞❡
●✉s❛♥♦✳ ❊♥ ❧♦s ❛ñ♦s ♣♦st❡r✐♦r❡s✱ ❡❧ ❡st✉❞✐♦ ❞❡ ❧♦s ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦ s❡ ❛❜❛♥❞♦♥ó ②❛ q✉❡
s✉ r❛❞✐♦ ❡r❛ ❞❡♠❛s✐❛❞♦ ♣❡q✉❡ñ♦✱ ♣✉❡s ♥✐ ❧❛s ♣❛rtí❝✉❧❛s ❡❧❡♠❡♥t❛❧❡s ♣♦❞rí❛♥ ❛tr❛✈❡s❛r❧♦s✳
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✹✶
❚✐❡♠♣♦ ❞❡s♣✉és✱ ❡❧ ✐♥t❡rés ♣♦r ❧♦s ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦ ♥❛✈❡❣❛❜❧❡s t♦♠ó ❛✉❣❡ ❝♦♥ ❡❧ ❛rtí❝✉❧♦
♣✉❜❧✐❝❛❞♦ ❡♥ ✶✾✽✼ ♣♦r ▼✐❝❤❡❧ ▼♦rr✐s✱ ❑✐♣ t❤♦r♥❡ ② ❯r✐ ❨❡rts❡✈❡r ❬✹✹❪ ❡♥ ❡❧ ❝✉❛❧ s❡ ❛♥❛❧✐③❛
❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ✈✐❛❥❛r ❛ tr❛✈és ❞❡ ✉♥ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ♠❛♥t❡♥✐❡♥❞♦❧♦ ❡st❛❜❧❡ ♠❡❞✐❛♥t❡
❡❧ ✉s♦ ❞❡ ♠❛t❡r✐❛ ❝♦♥ ❞❡♥s✐❞❛❞ ♥❡❣❛t✐✈❛✳ ❚❛❧ ♠❛t❡r✐❛ ❤✐♣♦tét✐❝❛ ❡s ❞❡♥♦♠✐♥❛❞❛ ♠❛t❡r✐❛
❡①ót✐❝❛✳
❊♥ ❧❛s s♦❧✉❝✐♦♥❡s ❛ ❧❛ ❚❘●✱ s❡ s✉❡❧❡ ❞❡s♣r❡❝✐❛r ❧❛ ❝✉r✈❛t✉r❛ ❞❡❧ ✉♥✐✈❡rs♦ ❝✉❛♥❞♦ s❡ tr❛t❛ ❞❡❧
❡st✉❞✐♦ ❞❡ ♠étr✐❝❛s ❡①t❡r♥❛s ❛ ❧♦s ❝✉❡r♣♦s ❣r❛✈✐t❛❝✐♦♥❛❧♠❡♥t❡ ❛✐s❧❛❞♦s✳ ❊st♦ s❡ ❞❡❜❡ ❛ q✉❡
❧♦s ❝❛♠♣♦s ❣❡♥❡r❛❞♦s ♣♦r ❧♦s ❝✉❡r♣♦s ❞❡❜❡♥ t❡♥❞❡r ❛ ❝❡r♦ ♣❛r❛ ❞✐st❛♥❝✐❛s ❛❧❡❥❛❞❛s✱ ❞♦♥❞❡
❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡s ❞❡ ▼✐♥❦♦✇s❦✐✳ ❆ ❧❛s ♠étr✐❝❛s q✉❡ ❝✉♠♣❧❡♥ ❝♦♥ ❡st❛s ❝♦♥❞✐❝✐♦♥❡s✱
s❡ ❧❡s ❞❡♥♦♠✐♥❛ s♦❧✉❝✐♦♥❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ♣❧❛♥❛s✳ ❯♥ ❡❥❡♠♣❧♦ ❝❧ás✐❝♦ ❞❡ ❡st❡ t✐♣♦ ❞❡
s♦❧✉❝✐♦♥❡s s♦♥ ❧❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧ ② ❧❛ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞stro¨♠✱ ❧❛s ❝✉❛❧❡s ♣♦s❡❡♥ ❧❛
❝❛r❛❝t❡ríst✐❝❛ ❞❡ s❡r ❛s✐♥tót✐❝❛♠❡♥t❡ ♣❧❛♥❛s✳
❊♥ ❡st❡ ❝❛♣ít✉❧♦✱ ❛♥❛❧✐③❛r❡♠♦s ❧❛s ❝❛r❛❝tr✐st✐❝❛s ❞❡ ❧♦s ❛❣✉❥❡r♦s ♥❡❣r♦s ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱
❘❡✐ss♥❡r✲◆♦r❞stro¨♠ ② t❛♠❜✐é♥ ✉♥ ❛♥á❧✐s✐s s✉❝✐♥t♦ s♦❜r❡ ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦✳
✹✳✶✳ ❆❣✉❥❡r♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞
▲♦s ❛❣✉❥❡r♦s ♥❡❣r♦s s♦♥ r❡❣✐♦♥❡s ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡♥ ❧❛s ❝✉❛❧❡s ❡❧ ❝❛♠♣♦ ❣r❛✈✐t❛t♦r✐♦
❡s s✉♠❛♠❡♥t❡ ✐♥t❡♥s♦✳ ❙❡ ❢♦r♠❛♥ ❝✉❛♥❞♦ ❧❛ ♠❛s❛ ❞❡ ✉♥ ❝✉❡r♣♦ s❡ ❝♦♥tr❛❡ ❛ ✉♥ t❛♠❛ñ♦
♠❡♥♦r q✉❡ ❡❧ ❧❧❛♠❛❞♦ r❛❞✐♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✳
❊❧ ❝♦♥❝❡♣t♦ ❞❡ ❛❣✉❥❡r♦ ♥❡❣r♦ ❛♣❛r❡❝❡ ❛✉♥ ❡♥ ❡❧ ♠❛r❝♦ ❞❡ ❧❛ ❢ís✐❝❛ ❝❧ás✐❝❛✳ ❋✉❡ ❡❧ r❡✈❡r❡♥❞♦
② ❣❡ó❧♦❣♦ ❏♦❤♥ ▼✐❝❤❡❧❧ q✉✐❡♥ ❡st✉❞✐ó ❡♥ ✶✼✽✸ ❧❛ ❛❝❝✐ó♥ ❞❡❧ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♥❛
❡str❡❧❧❛ ♠❛s✐✈❛ ② s✉ ❡❢❡❝t♦ ❝✉❛♥❞♦ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❡s❝❛♣❡ s❡ ✐❣✉❛❧❛ ❛ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❧✉③
❬✸✸❪✳ ❊♥ ❛q✉❡❧❧❛ é♣♦❝❛✱ ✉♥❛ ❞❡ ❧❛s t❡♦rí❛s s♦❜r❡ ❧❛ ❧✉③ ❝♦♥s✐❞❡r❛❜❛ q✉❡ ❡st❛❜❛ ❢♦r♠❛❞❛ ♣♦r
♣❡q✉❡ñ♦s ❝♦r♣ús❝✉❧♦s✳ ▼✐❝❤❡❧❧ ❝♦♥❝❧✉②ó q✉❡ ❝✉❛❧q✉✐❡r ❧✉③ ❡♠✐t✐❞❛ s❡ r❡❞✐r❡❝❝✐♦♥❛rí❛ ❤❛❝✐❛
❡❧ ✐♥t❡r✐♦r ❞❡ ❧❛ ❡str❡❧❧❛ ② ❞❡♥♦♠✐♥ó ❛ ❡st♦s ♦❜❥❡t♦s ✳❊str❡❧❧❛s ❖s❝✉r❛s✧✳ P♦r ❡s❛ ♠✐s♠❛
❢❡❝❤❛✱ ❛ ✜♥❛❧❡s ❞❡❧ s✐❣❧♦ ❳❱■■■✱ ▲❛♣❧❛❝❡ ❝♦♥s✐❞❡ró ♣♦r ♣r✐♠❡r❛ ✈❡③ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ q✉❡
❡①✐st✐❡r❛ ✉♥ ❝✉❡r♣♦ t♦t❛❧♠❡♥t❡ ♦s❝✉r♦ q✉❡ ♥♦ ❞❡❥❛r✐❛ ❡s❝❛♣❛r ❧❛ ❧✉③ ❞❡ s✉ s✉♣❡r✜❝✐❡ ❬✸✹❪✳
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✹✷
❉✉r❛♥t❡ ♠ás ❞❡ ✉♥ s✐❣❧♦✱ ♥❛❞✐❡ s❡ ✐♥t❡r❡só ♣♦r ❧♦s ❡❢❡❝t♦s ❣r❛✈✐t❛❝✐♦♥❛❧❡s s♦❜r❡ ❧❛ ❧✉③ ♥✐
♣♦r ❧❛s ♣♦s✐❜❧❡s ❡str❡❧❧❛s ♦s❝✉r❛s✳
❊❧ ✷✺ ❞❡ ♥♦✈✐❡♠❜r❡ ❞❡ ✶✾✶✺✱ ❆❧❜❡rt ❊✐♥st❡✐♥ ♣r❡s❡♥t❛❜❛✱ ❛♥t❡ ❧❛ ❆❝❛❞❡♠✐❛ ❞❡ ❈✐❡♥❝✐❛s
❞❡ Pr✉s✐❛ ❡♥ ❇❡r❧í♥✱ s✉s ❡❝✉❛❝✐♦♥❡s ❞❡ ❧❛ r❡❧❛t✐✈✐❞❛❞ ❣❡♥❡r❛❧✳ ❯♥ ♠❡s ❞❡♣✉és✱ ❡❧ ✶✺ ❞❡ ❞❡
❞✐❝✐❡♠❜r❡✱ ❡❧ ❢ís✐❝♦ ❛❧❡♠á♥ ❑❛r❧ ❙❝❤✇❛r③s❝❤✐❧❞ ❡♥✈✐❛❜❛ ❛ ❊✐♥st❡✐♥ ❧❛ ♣r✐♠❡r❛ s♦❧✉❝✐ó♥✱ ♥♦
tr✐❜✐❛❧✱ ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❧❛ r❡❧❛t✐✈✐❞❛❞ ❣❡♥❡r❛❧✳ ❊✐♥st❡✐♥ ❧❛ ♣r❡s❡♥tó ❛♥t❡ ❧❛ ❆❝❛❞❡♠✐❛
Pr✉s✐❛♥❛ ❞❡ ❇❡r❧í♥ ❡❧ ✶✸ ❞❡ ❡♥❡r♦ ❞❡ ✶✾✶✻✱ ② ✉♥❛ s❡♠❛♥❛ ❞❡s♣✉és ❤✐③♦ ❧♦ ♠✐s♠♦ ❝♦♥ s✉
s♦❧✉❝✐ó♥ ✐♥t❡r✐♦r✳
▲♦s ❛❣✉❥❡r♦s ♥❡❣r♦s ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ s♦♥ ❧♦s ♠ás s✐♠♣❧❡s q✉❡ ♣✉❡❞❡♥ s❡r ❡♥❝♦♥tr❛❞♦s ❡♥ ❡❧
✉♥✐✈❡rs♦✳ ▲❛ s♦❧✉❝✐ó♥ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❞❡s❝r✐❜❡ ❡❧ ❡s♣❛❝✐♦ t✐❡♠♣♦ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❝❡♥tr♦
❞❡ ❛tr❛❝❝✐ó♥ ❡s❢❡r✐❝❛♠❡♥t❡ s✐♠étr✐❝♦✱ s✐♥ r♦t❛❝✐ó♥ ② ❡♥ ❡❧ ✈❛❝í♦✳ ❊♥ ❡st❛ s❡❝❝✐ó♥✱ ✈❛♠♦s ❛
❛♥❛❧✐③❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛❧❡s ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❙❝❤✇❛r③s❝❤✐❧✱ ❧❛s ❣❡♦❞és✐❝❛s ② ❧❛s
❝❛♥t✐❞❛❞❡s ❝♦♥s❡r✈❛❞❛s ❡♥ ❡st❡ ❡s♣❛❝✐♦✲t✐❡♠♣♦✳
✹✳✶✳✶✳ ▼étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧
❙❝❤✇❛r③s❝❤✐❧❞ ❡♥❝♦♥tró ✉♥❛ ♠étr✐❝❛ q✉❡ ❞❡s❝r✐❜❡ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❝✉r✈❛❞♦ ♣❛r❛ ✉♥❛ ❞✐s✲
tr✐❜✉❝✐✉ó♥ ❡s❢ér✐❝❛ ❞❡ ♠❛s❛❀ s❡ ♣❡r❝❛tó ❞❡ q✉❡ ❡❧ ❝❛♠♣♦ ❞❡ t❡♥s♦r❡s ♠étr✐❝♦s r❡♣r❡s❡♥t❛❜❛
❡❧ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❡stát✐❝♦ ❝♦♥ s✐♠❡trí❛ ❡s❢ér✐❝❛ ❡♥ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ✈❛❝í♦ q✉❡ r♦❞❡❛
✉♥ ❝✉❡r♣♦ ❡s❢ér✐❝♦ ♠❛s✐✈♦✳
P❛r❛ ❧❧❡❣❛r ❛ s✉ s♦❧✉❝✐ó♥✱ ❙❝❤✇❛r③s❝❤✐❧❞ ❤✐③♦ ❧❛s s✐❣✉✐❡♥t❡s s✉♣♦s✐❝✐♦♥❡s ❬✸✺❪✿
✶✳ ❊❧ ❝❛♠♣♦ ❡s ❡stát✐❝♦✱ q✉✐❡r❡ ❞❡❝✐r q✉❡ ❡s ✉♥ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡stát✐❝♦✱ ❡q✉✐✈❛❧❡ ❛
q✉❡ t♦❞♦s ❧♦s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❧❛ ♠étr✐❝❛ r❡s✉❧t❛♥t❡ ❞❡❜❡♥ s❡r ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ ❧❛
❝♦♦r❞❡♥❛❞❛ t✐❡♠♣♦✳
✷✳ ❊❧ ❝❛♠♣♦ ♣♦s❡❡ s✐♠❡trí❛ ❡s❢ér✐❝❛✱ ❡s ❞❡❝✐r✱ q✉❡ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡s ❡s❢ér✐❝❛♠❡♥t❡
s✐♠étr✐❝♦✱ ❡q✉✐✈❛❧❡ ❛ ❞❡❝✐r q✉❡ ❡s ✐♥✈❛r✐❛♥t❡ ❜❛❥♦ r♦t❛❝✐♦♥❡s✳
✸✳ ❊❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡s ✈❛❝í♦✳ ❊st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ ❡❧ ❚❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ❡s
♥✉❧♦ ❡♥ ❡❧ ♣✉♥t♦ ❞♦♥❞❡ ❡st❛♠♦s tr❛❜❛❥❛♥❞♦✳
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✹✳ ❊❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ♣❧❛♥♦✱ ❡♥t♦♥❝❡s ❛ ❣r❛♥❞❡s ❞✐st❛♥❝✐❛s✱ r❡s♣❡❝t♦
❞❡❧ ♣✉♥t♦ ❞♦♥❞❡ ❡st❛♠♦s tr❛❜❛❥❛♥❞♦✱ ❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐ ❡s ♥✉❧♦✳
❆❤♦r❛ ❞❡♠♦str❛r❡♠♦s ❡st❛ ♠étr✐❝❛ q✉❡ ❡s ❡❧ ❝❛s♦ ♥♦ tr✐✈✐❛❧ ♠ás s✐♠♣❧❡✿ ❧❛ s♦❧✉❝✐ó♥ ❡stát✐❝❛
❡s❢ér✐❝❛♠❡♥t❡ s✐♠étr✐❝❛ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥✱ ❧❧❛♠❛❞❛ ❣❡♦♠❡trí❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✳
❉❡ ❛❝✉❡r❞♦ ❛❧ ❝r✐t❡r✐♦ ❞❡ s✐♠❡trí❛ ❡s❢ér✐❝❛✱ ❝♦♥s✐❞❡r❛♠♦s ❧❛ ♠étr✐❝❛ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ▼✐♥✲
❦♦✇s❦✐❀ ❧❛ ❝✉❛❧✱ ❡♥ ❝♦♦r❞❡♥❛❞❛s ❡s❢ér✐❝❛s✱ ❡stá ❞❛❞❛ ♣♦r
ds2 = −dt2 + dr2 + r2dθ2 + r2 sin2 θdφ2. ✭✹✳✶✮
▼✉❧t✐♣❧✐❝❛♥❞♦ t♦❞♦s ❧♦s tér♠✐♥♦s ❞❡ ❧❛ ♠étr✐❝❛ ♣♦r ❝♦❡✜❝✐❡♥t❡s q✉❡ s❡❛♥ ❢✉♥❝✐♦♥❡s ❞❡ r✱
♣❧❛♥t❡❛♠♦s ✉♥ ❛♥s❛t③ ❀ q✉❡✱ ❞❡ ❛❝✉❡r❞♦ ❛ ❧❛s s✉♣♦s✐❝✐♦♥❡s ❛♥t❡r✐♦r❡s✱ s❡rá ❞❡ ❧❛ ❢♦r♠❛
ds2 = −e2α(r)dt2 + e2β(r)dr2 + e2γ(r)r2dΩ2, ✭✹✳✷✮
❞♦♥❞❡ dΩ2 = dθ2 + sin2 θdφ2 ❡s ❧❛ ♠étr✐❝❛ s♦❜r❡ ❧❛ ❡s❢❡r❛ S2✳
P♦r ❝♦♥✈❡♥✐❡♥❝✐❛✱ ✈❛♠♦s ❛ ✉s❛r ❡❧ ❝❛♠❜✐♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s r′ = reγ(r)❀ ❞❡ ♠♦❞♦ q✉❡ ❧❛
♠étr✐❝❛ ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✮ t♦♠❛ ❧❛ ❢♦r♠❛
ds2 = −e2α(r)dt2 + e2β(r)−2γ(r)
(
1 + r
dγ(r)
dr
)−2
dr′2 + r′2dΩ2. ✭✹✳✸✮
❍❛❝✐❡♥❞♦ ❧♦s ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡
r′ → r,(
1 + r
dγ(r)
dr
)−2
e2β(r)−2γ(r) → e2β(r), ✭✹✳✹✮
❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✮ ♣r❡s❡♥t❛ ❧❛ ❢♦r♠❛
ds2 = −e2α(r)dt2 + e2β(r)dr2 + r2dΩ2, ✭✹✳✺✮
❞♦♥❞❡ ❧❛s ❢✉♥❝✐♦♥❡s α(r) ② β(r) s♦♥ ❞❡t❡r♠✐♥❛❞❛s r❡s♦❧✈✐❡♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥✳
▲♦s sí♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧ ♥♦ ♥✉❧♦s s♦♥ ❝❛❧❝✉❧❛❞♦s ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✸✮ ② ✈✐❡♥❡♥ ❞❛❞♦s
♣♦r
Γttr =
∂α(r)
∂r
, Γrtt = e
2α(r)−2β(r)∂α(r)
∂r
, Γrrr =
∂β(r)
∂r
,
Γrθθ = −e−2β(r)r, Γrφφ = −e−2β(r)r sin2 θ, Γθrθ = 1
r
,
Γθφφ = − sin θ cos θ, Γφrφ = 1
r
, Γφθφ = cot θ. ✭✹✳✻✮
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▲♦s s❡✐s t❡♥s♦r❡s ❞❡ ❝✉r✈❛t✉r❛ ✐♥❞❡♣❡♥❞✐❡♥t❡s ② ♥♦ ♥✉❧♦s s♦♥ ❝❛❧✉❧❛❞♦s ♠❡❞✐❛♥t❡ ❧❛ ❡❝✉❛❝✐ó♥
✭✷✳✷✽✮ ② ♣r❡s❡♥t❛♥ ❧❛ ❢♦r♠❛
❘trtr =
∂α(r)
∂r
(
∂β(r)
∂r
− ∂α(r)
∂r
)
− ∂
2α(r)
∂r2
,
❘tθtθ = −e−2β(r)r∂α(r)
∂r
,
❘tφtφ = −e−2β(r)r sin2 θ∂α(r)
∂r
,
❘rθθr = −e−2β(r)r∂β(r)
∂r
,
❘rφrφ = e
−2β(r)r sin2 θ
∂β(r)
∂r
,
❘θφθφ =
(
1− e−2β(r)) sin2 θ . ✭✹✳✼✮
❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ t❡♥❡♠♦s q✉❡ ❝❛❧❝✉❧❛r ❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐ ✉s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✸✷✮✱ q✉❡ ❡♥
❢✉♥❝✐ó♥ ❞❡ ❧♦s sí♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧ ✱ s✉s ❝♦♠♣♦♥❡♥t❡s ♥♦ ♥✉❧❛s s♦♥
Rtt =
e2α(r)−2β(r)
(
r ∂
2α(r)
∂r2
+ ∂α(r)
∂r
(
r ∂α(r)
∂r
− r ∂β(r)
∂r
+ 2
))
r
,
Rrr = −∂
2α(r)
∂r2
+
∂α(r)
∂r
(
∂β(r)
∂r
− ∂α(r)
∂r
)
+
2∂β(r)
∂r
r
,
Rθθ = e
−2β(r)
(
−r∂α(r)
∂r
+ r
∂β(r)
∂r
− 1
)
+ 1 ,
Rφφ = e
−2β(r) sin2 θ
(
e2β(r) − r∂α(r)
∂r
+ r
∂β(r)
∂r
− 1
)
. ✭✹✳✽✮
❊♥ ❡st❡ ❡s♣❛❝✐♦✲t✐❡♠♣♦✱ ❡❧ ❡s❝❛❧❛r ❞❡ ❝✉r✈❛t✉r❛ ❡s ❝❛❧❝✉❧❛❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✸✹✮ ② ❡stá
❞❛❞♦ ♣♦r
R =
e−2β(r)
(
− (2e2β(r))+ 2r (r ∂2α(r)
∂r2
+
(
r ∂α(r)
∂r
+ 2
)(
∂α(r)
∂r
− ∂β(r)
∂r
))
+ 2
)
r2
. ✭✹✳✾✮
❯s❛♥❞♦ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ✈❛❝í♦✱ ♥♦t❛♠♦s q✉❡ t♦❞❛s ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧
t❡♥s♦r ❞❡ ❘✐❝❝✐ ❞❡❜❡♥ s❡r ♥✉❧❛s❀ ❤❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛s ❧❛s ❝♦♠♣♦♥❡♥t❡sRtt ②Rrr✱ ❡♥❝♦♥tr❛♠♦s
❧❛ r❡❧❛❝✐ó♥ α(r) + β(r) = 0✳
❆❤♦r❛✱ t♦♠❛♥❞♦ ❧❛ ❝♦♠♣♦♥❡♥t❡ Rθθ = 0✱ ❡♥❝♦♥tr❛♠♦s q✉❡
e2α(r) = 1 +
C
r
, ✭✹✳✶✵✮
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❞♦♥❞❡ C ❡s ✉♥❛ ❝♦♥st❛♥t❡✳ ❯s❛♥❞♦ ❧❛ r❡❧❛❝✐ó♥ α(r) = −β(r)✱ ❧❛ ♠étr✐❝❛ ❞❛❞❛ ♣♦r ❧❛
❡❝✉❛❝✐ó♥ ✭✹✳✶✳✶✮ t♦♠❛ ❧❛ ❢♦r♠❛
ds2 = −
(
1 +
C
r
)
dt2 +
(
1 +
C
r
)−1
dr2 + r2dΩ2. ✭✹✳✶✶✮
❙❛❜✐❡♥❞♦ q✉❡✱ ❡♥ ❡❧ ❧í♠✐t❡ ❞❡ ❝❛♠♣♦ ❞é❜✐❧✱ ❧❛ ❝♦♠♣♦♥❡♥t❡ gtt t✐❡♥❡ ❧❛ ❢♦r♠❛
gtt = −
(
1− 2GM
r
)
, ✭✹✳✶✷✮
② q✉❡ ❧❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❞❡❜❡ r❡❞✉❝✐rs❡ ❛ ❡st❡ t❡r♠✐♥♦ ❝✉❛♥❞♦ r ≫ 2GM ✱
♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r q✉❡
C = 2M. ✭✹✳✶✸✮
▲✉❡❣♦ ❧❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ ❡♥ ❝♦♦r❞❡♥❛❞❛s ❡s❢ér✐❝❛s t✐❡♥❡ ❧❛ ❢♦r♠❛
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r2dΩ2, ✭✹✳✶✹✮
❞♦♥❞❡ dΩ2 ❡s ❧❛ ♠étr✐❝❛ s♦❜r❡ ❧❛ ❡s❢❡r❛ S2 ❬✸✻❪❀ ❛❞❡♠ás ❤❡♠♦s ❝♦♥s✐❞❡r❛❞♦ G = 1✳
▲❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✹✮ s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❡♥ ❝♦♦r❞❡♥❛❞❛s
✐s♦tró♣✐❝❛s ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡ ❧❛s ❝♦♦r❞❡♥❛❞❛s (r, θ, φ) ♣♦s❡❛♥ ❡❧ ♠✐s♠♦ ❢❛❝t♦r❀ ❤❛❝✐❡♥❞♦
❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡
r = r
′
(
1 +
M
2r′
)2
, ✭✹✳✶✺✮
❡♥t♦♥❝❡s
dr = r
′
(
1 +
M2
4r′2
)
, 1− 2M
r
=
(
1− M
2r
′
)2
(
1 + M
2r
′
)2 , ✭✹✳✶✻✮
r❡❡♠♣❧❛③❛♥❞♦ ✭✹✳✶✺✮ ② ✭✹✳✶✻✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✹✮ ② ❧✉❡❣♦ ❤❛❝✐❡♥❞♦ r
′ −→ r✱ ❡♥❝♦♥tr❛♠♦s
ds2 = −
(
1− M
2r
)2(
1 + M
2r
)2dt2 + (1 + M2r
)4 (
dr2 + r2dΩ2
)
, ✭✹✳✶✼✮
❧❛ ❝✉❛❧ ❡s ❝♦♥♦❝✐❞❛ ❝♦♠♦ ❧❛ ♠étr✐❝❛ ✐s♦tró♣✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✳
✹✳✶✳✷✳ ●❡♦❞és✐❝❛s ❡♥ ❧❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧
❚♦❞❛ ❣❡♦❞és✐❝❛ ❡♥ ❧❛ ❚❘● s❡ ♣✉❡❞❡ ❝♦♥s✐❞❡r❛r ❢♦r♠❛❞❛ ♣♦r s❡❣♠❡♥t♦s ❞❡ ✐♥t❡r✈❛❧♦s r❡✲
❧❛t✐✈✐st❛s ✐♥✜♥✐t❡s✐♠❛❧❡s✳ ❱❛♠♦s ❛ ❛♥❛❧✐③❛r✱ ❡♥ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❞❡ ❙❝❤✇❛rs③❝❤✐❧❞✱ ❧❛s
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❣❡♦❞és✐❝❛s t✐♣♦✲t✐❡♠♣♦ ② t✐♣♦✲❧✉③✳
✶✳ ●❡♦❞és✐❝❛s t✐♣♦✲t✐❡♠♣♦
▲❛s ❡❝✉❛❝✐♦♥❡s q✉❡ ❞❡s❝r✐❜❡♥ ❧❛s ❣❡♦❞és✐❝❛s s♦♥ ♦❜t❡♥✐❞❛s ❛ ♣❛rt✐r ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❧❛❣r❛♥✲
❣✐❛♥❛
L = 1
2
gµν
dxµ
dτ
dxν
dτ
, ✭✹✳✶✽✮
❞♦♥❞❡ τ s❡ r❡✜❡r❡ ❛❧ t✐❡♠♣♦ ♣r♦♣✐♦ ❞❡ ❧❛ ♣❛rtí❝✉❧❛✳ ❊♥ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞
❧❛ ❞❡♥s✐❞❛❞ ❧❛❣r❛♥❣✐❛♥❛ L ✈✐❡♥❡ ❞❛❞❛ ♣♦r
L = 1
2
[(
1− 2M
r
)(
dt
dτ
)2 − (1− 2M
r
)−1(
dr
dτ
)2
− r2 ( dθ
dτ
)2]−
1
2
[
(r2senθ)
(
dφ
dτ
)2]
. ✭✹✳✶✾✮
❯s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✾✮ ❝❛❧❝✉❧❛♠♦s ❧♦s ♠♦♠❡♥t♦s ❝❛♥ó♥✐❝♦s
pt =
(
1− 2M
r
)
t˙, pr =
(
1− 2M
r
)−1
r˙, pφ = r
2sen2θφ˙, pθ = r
2θ˙, ✭✹✳✷✵✮
❞♦♥❞❡ ❡❧ ♣✉♥t♦ s✐❣♥✐✜❝❛ ❧❛ ❞❡r✐✈❛❝✐ó♥ r❡s♣❡❝t♦ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ t✐❡♠♣♦ ♣r♦♣✐♦ τ ✳ ❘❡str✐♥❣✐❡♥❞♦
❡❧ ♠♦✈✐♠✐❡♥t♦ ❛❧ ♣❧❛♥♦ ❡❝✉❛t♦r✐❛❧ ② ❤❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛s r❡❧❛❝✐♦♥❡s ❬✸✶❪
dpt
dτ
= −dH
dt
,
dpφ
dτ
=
dH
dφ
, ✭✹✳✷✶✮
♦❜t❡♥❡♠♦s
pt =
(
1− 2M
r
)
dt
dτ
= E ✭✹✳✷✷✮
pφ = r
2dφ
dτ
= L, ✭✹✳✷✸✮
❞♦♥❞❡ L ❡s ❡❧ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r✳ ❘❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✾✮✱ ❡♥❝♦♥tr❛♠♦s q✉❡
L = 1
2
(
1− 2M
r
)
E2 −
(
1− 2M
r
)−1(
dr
dτ
)2
− L
2
r2
, ✭✹✳✷✹✮
♣❛r❛ ❣❡♦❞és✐❝❛s t✐♣♦✲t✐❡♠♣♦ L = 1/2❀ ❡♥t♦♥❝❡s ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✷✸✮ ② ✭✹✳✷✹✮ t♦♠❛♥ ❧❛
❢♦r♠❛
dφ
dτ
=
L
r2
, ✭✹✳✷✺✮(
dr
dφ
)2
= E2 −
(
1− 2M
r
)(
1 +
L2
r2
)
. ✭✹✳✷✻✮
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❙✐ ❝♦♥s✐❞❡r❛♠♦s ❛ r ❝♦♠♦ ❢✉♥❝✐ó♥ ❞❡ φ✱ t❡♥❡♠♦s
dr
dφ
=
r2
L
dr
dτ
, ✭✹✳✷✼✮(
dr
dφ
)2
=
(E2 − 1)r4
L2
+
2Mr3
L2
− r2 + 2Mr. ✭✹✳✷✽✮
P❛r❛ ♦❜t❡♥❡r ❧❛ ❡❝✉❛❝✐ó♥ q✉❡ ❞❡s❝r✐❜❛ ❧❛ ❣❡♦❞és✐❝❛ ❡♥ ❡❧ ♣❧❛♥♦ ❡❝✉❛t♦r✐❛❧✱ ❤❛❝❡♠♦s ❡❧
❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ u = r−1 ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✽✮✱ ♦❜t❡♥✐é♥❞♦s❡(
du
dφ
)2
= 2Mu3 − u2 + 2Mu
L2
− (1− E
2)
L2
. ✭✹✳✷✾✮
❆♥✉❧❛♥❞♦ ❡❧ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✻✮✱ ♦❜t❡♥❡♠♦s ✉♥❛ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s q✉❡
❞❡s❝r✐❜❡ ❧❛ ❣❡♦❞és✐❝❛ r❛❞✐❛❧ (
dr
dτ
)2
=
2M
r
− (1− E2). ✭✹✳✸✵✮
❍❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✸✮ ❧❛ ❝✉❛❧ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❡♥ ❧❛ ❢♦r♠❛
dt
dτ
=
Er
r − 2M , ✭✹✳✸✶✮
❧❛ ❝✉❛❧ r❡♣r❡s❡♥t❛✱ ❥✉♥t❛♠❡♥t❡ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✵✮✱ ❧❛s tr❛②❡❝t♦r✐❛s ❞❡ ❧❛s ❣❡♦❞és✐❝❛s
r❛❞✐❛❧❡s✳
✷✳ ●❡♦❞és✐❝❛s t✐♣♦✲❧✉③
▲❛s ❣❡♦❞és✐❝❛s t✐♣♦✲❧✉③ s♦♥ ❞❡s❝r✐t❛s ♣♦r ♣❛rtí❝✉❧❛s s✐♥ ♠❛s❛✱ ② s✉❝❡❞❡♥ ♣❛r❛ ❡❧ ❝❛s♦ L = 0✳
❍❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✹✮✱ ♦❜t❡♥❡♠♦s(
dr
dτ
)2
= E2 −
(
1− 2M
r
)
L2
r2
. ✭✹✳✸✷✮
❈♦♥s✐❞❡r❛♥❞♦ q✉❡ r ❡s ❢✉♥❝✐ó♥ ❞❡ φ✱ ♦❜t❡♥❡♠♦s
dr
dφ
=
r2
L
dr
dτ
✭✹✳✸✸✮(
dr
dφ
)2
=
E2r4
L2
− r2 + 2Mr. ✭✹✳✸✹✮
❍❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ u = r−1✱ ♣♦❞❡♠♦s ♦❜t❡♥❡r ❧❛ ❡❝✉❛❝✐ó♥ q✉❡ ❞❡s❝r✐❜❡ ❧❛s
❣❡♦❞és✐❝❛s ❡♥ ❡❧ ♣❧❛♥♦ ❡❝✉❛t♦r✐❛❧(
dr
dφ
)2
= 2Mu3 − u2 + E
2
L2
. ✭✹✳✸✺✮
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P❛r❛ ❞❡t❡r♠✐♥❛r ❧❛s ❣❡♦❞és✐❝❛s r❛❞✐❛❧❡s ✱ ✉s❛♠♦s ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✷✮ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❡❧
♠♦♠❡♥t♦ ❛♥❣✉❧❛r ❡s ♥✉❧♦✱ ♦❜t❡♥✐❡♥❞♦s❡
dr
dτ
= ±E ✭✹✳✸✻✮
dt
dτ
=
Er
r − 2M . ✭✹✳✸✼✮
▲❛s ❞♦s ❡❝✉❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s ❞❡s❝r✐❜❡♥ ❧❛s tr❛②❡❝t♦r✐❛s ❞❡ ❣❡♦❞és✐❝❛s r❛❞✐❛❧❡s✳
✹✳✶✳✸✳ ❈❛♥t✐❞❛❞❡s ❝♦♥s❡r✈❛❞❛s
▲❛s ❧❡②❡s ❞❡ ❝♦♥s❡r✈❛❝✐ó♥ ❡st❛♥ r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❧♦s ✈❡❝t♦r❡s ❞❡ ❑✐❧❧✐♥❣✳ P❛r❛ ❡❧ ❝❛s♦ ❞❡
✉♥ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡st❛❝✐♦♥❛r✐♦✱ ❛❧ tér♠✐♥♦ ξα(t) ❧♦ ❝♦♥s✐❞r❛♠♦s ❝♦♠♦ ✉♥ ✈❡❝t♦r ❞❡ ❦✐❧❧✐♥❣
t✐♣♦✲t✐❡♠♣♦✳ ❙❡❛ q ❧❛ ❝❛♥t✐❞❛❞ ❝♦♥s❡r✈❛❞❛✱ ❡st❛ s❡ ❞❡✜♥❡ ❝♦♠♦ ❬✸✼❪
q =
1
4π
∮
▽
βξα(t)ηαrβ
√
σd2θ, ✭✹✳✸✽✮
❞♦♥❞❡ ηα ❡s ❡❧ ✈❡❝t♦r ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ❧❛ ❤✐♣❡rs✉♣❡r✜❝✐❡ ② rβ✱ ✉♥ ✈❡❝t♦r ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ❧❛
❢r♦♥t❡r❛✳ ❆♥❛❧✐③❛♥❞♦ ❡❧ tér♠✐♥♦ ❞❡ ✐♥t❡❣r❛❝✐ó♥
▽
βξα(t)ηαrβ = −▽0ξ1
= −g00▽0ξ1
= −g00(∂0ξ1 + Γ10µξµ)
= −g00Γ100ξ0, ✭✹✳✸✾✮
t❡♥✐❡♥❞♦ ♣r❡s❡♥t❡ q✉❡
η0 = −
(
1− 2M
r
)1/2
, r1 =
(
1− 2M
r
)−1/2
, ✭✹✳✹✵✮
s❡ r❡❡♠♣❧❛③❛ ❧♦s ✈❛❧♦r❡s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✾✮
▽
βξα(t)ηαrβ =
(
1− 2M
r
)−1
M
r2
(
1− 2M
r
)
=
M
r2
. ✭✹✳✹✶✮
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P♦r ♦tr♦ ❧❛❞♦✱ s♦❜r❡ ❢r♦♥t❡r❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ✐♥✜♥✐t♦ s❡ ❝✉♠♣❧❡ q✉❡
σijdθ
idθj = r2dΩ2 ✭✹✳✹✷✮
√
σ = r2senθ. ✭✹✳✹✸✮
❙✉st✐t✉②❡♥❞♦ ❧❛s r❡❧❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s ❡♥ ❧❛ ❡①♣r❡s✐ó♥ ✭✹✳✸✽✮✱ ♦❜t❡♥❡♠♦s
q =
1
4π
∫ (
M
r2
)
r2senθdθdφ, ✭✹✳✹✹✮
q = M. ✭✹✳✹✺✮
❈❛❜❡ ✐♥❞✐❝❛r q✉❡ ♥♦ ❤❛② ✉♥❛ ❞❡✜♥✐❝✐ó♥ ❛❝❡♣t❛❞❛ ❞❡ ❝❛♥t✐❞❛❞❡s ❝♦♥s❡r✈❛❞❛s ❛s♦❝✐❛❞❛s ❝♦♥
❡❧ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧✳ ▲❛ ❞✐✜❝✉❧t❛❞ r❛❞✐❝❛ ❡♥ ❧❛ ❡①♣r❡s✐ó♥ q✉❡ ❞❡✜♥❡ ❧❛ ♣❛rt❡ ❡♥❡r❣ét✐❝❛
❞❡❧ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❬✼❪✳ ❙❡ ❝r❡❡ q✉❡ ❧❛ ❡♥❡r❣í❛ ❞❡❧ ❝❛♠♣♦ ❣r❛✈✐t❛t♦r✐♦ ♥♦ ❡s ❧♦❝❛❧✐③❛❜❧❡✱
❡s ❞❡❝✐r✱ s♦❧♦ ❡s ♣♦s✐❜❧❡ ❞❡✜♥✐r ❧❛ ❡♥❡r❣í❛ ❞❡❧ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❡♥ t♦❞❛ ❧❛ r❡❣✐ó♥ ❞❡❧
❡s♣❛❝✐♦✲t✐❡♠♣♦ ② ♥♦ s♦❧♦ ❡♥ ✉♥❛ r❡❣✐ó♥ ♣❡q✉❡ñ❛✳ ❊❧ ❝♦♥❝❡♣t♦ ❞❡ ❡♥❡r❣í❛ t♦t❛❧ ② ♠♦♠❡♥t✉♠
❡♥ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦✱ ❛s✐♥tót✐❝❛♠❡♥t❡ ♣❧❛♥♦✱ ❡s ❛❝❡♣t❛❞♦ ✉♥í✈♦❝❛♠❡♥t❡❀ s✐♥ ❡♠❜❛r❣♦✱ ❧❛
❧♦❝❛❧✐③❛❝✐ó♥ ❞❡ ❡st❛s ❝❛♥t✐❞❛❞❡s ❢ís✐❝❛s s✐❣✉❡ s✐❡♥❞♦ ✉♥ ♣r♦❜❧❡♠❛ ❝✉❛♥❞♦ s❡ ✐♥❝❧✉②❡ ❡❧
❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧✳
❯♥ tr❛❜❛❥♦ ✐♠♣♦rt❛♥t❡ ❢✉❡ ❡❧ r❡❛❧✐③❛❞♦ ♣♦r ▼φ❧❧❡r ❬✸✽❪✱ q✉✐❡♥ ❝♦♥str✉②ó ❝✐❡rt❛s ❞❡✜♥✐❝✐♦♥❡s
✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡❧ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣❛r❛ ❧❛ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ❡♥ ❡❧ á♠❜✐t♦ ❞❡ ❧❛
❘❡❧❛t✐✈✐❞❛❞ ●❡♥❡r❛❧✳
▼φ❧❧❡r ❞❡✜♥✐ó ❡❧ tér♠✐♥♦ Θki ❞❛❞♦ ♣♦r
Θki =
1
8π
χkpi,p, ✭✹✳✹✻✮
❞♦♥❞❡
χkli =
√−g(∂gip
∂xq
− ∂giq
∂xp
)gkqglp. ✭✹✳✹✼✮
❊♥t♦♥❝❡s ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❡♥❡r❣í❛ ✈✐❡♥❡ ❡①♣r❡s❛❞❛ ❝♦♠♦
E =
1
8π
∫ ∫ ∫
Θ00dx
1dx2dx3, ✭✹✳✹✽✮
♦ ❡♥ s✉ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡
E =
1
8π
∫ ∫ ∫
∂χ0l0
∂xl
dx1dx2dx3. ✭✹✳✹✾✮
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❆❤♦r❛ ✉s❛r❡♠♦s ❡❧ ♠ét♦❞♦ ❞❡ ▼φ❧❧❡r ♣❛r❛ ❡❧ ❛♥á❧✐s✐s ❞❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❡♥❡r❣í❛ ❡♥ ❡❧
❛❣✉❥❡r♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③❝❤✐❧❞✳
❊♥ ❡st❡ ❛♥á❧✐s✐s t❡♥❡♠♦s ❞♦s ❝❛s♦s✿ ❡❧ ♣r✐♠❡r ❝❛s♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ s♦❧✉❝✐ó♥ ❡①t❡r♥❛✱ ❡♥ ❧❛
❝✉❛❧✱ ❤❛❝✐❡♥❞♦ ✉s♦ ❞❡❧ s✉♣❡r♣♦t❡♥❝✐❛❧ χkli ✱ ❡♥❝♦♥tr❛♠♦s q✉❡
χ010 = 2msenθ ✭✹✳✺✵✮
χ020 = χ
03
0 = χ
00
0 = 0, ✭✹✳✺✶✮
♣♦r ❧♦ t❛♥t♦✱ ❧❛ ❡♥❡r❣í❛ ✈✐❡♥❡ ❞❛❞❛ ♣♦r
E =
1
8π
∫
∞
a
∫ π
0
∫ 2π
0
χ0ν0,νdrdθdφ = 0, ✭✹✳✺✷✮
❡s ❞❡❝✐r ❧❛ ❡♥❡r❣í❛ ❢✉❡r❛ ❞❡❧ s✐st❡♠❛ ♠❛t❡r✐❛❧ ❡s ♥✉❧❛✳
❊❧ s❡❣✉♥❞♦ ❝❛s♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ s♦❧✉❝✐ó♥ ✐♥t❡r♥❛❀ ❡♥ ❡st❡ ❝❛s♦✱ ❡❧ ❝❛♠♣♦ ❡stá ❞❡s❝r✐t♦ ♣♦r
❧❛ ♠étr✐❝❛ ❡stát✐❝❛ ❝♦♥ s✐♠❡trí❛ ❡s❢ér✐❝❛ ❬✸✾❪ ❞❛❞❛ ♣♦r
ds2 = [A− B(1− r
2
R2
)1/2]2dt2 − (1− r
2
R2
)−1dr2
−r2(dθ2 + sen2θdφ2), ✭✹✳✺✸✮
❞♦♥❞❡
A =
3
2
(1− a
2
R2
)1/2 B = 1/2 ✭✹✳✺✹✮
R2 =
3
8πρ
=
a3
2m
m =
4
3
πρa3. ✭✹✳✺✺✮
❊st❡ ❡s ❡❧ ❝❛♠♣♦ ❛s♦❝✐❛❞♦ ❝♦♥ ✉♥ s✐st❡♠❛ ♠❛t❡r✐❛❧ ❡s❢ér✐❝♦✱ ❝♦♠♣✉❡st♦ ❞❡ ✉♥ ✢✉✐❞♦ ♣❡r❢❡❝t♦
✐♥❝♦♠♣r❡s✐❜❧❡ ❝♦♥ ❞❡♥s✐❞❛❞ ♣r♦♣✐❛ ρ✳ ▲❛ ❝♦♥st❛♥t❡ a ❡s ❡❧ r❛❞✐♦ ❞❡❧ s✐st❡♠❛ ❡s❢ér✐❝♦✳
❉❡ ❧❛ ♠étr✐❝❛ ♦❜t❡♥❡♠♦s
g = −[A− B(1− r
2
R2
)1/2]2(1− r
2
R2
)−1r4sen2θ ✭✹✳✺✻✮
❍❛❝✐❡♥❞♦ ✉s♦ ❞❡❧ s✉♣❡r♣♦t❡♥❝✐❛❧ χkli ✱ ❡♥❝♦♥tr❛♠♦s q✉❡
χ010 =
2Br3
R2
senθ ✭✹✳✺✼✮
χ020 = χ
03
0 = χ
00
0 = 0. ✭✹✳✺✽✮
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❈❛❧❝✉❧❛♥❞♦ ❧❛ ❡♥❡r❣í❛
E =
1
8π
∫
∞
a
∫ π
0
∫ 2π
0
χ010,1drdθdφ, ✭✹✳✺✾✮
E =
1
8π
∫
∞
a
∫ π
0
∫ 2π
0
∂
∂r
(
2Br3senθ
R2
)drdθdφ,
=
a3B
R2
, ✭✹✳✻✵✮
s✉st✐t✉②❡♥❞♦ ❧❛s r❡❧❛❝✐♦♥❡s ❞❛❞❛s ❡♥ ✭✹✳✺✹✮ ② ✭✹✳✺✺✮✱ ♦❜t❡♥❡♠♦s
E = mc2. ✭✹✳✻✶✮
❊st♦ ❡s✱ ❧❛ ❡♥❡r❣í❛ ❡s ✐❣✉❛❧ ❛ ❧❛ ♠❛s❛ ❣r❛✈✐t❛❝✐♦♥❛❧ m ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ r❡s✉❧t❛❞♦ ❞❡
❊✐♥st❡✐♥✳ ❊❧ ❛♥á❧✐s✐s ❞❡t❛❧❧❛❞♦ ❢✉❡ ♦❜t❡♥✐❞♦ ❡♥ ❬✹✵❪✳
✹✳✶✳✹✳ ❉✐❛❣r❛♠❛ ❞❡ ❑r✉s❦❛❧
❈♦♠♦ s❡ ♣✉❡❞❡ ♥♦t❛r ❡♥ ❧❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭❄❄✮✱ ❡st❛
♣r❡s❡♥t❛ ❞♦s s✐♥❣✉❧❛r✐❞❛❞❡s✳ ❉❛❞♦ q✉❡ ❡❧ ❡s❝❛❧❛r ❞❡ ❑r❡ts❝❤♠❛♥♥ L = RabcdRabcd ❞✐✈❡r❣❡
♣❛r❛ r −→ 0 ❝♦♠♦ M2/r6✱ s✐❡♥❞♦ r = 0 ✉♥❛ s✐♥❣✉❧❛r✐❞❛❞ ✐♥trí♥s❡❝❛ ❞❡ ❧❛ ❣❡♦♠❡trí❛ ❞❡
❙❝❤✇❛r③s❝❤✐❧❞✳ P❛r❛ ❡❧ ❝❛s♦ r = 2M ✱ q✉❡ ❡s ❡❧ r❛❞✐♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ ❧❛ s✐t✉❛❝✐ó♥ ❡s
❞✐❢❡r❡♥t❡❀ ② ♣❛r❛ s✉ ❛♥á❧✐s✐s ❤❛r❡♠♦s ✉♥ ❝❛♠❜✐♦ ❛❞❡❝✉❛❞♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s✳
P❛rt✐❡♥❞♦ ❞❡ ds2 = 0 ❬✸✼❪✱ ♦❜t❡♥❡♠♦s
dt = ±
∫
dr
1− 2M
r
= ± [r + 2Mln(r − 2M)] = ±r∗. ✭✹✳✻✷✮
❉❡✜♥✐❡♥❞♦ ❧❛s ❝♦♦r❞❡♥❛❞❛s
 u = t− r∗v = t+ r∗, ✭✹✳✻✸✮
❞♦♥❞❡ −∞ < u, v <∞✳ ♣♦r t❛♥t♦ ❧❛ ♠étr✐❝❛ s❡ ❝♦♥✈✐❡rt❡ ❡♥
ds2 =
(
1− 2M
r
)
dudv,
ds2 = −2Me
−r/2M
r
e(v−u)/4Mdvdu. ✭✹✳✻✹✮
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■♥tr♦❞✉❝✐❡♥❞♦ ♥✉❡✈❛s ❝♦♦r❞❡♥❛❞❛s✱ ❞❛❞❛s ♣♦r U = e−u/4MV = ev/4M , ✭✹✳✻✺✮
s❡ ♦❜t✐❡♥❡
ds2 = −32M
3e−r/2M
r
dV dU. ✭✹✳✻✻✮
◆✉❡✈❛♠❡♥t❡✱ ❤❛❝✐❡♥❞♦ ❡❧ s✐❣✉✐❡♥t❡ ❝❛♠❜✐♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱
T =
U + V
2
=
( r
2M
)1/2
er/4Msenh
(
t
4M
)
,
R =
U − V
2
=
( r
2M
)1/2
er/4Mcosh
(
t
4M
)
,
✭✹✳✻✼✮
❛ ♣❛rt✐r ❞❡ ❧❛s ❝✉❛❧❡s✱ ♦❜t❡♥❡♠♦s ❡❧ ❡❧❡♠❡♥t♦ ❞❡ ❧í♥❡❛
ds2 =
32M3e−r/2M
r
(−dT 2 + dR2)+ r2 (dθ2 + sen2θdφ2) . ✭✹✳✻✽✮
❊st❛ ❡s ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❡①♣r❡s❛❞❛ ❛ tr❛✈és ❞❡ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ❑r✉s❦❛❧✳
❙❡ ♣✉❡❞❡ ✈❡r ❝ó♠♦ ❡♥ ❡st❡ ❝❛s♦ r = 2M ②❛ ♥♦ ❡s ✉♥❛ s✐♥❣✉❧❛r✐❞❛❞ ❞❡ ❧❛ ♠étr✐❝❛✳ P❛r❛
❡♥t❡♥❞❡r ❧♦ q✉❡ r❡❛❧♠❡♥t❡ ♦❝✉rr❡ ❡♥ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❝✉❛♥❞♦ r = 2M ✱ ❡①♣r❡s❛♠♦s ❧❛
r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ❝♦♦r❞❡♥❛❞❛s t, r ② ❧❛s ♥✉❡✈❛s ❝♦♦r❞❡♥❛❞❛s ❚✱ ❘
( r
2M
− 1
)
e
−
r
2M = R2 − T 2
t
2M
= 2arctanh
(
T
R
)
,
✭✹✳✻✾✮
♣♦r ❧♦ q✉❡✱ ❡s ♦❜✈✐♦ q✉❡ ❧❛s ❝✉r✈❛s r = constante s❡ ❝♦♥✈✐❡rt❡♥ ❡♥ ❤✐♣ér❜♦❧❛s ❞❡ t✐♣♦
X2−T 2 = constante ② ❧❛ r❡❧❛❝✐ó♥ t = constante s❡ ❝♦♥✈✐❡rt❡ ❡♥ r❡❝t❛s T = constante✳ ▲❛
❣❡♦❞és✐❝❛ ♥✉❧❛ ✭q✉❡ ❡s ❧❛ tr❛②❡❝t♦r✐❛ ❞❡❧ ❢♦tó♥✮ ♣❛r❛ ❝❛❞❛ ♦❜s❡r✈❛❞♦r ♣✉❡❞❡ r❡♣r❡s❡♥t❛rs❡
❡♥ ❡❧ ♣❧❛♥♦ ❘✱ ❚ ❝♦♠♦ ✉♥❛ s❡♠✐r❡❝t❛ ❞❡ 450✳ P♦❞❡♠♦s ❛sí ❝♦♥str✉✐r ❡❧ ❧❧❛♠❛❞♦ ❞✐❛❣r❛♠❛
❞❡ ❑r✉s❦❛❧✱ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✶✱ ❡♥ ❧❛ ❝✉❛❧ s❡ ♣r❡s❡♥t❛♥ ❝✉❛tr♦ ③♦♥❛s✿
✶✳ ▲❛s r❡❣✐♦♥❡s ■ ② ■■■ ❛s✐♥tót✐❝❛♠❡♥t❡ ♣❧❛♥❛s ② ♥♦ r❡❧❛❝✐♦♥❛❞❛s ❝❛✉s❛❧♠❡♥t❡✳
✷✳ ▲❛ r❡❣✐ó♥ ■■ ❡s ❞❡♥♦♠✐♥❛♥❞❛ ❛❣✉❥❡r♦ ♥❡❣r♦✳ ❈✉❛❧q✉✐❡r ♦❜s❡r✈❛❞♦r ❞❡♥tr♦ ❞❡ ❡st❛
r❡❣✐ó♥ ②❛ ♥♦ ♣✉❡❞❡ s❛❧✐r ❞❡ ❡❧❧❛ ②❛ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ♠á①✐♠❛ ❡♥ ❧❛ q✉❡ ♣✉❡❞❡ ♠♦✈❡rs❡
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❡s ❧❛ ❞❡ ❧❛ ❧✉③✳ ❈♦♠♦ s❡ ❞❡s♣r❡♥❞❡ ❞❡❧ ❞✐❛❣r❛♠❛✱ ❡st♦ s✐❣♥✐✜❝❛ ♣❡r♠❛♥❡❝❡r ❞❡♥tr♦
❞❡ ❧❛ r❡❣✐ó♥ ❝♦♥ r < 2M ✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡❧ ♦❜s❡r✈❛❞♦r ✐♥tr♦❞✉❝✐❞♦ ❡♥ ❧❛ r❡❣✐ó♥ ■■
s♦❧♦ ♣✉❡❞❡ ❛❝❡r❝❛rs❡ ❛ ❧❛ s✐♥❣✉❧❛r✐❞❛❞ r = 0✳ ❋✐♥❛❧♠❡♥t❡✱ ❧❧❛♠❛r❡♠♦s ❛ ❧❛ ❧í♥❡❛
r = 2Mt = ±∞ ❡❧ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ②❛ q✉❡ ✉♥ ♦❜s❡r✈❛❞♦r ❡♥ ❧❛ r❡❣✐ó♥ ■ ②❛ ♥♦
♣✉❡❞❡ r❡❝✐❜✐r s❡ñ❛❧❡s ❞❡ ✉♥ ♦❜s❡r✈❛❞♦r ❞❡♥tr♦ ❞❡ ❧❛ r❡❣✐ó♥ ■■✳
✸✳ ▲❛ r❡❣✐ó♥ ■❱ ❡s ❞❡♥♦♠✐♥❛❞❛ ❛❣✉❥❡r♦ ❜❧❛♥❝♦✳ ❈✉❛❧q✉✐❡r ♦❜s❡r✈❛❞♦r ❞❡♥tr♦ ❞❡ ❡st❛
r❡❣✐ó♥ s♦❧♦ ♣✉❡❞❡ ❛❧❡❥❛rs❡ ❞❡ ❧❛ s✐♥❣✉❧❛r✐❞❛❞ r = 0✱ ❞❡❥❛♥❞♦ ❧❛ r❡❣✐ó♥ ❞❡❧✐♠✐t❛❞❛ ♣♦r
❡❧ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s✳
❋✐❣✉r❛ ✹✳✶✿ ❉✐❛❣r❛♠❛ ❞❡ ❑r✉s❦❛❧ ♣❛r❛ ❡❧ ❡s♣❛❝✐♦ t✐❡♠♣♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞
✹✳✷✳ ❆❣✉❥❡r♦ ♥❡❣r♦ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠
▲❛ ♠étr✐❝❛ ❞❡ ❘❡✐ss♥❡r✲♥♦r❞strö♠ ❡s ✉♥❛ s♦❧✉❝✐ó♥ ❡s❢ér✐❝❛♠❡♥t❡ s✐♠étr✐❝❛ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s
❞❡ ❊✐♥st❡✐♥ q✉❡ ❞❡s❝r✐❜❡ ❡❧ ❝❛♠♣♦ ❡❧❡❝tr♦♠❛❣♥ét✐❝♦ ❞❡ ✉♥ ❝✉❡r♣♦ ♠❛s✐✈♦ ② ❡❧é❝tr✐❝❛♠❡♥t❡
❝❛r❣❛❞♦✳ ❊st❛ ♠étr✐❝❛ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠ ♣✉❡❞❡ ❝♦♥s✐❞❡r❛rs❡ ❝♦♠♦ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥
❞❡ ❧❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ② ❜❛❥♦ ❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡s❝r✐❜❡ ✉♥ ❛❣✉❥❡r♦ ♥❡❣r♦✳ ❊❧
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✺✹
❛❣✉❥❡r♦ ♥❡❣r♦ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠ q✉❡ ❡s ❡stát✐❝♦✱ ❝♦♥ s✐♠❡trí❛ ❡s❢ér✐❝❛ ② ❝♦♥ ❝❛r❣❛
❡❧é❝tr✐❝❛ ◗✱ ✈✐❡♥❡ ❞❡✜♥✐❞♦ ♣♦r ❞♦s ♣❛rá♠❡tr♦s✿ ❧❛ ♠❛s❛ ▼ ② ❧❛ ❝❛r❣❛ ❡❧é❝tr✐❝❛ ◗✳
❊♥ ❡st❛ s❡❝❝✐ó♥✱ ❞✐s❝✉t✐r❡♠♦s ❧❛s ♣r♦♣✐❡❞❛❞❡s ② ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❧❛s ❡❝✉❛✲
❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ ❞❡♥♦♠✐♥❛❞❛ ♠étr✐❝❛ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠✳
✹✳✷✳✶✳ ▼étr✐❝❛ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠
❊♥ ❧❛ ❚❘●✱ ✉♥❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❡stát✐❝❛s ❝♦♥♦❝✐❞❛s ❝♦♠♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❞❡
❊✐♥st❡✐♥ ❡s ❧❛ ♠étr✐❝❛ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠ q✉❡ ❞❡s❝r✐❜❡ ❧❛ ❣❡♦♠❡trí❛ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦
② q✉❡ r♦❞❡❛ ❛ ✉♥ ❛❣✉❥❡r♦ ♥❡❣r♦ ❡s❢ér✐❝♦ ❝❛r❣❛❞♦ s✐♥ r♦t❛❝✐ó♥✳ ❊♥ r❡❛❧✐❞❛❞✱ ✉♥ ❛❣✉❥❡r♦ ♥❡❣r♦
❛❧t❛♠❡♥t❡ ❝❛r❣❛❞♦ s❡rí❛ ♥❡✉tr❛❧✐③❛❞♦ ♣♦r ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❝♦♥ ❧❛ ♠❛t❡r✐❛ ❡♥ s✉ ✈❡❝✐♥❞❛❞
②❀ ♣♦r ❧♦ t❛♥t♦✱ t❛❧ s♦❧✉❝✐ó♥ ♥♦ ❡①♣r❡s❛ s✐t✉❛❝✐♦♥❡s ❛str♦❢ís✐❝❛s r❡❛❧✐st❛s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡❧
❛❣✉❥❡r♦ ♥❡❣r♦ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠ ✐❧✉str❛ ✉♥❛ s❡r✐❡ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ✐♠♣♦rt❛♥t❡s ❞❡
s✐t✉❛❝✐♦♥❡s ♠ás ❣❡♥❡r❛❧❡s✳
P❛r❛ ♦❜t❡♥❡r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡s✱ t♦♠❛♠♦s ❧❛ ❛❝❝✐ó♥ ❞❡ ❊✐♥st❡✐♥✲
❍✐❧❜❡rt ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✸✸✮✱ ② ❛❞✐❝✐♦♥❛♥❞♦ ❧❛ ❛❝❝✐ó♥ ❞❡❧ ❝❛♠♣♦ ❡❧❡❝tr♦♠❛❣♥ét✐❝♦
♦❜t❡♥❡♠♦s ❧❛ ❛❝❝✐ó♥ t♦t❛❧
S =
∫ √−g (R− FµνF µν) dx4, ✭✹✳✼✵✮
❞♦♥❞❡ F µν ❡s ❡❧ t❡♥s♦r ❡❧❡❝tr♦♠❛❣♥ét✐❝♦✳ ▲✉❡❣♦ r❡❛❧✐③❛♠♦s ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❡st❛ ❛❝❝✐ó♥ ❝♦♥
r❡s♣❡❝t♦ ❛ ❧♦s ❝❛♠♣♦s ② s❡ ♦❜t✐❡♥❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥✲▼❛①✇❡❧❧ ❬✷✺❪✱
Gµν = 8πTµν = 8π
(
FµρF
ρ
ν −
1
4
gµνFρσF
ρσ
)
, ✭✹✳✼✶✮
∇µF µν = 0. ✭✹✳✼✷✮
P❛r❛ ❞❡t❡r♠✐♥❛r ❧❛ ♠étr✐❝❛ ❞❡❧ ❛❣✉❥❡r♦ ♥❡❣r♦ ❝❛r❣❛❞♦✱ s✉♣♦♥❞r❡♠♦s ✉♥ t❡♥s♦r ♠étr✐❝♦
❡s❢❡r✐❝❛♠❡♥t❡ s✐♠étr✐❝♦ q✉❡ ❞❡❜❡ r❡❞✉❝✐rs❡ ❛ ❧❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❝✉❛♥❞♦ ❧❛ ❝❛r❣❛
❡❧é❝tr✐❝❛ s❡❛ ♥✉❧❛✳ P♦r t♦❞♦ ❡❧❧♦✱ ❝♦♥s✐❞❡r❛♠♦s ❡❧ s✐❣✉✐❡♥t❡ ansatz ♣❛r❛ ❧❛ ♠étr✐❝❛ ❡♥
❝♦♦r❞❡♥❛❞❛s ❡s❢ér✐❝❛s {t, r, θ, φ}
ds2 = −e2α(r)dt2 + e2β(r)dr2 + r2dΩ2, ✭✹✳✼✸✮
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❞♦♥❞❡ dΩ2 = dθ2 + sin2 θdφ2 ❡s ❧❛ ♠étr✐❝❛ s♦❜r❡ ❧❛ ❡s❢❡r❛ S2✳
❆ ♣❛rt✐r ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✼✶✮✱ ♥♦t❛♠♦s q✉❡ ❡❧ t❡♥s♦r ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ❡stá ❞❛❞♦ ♣♦r ❡❧
t❡♥s♦r ❡❧❡❝tr♦♠❛❣♥ét✐❝♦ ❬✸✻❪
Tµν =
(
FµρF
ρ
ν −
1
4
gµνFρσF
ρσ,
)
. ✭✹✳✼✹✮
❊st❡ t❡♥s♦r ❞❡❜❡ s❛t✐s❢❛③❡r ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ s✐♠❡trí❛ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ♣♦r t❛♥t♦✱ ♥♦ ♣✉❡❞❡
s❡r ❢✉♥❝✐ó♥ ❞❡ θ ② φ✳ P❛r❛ ✉♥❛ ❢✉❡♥t❡ ❡stát✐❝❛✱ ② ❝♦♥s✐❞❡r❛♥❞♦ ❧❛ ❛✉s❡♥❝✐❛ ❞❡ ❝❛♠♣♦
♠❛❣♥ét✐❝♦✱ ❧❛s ú♥✐❝❛s ❝♦♠♣♦♥❡♥t❡s ❞✐❢❡r❡♥t❡s ❞❡ ❝❡r♦ s♦♥ Ftr = −Frt = E(r) r❡❢❡r❡♥t❡s ❛
✉♥ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ r❛❞✐❛❧ ❬✸✻❪✳
P♦r t❛♥t♦✱ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❡❧❡❝tr♦♠❛❣♥ét✐❝♦ ✈✐❡♥❡♥ ❞❛❞❛s ♣♦r
Fµν =

0 E(r) 0 0
−E(r) 0 0 0
0 0 0 0
0 0 0 0
 ✭✹✳✼✺✮
❊♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ ♠❡tr✐❝❛ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠ ❧❛s ❡❝✉❛❝✐♦♥❡s ❢✉♥❞❛♠❡♥t❛❧❡s s♦♥ ❧❛s
❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ ② ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ♠❛①✇❡❧❧ ❡♥ ❡❧ ✈❛❝í♦
▽νF
µν = 0, ✭✹✳✼✻✮
∂[αFµν] = 0, ✭✹✳✼✼✮
❞♦♥❞❡ ▽ ❡s ❧❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡✳ ▲❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ♣✉❡❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ❬✸✶❪
1√−g▽ν
(√−gF µν) = 0, ✭✹✳✼✽✮
❞♦♥❞❡ g ❡s ❡❧ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ❧❛ ♠étr✐❝❛✳
❘❡❝✉rr✐❡♥❞♦ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✼✸✮ ② ❛❧ t❡♥s♦r Fµν ✱ ♦❜t❡♥❡♠♦s
d
dr
(
e−(α+β)/2r2E(r)
)
= 0, ✭✹✳✼✾✮
❞♦♥❞❡ s❡ ❡♥❝✉❡♥tr❛ q✉❡
E(r) = e−(α+β)/2
Q
r2
, ✭✹✳✽✵✮
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② Q ❡s ✉♥❛ ❝♦♥st❛♥t❡✳
❈♦♥s✐❞❡r❛♥❞♦ ❡❧ ❧í♠✐t❡ ❛s✐♥tót✐❝♦ t✐♣♦ ▼✐♥❦♦✇s❦✐✱ s❡ t✐❡♥❡
E(r)r−→∞ −→ Q
r2
. ✭✹✳✽✶✮
▲✉❡❣♦✱ ❡st❡ ❞❡❜❡ s❡r ❡❧ ❝❛♠♣♦ ♦r✐❣✐♥❛❞♦ ♣♦r ✉♥❛ ❝❛r❣❛ ♣✉♥t✉❛❧✱ ② Q ❞❡❜❡ t❡♥❡r ❡❧ s✐❣♥✐✲
✜❝❛❞♦ ❢ís✐❝♦ ❞❡ ✉♥❛ ❝❛r❣❛ ❡❧é❝tr✐❝❛ ❝❡♥tr❛❞❛ ❡♥ ❡❧ ♦r✐❣❡♥ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❬✹✶❪✳
▲❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐ s♦♥ ❝❛❧❝✉❧❛❞❛s ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✸✸✮✱ ② ❡stá♥ ❞❛❞❛s
♣♦r
Rtt =
[
∂2t β + (∂tβ)
2 − ∂tα∂tβ
]
+ e2(α−β)
[
∂2rα + (∂rα)
2 − ∂rα∂rβ + 2
r
∂rα
]
,
Rrr = −
[
∂2rα + (∂rα)
2 − ∂rα∂rβ − 2
r
∂rβ
]
+ e2(β−α)
[
∂2t β + (∂tβ)
2 − ∂tα∂tβ
]
,
Rtr =
2
r
∂tβ,
Rθθ = e
−2β [r(∂rβ − ∂rα)− 1] + 1,
Rφφ = Rθθsen
2θ. ✭✹✳✽✷✮
P❛r❛ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❡❧❡❝tr♦♠❛❣♥ét✐❝♦✱ ✉s❛♠♦s ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✼✹✮ ② ❧❛ ❡❝✉❛✲
❝✐ó♥ ✭✹✳✼✺✮ ♦❜t❡♥✐❡♥❞♦s❡
Ttt =
E2(r)
2
e−2β,
Trr = −E
2(r)
2
e−2α,
Ttr = 0,
Tθθ =
r2E2(r)
2
e−2(α+β),
Tφφ = Tθθsen
2θ. ✭✹✳✽✸✮
❯s❛♥❞♦ ❧❛s ❡❝✉❝✐♦♥❡s ✭✹✳✼✻✮ ② ✭✹✳✼✼✮✱ s❡ t✐❡♥❡ q✉❡ Rtr = 0✱ ❝♦♥s✐❞❡r❛♥❞♦ ❡st❡ r❡s✉❧t❛❞♦ ②
❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✼✺✮✱ ♦❜t❡♥❡♠♦s q✉❡
e2αRrr + e
2βRtt = 0.
❘❡❞✐✜♥✐❡♥❞♦ ❧❛ ❝♦♦r❞❡♥❛❞❛ t❡♠♣♦r❛❧ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✼✸✮② ❤❛❝✐❡♥❞♦ dt −→ econstantedt✱
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✺✼
s❡ ❡♥❝✉❡♥tr❛ q✉❡
α(r) = −β(r). ✭✹✳✽✹✮
❈♦♥s✐❞❡r❛♥❞♦ ❧❛ ❝♦♠♣♦♥❡♥t❡ θθ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✐♥st❡✐♥
Rθθ = 8πTθθ, ✭✹✳✽✺✮
♦❜t❡♥❡♠♦s
∂r(re
2α) = 1− Q
2
r2
, ✭✹✳✽✻✮
❞❡ ❞♦♥❞❡ s❡ ❞❡❞✉❝❡ q✉❡
e2α = 1 +
ξ
r
+
Q2
r2
. ✭✹✳✽✼✮
❆ ✜♥ ❞❡ ♦❜t❡♥❡r ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ ❡♥ ❛✉s❡♥❝✐❛ ❞❡ ❝❛r❣❛s ❡❧❡❝tr✐❝❛✱ ♣♦❞❡♠♦s
❝♦♠❝❧✉✐r q✉❡
ξ = −2M. ✭✹✳✽✽✮
❘❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✼✸✮✱ ♦❜t❡♥❡♠♦s ❧❛ ❡①♣r❡s✐ó♥
ds2 = −
(
1− 2M
r
+
Q2
r2
)
dt2 +
(
1− 2M
r
+
Q2
r2
)−1
dr2 + r2dΩ2, ✭✹✳✽✾✮
❧❛ ❝✉❛❧ ❡s ❞❡♥♦♠✐♥❛❞❛ ♠étr✐❝❛ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠✳
▲❛ ♠étr✐❝❛ t✐❡♥❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣❛r❛
1− 2M
r
+
Q2
r2
= 0, ✭✹✳✾✵✮
❝✉②❛s s♦❧✉❝✐♦♥❡s s♦♥
r± = M ±
√
M2 −Q2. ✭✹✳✾✶✮
❊st❡ r❡s✉❧t❛❞♦ ✐♠♣❧✐❝❛ tr❡s ♣♦s✐❜✐❧✐❞❛❞❡s✿
✶✳ P❛r❛ M2 < Q2✱ ♥✐♥❣ú♥ ❤♦r✐③♦♥t❡ ♦❝✉❧t❛ ❧❛ s✐♥❣✉❧❛r✐❞❛❞ ✐♥trí♥s❡❝❛ ❡♥ r = 0✳ ❊st❛
s♦❧✉❝✐ó♥ ❡s ❞❡s❝❛rt❛❞❛ ❢ís✐❝❛♠❡♥t❡ ♣♦r ❧❛ ❤✐♣ót❡s✐s ❞❡ ❧❛ ❝❡♥s✉r❛ ❝ós♠✐❝❛ ❞❡ P❡♥r♦s❡
❡♥ ❡❧ ❝❛s♦ ❞❡ ✉♥ ❝♦❧❛♣s♦ ❣r❛✈✐t❛t♦r✐♦ ❧❧❛♠❛❞♦ s✐♥❣✉❧❛r✐❞❛❞ ❞❡s♥✉❞❛✳
✷✳ P❛r❛ M2 = Q2✱ s❡ t✐❡♥❡ ✉♥ ❛❣✉❥❡r♦ ♥❡❣r♦ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠ ❡①t❡r♥♦ ❝♦♥ ✉♥
ú♥✐❝♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ❡♥ r = M ✳
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✺✽
✸✳ P❛r❛ M2 > Q2✱ ❡①✐st❡♥ ❞♦s ❤♦r✐③♦♥t❡s ❞❡ ❡✈❡♥t♦s ❡♥ r = r±✳ ❈✉❛♥t♦ ♠❛②♦r ❡s ❧❛
❝❛r❣❛ ❞❡❧ ❛❣✉❥❡r♦ ♥❡❣r♦✱ ❧♦s ❤♦r✐③♦♥t❡s s♦♥ ♠ás ❝❡r❝❛♥♦s✳ ❊st❡ ❡s ❡❧ ❝❛s♦ ❞❡ ✐♥t❡rés
❛str♦❢ís✐❝♦✳
P♦r ♦tr♦ ❧❛❞♦✱ ❤❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s s❡ ♣✉❡❞❡ ❞❡t❡r♠✐♥❛r ❧❛ ♠étr✐❝❛ ❞❡
❘❡✐ss♥❡r✲◆♦r❞strö♠ ❝♦♥ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛❀ ♣❛r❛ ❡❧❧♦ ♣❛rt✐♠♦s ❞❡ ❧❛ ❡❝✉❛❝✐♦♥ ✭✹✳✽✺✮
❡♥ ❧❛ ❝✉❛❧ ✐♥❝❧✉✐♠♦s ❧❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ Λ✱ ♦❜t❡♥✐❡♥❞♦s❡
∂r(re
2α) = 1− Q
2
r2
− Λr2,
❞❡ ❞♦♥❞❡ s❡ ❞❡❞✉❝❡ q✉❡
e2α = 1 +
ξ
r
+
Q2
r2
− Λ
3
r2,
❞♦♥❞❡ ξ ❡s ✉♥❛ ❝♦♥st❛♥t❡ ❞❡ ✐♥t❡❣r❛❝✐ó♥❀ ♣❛r❛ ❡st❛r ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❙❝❤✲
✇❛r③s❝❤✐❧❞ ❝♦♥s✐❞❡r❛♠♦s ξ = −2M ② t❡♥✐❡♥❞♦ ♣r❡s❡♥t❡ q✉❡ 2α = −2β r❡❡♠♣❧❛③❛♠♦s ❡♥
❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✼✸✮✱ ♦❜t❡♥❡♠♦s ❧❛ ❡①♣❡s✐ó♥
ds2 = −
(
1− 2M
r
+
Q2
r2
− Λ
3
r2
)
dt2 +
(
1− 2M
r
+
Q2
r2
− Λ
3
r2
)−1
dr2 + r2dΩ2, ✭✹✳✾✷✮
❧❛ ❝✉❛❧ r❡♣r❡s❡♥t❛ ❧❛ ♠étr✐❝❛ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠ ❝♦♥ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛✳
✹✳✷✳✷✳ ●❡♦❞és✐❝❛s ❡♥ ❧❛ ♠étr✐❝❛ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠
❊♥ ❧❛ ❚❘●✱ ❧❛ ❝✉r✈❛t✉r❛ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡s ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❡❝✉❛❝✐♦♥❡s
❞✐❢❡r❡♥❝✐❛❧❡s ❞❡♥♦♠✐♥❛❞❛s ❣❡♦❞és✐❝❛s✳ ❊st❛s ❞❡t❡r♠✐♥❛♥ ❝ó♠♦ ❧❛ ❧✉③ ♦ ❝✉❛❧q✉✐❡r ♦❜❥❡t♦ ❡♥
❝❛í❞❛ ❧✐❜r❡ s❡ ♠✉❡✈❡ ❡♥ ♣r❡s❡♥❝✐❛ ❞❡ ✉♥ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧✳ ❊♥ ❡st❛ s❡❝❝✐ó♥✱ ❛♥❧✐③❛r❡♠♦s✱
❡♥ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠✱ ❧❛s ❣❡♦❞és✐❝❛s t✐♣♦✲t✐❡♠♣♦ ② t✐♣♦✲❧✉③✳
✶✳ ●❡♦❞és✐❝❛s t✐♣♦✲t✐❡♠♣♦
▲❛s ❡❝✉❛❝✐♦♥❡s q✉❡ ❣♦❜✐❡r♥❛♥ ❧❛s ❣❡♦❞és✐❝❛s t✐♣♦✲t✐❡♠♣♦ ❡♥ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❞❡ ❘❡✐ss♥❡r✲
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✺✾
◆♦r❞strö♠ ❞❡s❝r✐❜❡♥ ❧❛s tr❛②❡❝t♦r✐❛s ❞❡ ♣❛rtí❝✉❧❛s ❝♦♥ ♠❛s❛ ② ❡stá♥ ❞❛❞❛s ♣♦r
dt
dτ
=
Er2
(r2 − 2Mr +Q2) ,
dφ
dτ
=
L
r2
,(
dr
dτ
)2
= E2 − (r
2 − 2Mr +Q2)
r2
(
1 +
L2
r2
)
. ✭✹✳✾✸✮
P❛r❛ ❛♥❛❧✐③❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❡st❛s ❣❡♦❞és✐❝❛s✱ ❝♦♥s✐❞❡r❛r❡♠♦s q✉❡ r s❡❛ ❢✉♥❝✐ó♥ ❞❡
φ✱ ❧✉❡❣♦ ❤❛❝❡♠♦s ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ u = 1/r❀ r❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✾✸✮✱
♦❜t❡♥❡♠♦s(
du
dφ
)2
= −Q2u4 + 2Mu3 −
(
1 +
Q2
L2
)
u2 +
2Mu
L2
− (1− E
2)
L2
= f(u). ✭✹✳✾✹✮
❉❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ❣❡♦♠étr✐❝♦✱❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛s ❣❡♦❞és✐❝❛s ❡♥ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦
❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠ ② ❙❝❤✇❛r③s❝❤✐❧❞ r❛❞✐❝❛ ❡♥ ❧❛s ór❜✐t❛s q✉❡ ❝r✉③❛♥ ❡❧ ❤♦r✐③♦♥t❡ ❞❡
❡✈❡♥t♦s✳ ❊♥ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠✱ ❧❛s ór❜✐t❛s t❡r♠✐♥❛♥ ❡♥ ❛❧❣ú♥ ♣✉♥t♦
❞❡❧ ❤♦r✐③♦♥t❡ ❞❡ ❝❛✉❝❤②✱ ♠✐❡♥tr❛s q✉❡ ❡♥ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❧❛s ór❜✐t❛s
❛❧❝❛♥③❛♥ ❧❛ s✐♥❣✉❧❛r✐❞❛❞✳
❆♥❛❧✐③❛♥❞♦ ❧❛s ór❜✐t❛s ❡st❛❜❧❡s ❡ ✐♥❡st❛❜❧❡s ❛s♦❝✐❛❞❛s ❛ ór❜✐t❛s ❝✐r❝✉❧❛r❡s✱ ❧❛s ❝✉❛❧❡s ❡stá♥
r❡str✐♥❣✐❞❛s ♣♦r ❧❛s ❝♦♥❞✐❝✐♦♥❡s f(u) = 0 ② f
′
(u) = 0✱ ♦❜t❡♥❡♠♦s
Q2u4 − 2Mu3 +
(
1 +
Q2
L2
)
u2 − [2Mu− (1− E
2)]
L2
= 0, ✭✹✳✾✺✮
4Q2u3 − 6Mu2 + 2u
(
1 +
Q2
L2
)
− 2M
L2
= 0 ✭✹✳✾✻✮
❉❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s✱ ❞❡❞✉❝✐♠♦s q✉❡ ❧❛ ❡♥❡r❣í❛ ② ❡❧ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r ✈✐❡♥❡♥ ❞❛❞❛s
♣♦r
E2 =
(1− 2Muc +Q2u2c)2
1− 3Muc + 2Q2u2c
✭✹✳✾✼✮
L2 =
M −Q2uc
uc (1− 3Muc + 2Q2u2c)
, ✭✹✳✾✽✮
❞♦♥❞❡ rc = 1/uc ❡s ❡❧ r❛❞✐♦ ❞❡ ❧❛ ór❜✐t❛ ❝✐r❝✉❧❛r✳
✷✳ ●❡♦❞és✐❝❛s t✐♣♦✲❧✉③
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▲❛s ❡❝✉❛❝✐♦♥❡s t✐♣♦✲❧✉③ ❞❡s❝r✐❜❡♥ ❧❛s tr❛②❡❝t♦r✐❛s r❡❛❧✐③❛❞❛s ♣♦r ♣❛rtí❝✉❧❛s s✐♥ ♠❛s❛✱ ②
❡stá♥ ❞❛❞❛s ♣♦r (
dr
dτ
)2
= E2 − (r
2 − 2Mr +Q2)L2
r4
, ✭✹✳✾✾✮
dt
dτ
=
Er2
r2 − 2Mr +Q2 , ✭✹✳✶✵✵✮
dφ
dτ
=
L
r2
✭✹✳✶✵✶✮(
du
dφ
)2
= −Q2u4 + 2Mu3 − u2 + E
2
L2
= f(u). ✭✹✳✶✵✷✮
P❛r❛ ❡❧ ❝❛s♦ ❞❡ ❣❡♦❞és✐❝❛s r❛❞✐❛❧❡s✱ t❡♥❡♠♦s
dr
dτ
= ±E, dt
dτ
=
Er2
r2 − 2Mr +Q2 ,
dφ
dτ
=
dθ
dτ
= 0, ✭✹✳✶✵✸✮
❡♥t♦♥❝❡s ✉s❛♥❞♦ ❧❛ r❡❣❧❛ ❞❡ ❧❛ ❝❛❞❡♥❛✱ ♦❜t❡♥❡♠♦s
dr
dt
=
dτ
dt
dr
dτ
= ±r
2 − 2Mr +Q2
r2
. ✭✹✳✶✵✹✮
❊❧ ✈❛❧♦r ❞❡❧ ♣❛rá♠t❡r♦ ❞❡ ✐♠♣❛❝t♦ D = L/E ♣❛r❛ ❧♦s ❝✉❛❧❡s f(u) = 0 ❡s ❞❡t❡r♠✐♥❛❞♦ ♣♦r
❧❛s r❡❧❛❝✐♦♥❡s
f(u) =
1
D2
− u2(Q2u2 − 2Mu+ 1) = 0, ✭✹✳✶✵✺✮
f
′
(u) = −2u(1− 3Mu+ 2Q2u2) = 0. ✭✹✳✶✵✻✮
▲❛s s♦❧✉❝✐♦♥❡s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✵✻✮ ✈✐❡♥❡♥ ❞❛❞❛s ♣♦r
u = 0,
u =
3M
4Q2
[
1±
√
1− 8Q
2
9M2
]
, ✭✹✳✶✵✼✮
❞♦♥❞❡ ❡❧ ♣✉♥t♦ ♥í♥✐♠♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❡stá ❞❛❞♦ ♣♦r
uc =
3M
4Q2
[
1 +
√
1− 8Q
2
9M2
]
,
rc =
3M
2
[
1 +
√
1− 8Q
2
9M2
]
. ✭✹✳✶✵✽✮
❊♥ r = rc✱ ❧❛s ór❜✐t❛s ❝✐r❝✉❧❛r❡s ✐♥❡st❛❜❧❡s s♦♥ ♣❡r♠✐t✐❞❛s ♣♦r ❧❛s ❡❝✉❛❝✐♦♥❡s ❣❡♦❞és✐❝❛s✳
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✹✳✷✳✸✳ ❈❛♥t✐❞❛❞❡s ❝♦♥s❡r✈❛❞❛s
■❣✉❛❧ q✉❡ ♣❛r❛ ❡❧ ❛❣✉❥❡r♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ ❧❛s ❧❡②❡s ❞❡ ❝♦♥s❡r✈❛❝✐ó♥ ❡stá♥ r❡❧❛❝✐♦✲
♥❛❞❛s ❝♦♥ ❡❧ ✈❡❝t♦r ❞❡ ❦✐❧❧✐♥❣ t✐♣♦ t✐❡♠♣♦ ξα(t)✳
P❛r❛ ❧❛ ❝❛♥t✐❞❛❞ ❝♦♥s❡r✈❛❞❛ q t❡♥❡♠♦s ❬✸✼❪
q =
1
4π
∮
▽
βξα(t)ηαrβ
√
σd2θ, ✭✹✳✶✵✾✮
❞♦♥❞❡ ηα ❡s ❡❧ ✈❡❝t♦r ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ❧❛ ❤✐♣❡rs✉♣❡r✜❝✐❡ ② rβ ✉♥ ✈❡❝t♦r ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ❧❛
❢r♦♥t❡r❛✳
❆♥❛❧✐③❛♥❞♦ ❡❧ tér♠✐♥♦ ❞❡ ✐♥t❡❣r❛❝✐ó♥
▽
βξα(t)ηαrβ = −▽0ξ1
= −g00▽0ξ1
= −g00(∂0ξ1 + Γ10µξµ)
= −g00Γ100ξ0, ✭✹✳✶✶✵✮
t❡♥✐❡♥❞♦ ♣r❡s❡♥t❡ q✉❡
η0 = −
(
1− 2M
r
+
Q2
r2
)1/2
, r1 =
(
1− 2M
r
+
Q2
r2
)−1/2
, ✭✹✳✶✶✶✮
r❡❡♠♣❧❛③❛♥❞♦ ✈❛❧♦r❡s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✶✵✮✱ ♦❜t❡♥❡♠♦s
▽
βξα(t)ηαrβ =
(
1− 2M
r
+
Q2
r2
)−1
M
r2
(
1− 2M
r
+
Q2
r2
)
=
M
r2
. ✭✹✳✶✶✷✮
P♦r ♦tr♦ ❧❛❞♦✱ t❡♥❡♠♦s q✉❡ s♦❜r❡ ❧❛ ❢r♦♥t❡r❛✱ ❡♥ ❡❧ ❡s♣❛❝✐♦ ✐♥✜♥✐t♦ s❡ ❝✉♠♣❧❡
σijdθ
idθj = r2dΩ2 ✭✹✳✶✶✸✮
√
σ = r2senθ. ✭✹✳✶✶✹✮
❙✉st✐t✉②❡♥❞♦ ❧❛s r❡❧❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s ❡♥ ❧❛ ❡①♣r❡s✐ó♥ ✭✹✳✶✵✾✮✱ ♦❜t❡♥❡♠♦s
q =
1
4π
∫ (
M
r2
)
r2senθdθdφ,
q = M. ✭✹✳✶✶✺✮
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✻✷
✹✳✷✳✹✳ ❉✐❛❣r❛♠❛ ❞❡ ❑r✉s❦❛❧
▲❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ❦r✉s❦❛❧ (U+, V+) s♦♥ ♦❜t❡♥✐❞❛s ❛ ♣❛rt✐r ❞❡ ✉♥❛ tr❛♥❢♦r♠❛❝✐ó♥ ❞❡
❝♦♦r❞❡♥❛❞❛s (u, v) ❞❡ ❧❛ ❢♦r♠❛
U+ = −e−k+u V+ = ek+v (r > r+),
U+ = +e
−k+u V+ = e
k+v (r < r+) ✭✹✳✶✶✻✮
❞♦♥❞❡
u = t− r∗, v = t+ r∗,
r∗ ≃ 1
2k+
ln | k+(r − r+) |,
K+ ≡ 1
2
f
′
(r+),
f(r) ≃ 2k+(r − r+). ✭✹✳✶✶✼✮
❊♥ ❡❧ ❝✉❛❧✱ ❡❧ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ❡①t❡r♥♦ ❡s ❧❛ s✉♣❡r✜❝✐❡ v−u = −∞✳ ❊♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s
(U+, V+)✱ ❧❛ ♠étr✐❝❛ ❡s r❡❣✉❧❛r ❡♥ ❡❧ ❤♦r✐③♦♥t❡ ❡①t❡r♥♦ ② t✐❡♥❡ ❧❛ ❢♦r♠❛
ds2 ≃ − 2
k2+
dU+dV+ + r
2
+dΩ
2, ✭✹✳✶✶✽✮
❝♦♥
f ≃ −2U+V+ (r = r+). ✭✹✳✶✶✾✮
▲❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ❦r✉s❦❛❧ (U+, V+) s♦♥ ❞❡✜♥✐❞❛s ❛♣❡♥❛s ❡♥ ✉♥❛ r❡❣✐ó♥ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦✳
♦ s❡❛✱ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ r1 < r <∞✱ ❞♦♥❞❡ r1 > r−✳
❘❡❛❧✐③❛❞♦ ❡❧ ♠✐s♠♦ ♣r♦❝❡❞✐♠✐❡♥t♦✱ ❛♥t❡r✐♦r♠❡♥t❡ ❞❡s❝r✐t♦✱ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ❦r✉s❦❛❧
(U−, V−) s♦♥ ♦❜t❡♥✐❞❛s ❛ ♣❛rt✐r ❞❡ ✉♥❛ tr❛♥❢♦r♠❛❝✐ó♥ ❞❡ ❝♦♦r❞❡♥❛❞❛s (u, v) ❞❡ ❧❛ ❢♦r♠❛
U− = −ek−u V− = −e−k+v (r > r−),
U− = +e
k−u V− = −e−k−v (r < r−) ✭✹✳✶✷✵✮
❞♦♥❞❡
r∗ ≃ − 1
2k−
ln | k−(r − r−) |,
K− ≡ 1
2
f
′
(r−),
f(r) ≃ 2k−(r − r−). ✭✹✳✶✷✶✮
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❉♦♥❞❡ ❡❧ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ❡①t❡r♥♦ ❡s ❧❛ s✉♣❡r✜❝✐❡ v − u = −∞✳ ❊♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s
(U−, V−)✱ ❧❛ ♠étr✐❝❛ ❡s r❡❣✉❧❛r ❡♥ ❡❧ ❤♦r✐③♦♥t❡ ❡①t❡r♥♦ ② t✐❡♥❡ ❧❛ ❢♦r♠❛
ds2 ≃ − 2
k2−
dU−dV− + r
2
−
dΩ2, ✭✹✳✶✷✷✮
❝♦♥
f ≃ −2U−V− (r = r−). ✭✹✳✶✷✸✮
▲❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ❑r✉s❦❛❧ (U−, V−) s♦♥ s✐♥❣✉❧❛r❡s ❡♥ ❡❧ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ❡①t❡r♥♦✳
❆♥❛❧✐③❛r❡♠♦s ❧❛ tr❛②❡❝t♦r✐❛ ❞❡ ✉♥ ♦❜s❡r✈❛❞♦r ❡♥ ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❦r✉s❦❛❧ ♠♦str❛❞♦ ❡♥ ❧❛
❋✐❣✉r❛ ✹✳✷✿ ❉✐❛❣r❛♠❛s ❞❡ ❑r✉s❦❛❧ ♣❛r❛ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠
✜❣✉r❛ ✹✳✷✳ ❊♥ ❧❛ r❡❣✐ó♥ r < r−✱ ❞♦♥❞❡ g00 < 0 ❧❛ ❝♦♦r❞❡♥❛❞❛ r❛✐❛❧ ❡s t✐♣♦✲❡s♣❛❝✐♦ ②✱ ♣♦r ❧♦
t❛♥t♦✱ ✉♥ ♦❜s❡r✈❛❞♦r ♣✉❡❞❡ ❝❛❡r ❡♥ ❧❛ s✐♥❣✉❧❛r✐❞❛❞ ♦ ♣✉❡❞❡ ❡✈✐t❛r❧❛✳
❉❡s♣✉és ❞❡ ♣❛s❛r ♣♦r ❧❛ s❡❣✉♥❞❛ s✉♣❡r✜❝✐❡ r = r−✱ ❡❧ ♦❜s❡r✈❛❞♦r ❝r✉③❛ ❧❛ s✉♣❡r✜❝✐❡
r = r+✳ ❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡ ❡♥ ❧❛ ✈❡❝✐♥❞❛❞ ❞❡ r = r+ ❧❛ ♠étr✐❝❛ ♣✉❡❞❡ s❡r ❡①t❡♥❞✐❞❛
✈✐❛ ❝♦♦r❞❡♥❛❞❛s ❞❡ ❦r✉s❦❛❧ (U+, V+)✱ ❡❧ ♦❜s❡r✈❛❞♦r ♣✉❡❞❡ ❡s❝♦❥❡r ❡♥tr❡ q✉❡❞❛rs❡ ❡♥ ❡st❡
♥✉❡✈♦ ✉♥✐✈❡rs♦ ♦ ✐♥✐❝✐❛r ❡❧ ❝✐❝❧♦ ♥✉❡✈❛♠❡♥t❡✳ ❊♥ ❡st❡ s❡♥t✐❞♦✱ ♣✉❡❞❡ ❞❡❝✐rs❡ q✉❡ ❧❛ ♠étr✐❝❛
❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠ ❞❡s❝r✐❜❡ ✉♥ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡ ✉♥✐✈❡rs♦s ❛s✐tót✐❝❛♠❡♥t❡ ♣❧❛♥♦s
❝♦♥❡❝t❛❞♦s ✈✐❛ ❛❣✉❥❡r♦s ♥❡❣r♦s ❬✸✶❪✳
✹✳✸✳ ❆❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❛tr❛✈❡s❛❜❧❡ ❞❡ ▼♦rr✐s✲❚❤♦r♥❡
❯♥ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ✭❆●✮ s❡ ♣✉❡❞❡ ❝♦♥s✐❞❡r❛r ❝♦♠♦ ✉♥ tú♥❡❧ ❡st❛❜❧❡ ② ❛tr❛✈❡s❛❜❧❡
❡♥ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ② ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ ❡stá♥ ❞❡s❝r✐t❛s ♣♦r s♦❧✉❝✐♦♥❡s ♣❛r❛ ✉♥
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✻✹
❝♦♥t❡♥✐❞♦ ♠❛t❡r✐❛❧ ❝♦♥ s✐♠❡trí❛ ❡s❢ér✐❝❛ ❝✉②❛ ❡♥❡r❣í❛ ♦ ♠❛t❡r✐❛ ❤❛ s✐❞♦ ❞❡♥♦♠✐♥❛❞❛ ❡①ó✲
t✐❝❛❀ ❡s ❞❡❝✐r✱ ✉♥ t✐♣♦ ❞❡ ♠❛t❡r✐❛ q✉❡ ♣r♦❞✉❝❡ r❡♣✉❧s✐ó♥ ❡♥ ✈❡③ ❞❡ ❛tr❛❝❝✐ó♥ ② q✉❡ ❝✉r✈❛
❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❞❡ ❢♦r♠❛ q✉❡ ♣❡r♠✐t❡ ❣❡♥❡r❛r ✉♥❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❞❡ r❛❞✐♦ ♠í♥✐♠♦ ❞❡✲
♥♦♠✐♥❛❞❛ ❣❛r❣❛♥t❛ ❞❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦✳ ▲♦s tú♥❡❧❡s ♦ ♣✉❡♥t❡s ❢♦r♠❛❞♦s ♣♦r ♠❛t❡r✐❛
♦r❞✐♥❛r✐❛ ❝♦♠♦ ❧♦s ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ ♦ t❛♠❜✐é♥ ❞❡♥♦♠✐♥❛❞♦s ♣✉❡♥t❡s
❞❡ ❊✐♥st❡✐♥✲❘♦s❡♥✱ ❬✹✷❪ s♦♥ ✐♥❡st❛❜❧❡s ② s❡ ❡str❛♥❣✉❧❛♥ ❡♥ ❧❛ r❡❣✐ó♥ ❞❡ s✉ ❣❛r❣❛♥t❛ ♣❛r❛✱
✜♥❛❧♠❡♥t❡✱ ❞❛r ❧✉❣❛r ❛ ✉♥ ❛❣✉❥❡r♦ ♥❡❣r♦ ② ✉♥ ❛❣✉❥❡r♦ ❜❧❛♥❝♦ ❬✹✸❪✳
❙❡ ♣✉❡❞❡♥ ❞✐st✐♥❣✉✐r ❞♦s t✐♣♦s ❞❡ ❆●✿ ❛q✉❡❧❧♦s q✉❡ ❝♦♥❡❝t❛♥ ♥✉❡str♦ ✉♥✐✈❡rs♦ ❝♦♥ ♦tr♦
❋✐❣✉r❛ ✹✳✸✿ ❚✐♣♦s ❞❡ ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦
✉♥✐✈❡rs♦ ♦ ❞♦s ✉♥✐✈❡rs♦s ❞✐st✐♥t♦s✱ ❞❡♥♦♠✐♥❛❞♦s ❆●✲✐♥t❡r✉♥✐✈❡rs❛❧❡s❀ ② ❛q✉❡❧❧♦s q✉❡ ❝♦✲
♥❡❝t❛♥ ❞♦s r❡❣✐♦♥❡s ❞✐st✐♥t❛s ❞❡ ✉♥ ♠✐s♠♦ ✉♥✐✈❡rs♦✱ ❞❡♥♦♠✐♥❛❞♦s ❆●✲✐♥tr❛✉♥✐✈❡rs❛❧❡s✱
❝♦♠♦ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✸✳ ❊st♦s ❞♦s t✐♣♦s ❞❡ ❆● s♦♥ t♦t❛❧♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s s✐
❡st✉❞✐❛♠♦s s✉s ❣❛r❣❛♥t❛s✱ ♣✉❡s ❧♦❝❛❧♠❡♥t❡ ♥♦ ❡①✐st❡ ♥✐♥❣✉♥❛ ❞✐st✐♥❝✐ó♥ ❡♥tr❡ ✉♥♦ ② ♦tr♦✳
❊♥ ❡st❛ s❡❝❝✐ó♥✱ ❛♥❛❧✐③❛r❡♠♦s ❧❛s ♣r♦♣✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛❧❡s ❞❡ ❧♦s ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦
❛tr❛✈❡s❛❜❧❡s ❞❡ ▼♦rr✐s✲❚❤♦r♥❡ ✳
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✻✺
✹✳✸✳✶✳ Pr♦♣✐❡❞❛❞❡s ❞❡ ❧♦s ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦ ❛tr❛✈❡s❛❜❧❡s
▲❛s ♣r♦♣✐❡❞❛❞❡s q✉❡ ✉♥ ❆● ❞❡❜❡ t❡♥❡r ♣❛r❛ s❡r ❛tr❛✈❡s❛❜❧❡ ❢✉❡r♦♥ ❡♥✉♥❝✐❛❞❛s ♣♦r ▼♦rr✐s✲
❚❤♦r♥❡ ❬✹✹❪✳ ❊st❛s s♦♥
✶✳ ▲❛ ♠étr✐❝❛ ❞❡❜❡ s❡r ❡s❢ér✐❝❛♠❡♥t❡ s✐♠étr✐❝❛ ② ❡stát✐❝❛✳ ❊st❡ r❡q✉❡r✐♠✐❡♥t♦ ❡s ✐♠♣✉❡s✲
t♦ ♣❛r❛ s✐♠♣❧✐✜❝❛r ❧♦s ❝á❧❝✉❧♦s✱ ②❛ q✉❡ ❡❧ ❆● ♣♦❞rí❛ s❡r ✐♥❡st❛❜❧❡ ❛ ♣❡rt✉r❜❛❝✐♦♥❡s
♥♦ ❡s❢ér✐❝❛s✳
✷✳ ▲❛ s♦❧✉❝✐ó♥ ❞❡❜❡ ♦❜❡❞❡❝❡r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥✳ ❙❡ ❛s✉♠❡ ❧❛ ❛❝❝✐ó♥ ❝♦rr❡❝t❛
❞❡ ❧❛ ❚❘●✳
✸✳ ◆♦ ❞❡❜❡ ❤❛❜❡r ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s✱ ②❛ q✉❡ ❡st❡ ✐♠♣❡❞✐rí❛ ✉♥ ✈✐❛❥❡ ❛tr❛✈és ❞❡❧ ❆●✳
✹✳ ▲❛ s♦❧✉❝✐ó♥ ❞❡❜❡ t❡♥❡r ✉♥❛ ❣❛r❣❛♥t❛ q✉❡ ❝♦♥❡❝t❡ ❞♦s r❡❣✐♦♥❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ♣❧❛♥❛s
❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦✳
✺✳ ▲❛s ❢✉❡r③❛s ❞❡ ♠❛r❡❛ ❡①♣❡r✐♠❡♥t❛❞❛s ♣♦r ❡❧ ✈✐❛❥❡r♦ ❞❡❜❡♥ s❡r ❝♦♥s✐❞❡r❛❜❧❡♠❡♥t❡
♣❡q✉❡ñ❛s✳
✻✳ ❊❧ ✈✐❛❥❡r♦ ❞❡❜❡ s❡r ❝❛♣❛③ ❞❡ ❝r✉③❛r ❛ tr❛✈és ❞❡❧ ❆● ❡♥ ✉♥ t✐❡♠♣♦ ✜♥✐t♦✱ ❡♥ ✉♥ t✐❡♠♣♦
♣r♦♣✐♦ r❛③♦♥❛❜❧❡♠❡♥t❡ ♣❡q✉❡ñ♦ ✭♣♦r ❡❥❡♠♣❧♦ ♠❡♥♦s ❞❡ ✉♥ ❛ñ♦✮ ♠❡❞✐❞♦ ♥♦ s♦❧♦ ♣♦r
é❧✱ s✐♥♦ t❛♠❜✐é♥ ♣♦r ♦❜s❡r✈❛❞♦r❡s q✉✐❡♥❡s ❧♦ ❡s♣❡r❛♥ ❢✉❡r❛ ❞❡❧ ❆●✳
✼✳ ❊❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ❞❡❜❡ s❡r ❢ís✐❝❛♠❡♥t❡ r❛③♦♥❛❜❧❡✳
✽✳ ▲❛ s♦❧✉❝✐ó♥ ❞❡❜❡ s❡r ❡st❛❜❧❡ ❛♥t❡ ♣❡q✉❡ñ❛s ♣❡rt✉r❜❛❝✐♦♥❡s✳
✾✳ ❉❡❜❡ s❡r ♣♦s✐❜❧❡ ❝r❡❛r ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦✳
▲❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ ✶ ❛ ❧❛ ✹ s♦♥ ❞❡♥♦♠✐♥❛❞♦s ❝r✐t❡r✐♦s ❜ás✐❝♦s ❞❡❧ ❆●❀ ②❛ q✉❡ s❡ ♣✉❡❞❡
❝♦♥str✉✐r ✉♥❛ s♦❧✉❝✐ó♥ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ ✉s❛♥❞♦ ❞✐❝❤❛s ♣r♦♣✐❡❞❛❞❡s ② ❞❡s♣✉és
❛❥✉st❛r ❧♦s ♣❛rá♠❡tr♦s ❞❡❧ ❆● ❜✉s❝❛♥❞♦ ✉♥ ❜❛❧❛♥❝❡ ❝♦♥ ❧❛s ♦tr❛s ❝♦♥❞✐❝✐♦♥❡s✳
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✻✻
✹✳✸✳✷✳ ▼étr✐❝❛ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ② ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥s✲
t❡✐♥
❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ♣r✐♠❡r❛ ♣r♦♣✐❡❞❛❞ q✉❡ ❞❡❜❡♥ ❝✉♠♣❧✐r ❧♦s ❆●✱ ❧❛s s♦❧✉❝✐♦♥❡s ❛ ❧❛s ❡❝✉❛✲
❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥ ❞❡❜❡♥ s❡r ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡❧ t✐❡♠♣♦✱ ♥♦ r♦t❛♥t❡s ② ♣✉❡♥t❡s
❡s❢ér✐❝❛♠❡♥t❡ s✐♠étr✐❝♦s ❡♥tr❡ ✉♥✐✈❡rs♦s❀ ❡♥t♦♥❝❡s ❞❡❜❡ ❡①✐st✐r ✉♥ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛s
❡♥ ❧❛s ❝✉❛❧❡s ❞✐❝❤❛s s♦❧✉❝✐♦♥❡s s♦♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡❧ t✐❡♠♣♦❀ ♠ás ❡①♣❧✐❝✐t❛♠❡♥t❡✱ ❧♦s
❡❧❡♠❡♥t♦s ❞❡ ❧❛ ♠étr✐❝❛ ♥♦ ❞❡❜❡♥ ❞❡♣❡♥❞❡r ❞❡❧ t✐❡♠♣♦✳ ❉❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ♠❛t❡♠át✐❝♦✱
♣♦❞❡♠♦s ❞❡❝✐r q✉❡ ✉♥ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡s ❡st❛❝✐♦♥❛r✐♦ s✐ ② s♦❧♦ s✐ ❛❞♠✐t❡ ✉♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧
❞❡ ❑✐❧❧✐♥❣ t✐♣♦✲t✐❡♠♣♦✳
❊♥ ❝✉❛♥t♦ ❛ ❧❛ s✐♠❡trí❛ ❡s❢ér✐❝❛✱ ❝♦♥s✐❞❡r❛♠♦s ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ♣✉♥t♦ ♣r✐✈✐❧❡❣✐❛❞♦ t❛❧
q✉❡ ❡❧ s✐st❡♠❛ s❡❛ ✐♥✈❛r✐❛♥t❡ ❜❛❥♦ r♦t❛❝✐♦♥❡s ❡s♣❛❝✐❛❧❡s ❛❧r❡❞❡❞♦r ❞❡ ❞✐❝❤♦ ♣✉♥t♦✳ ▼❛t❡♠á✲
t✐❝❛♠❡♥t❡✱ ✉♥ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡s ❡s❢ér✐❝❛♠❡♥t❡ s✐♠étr✐❝♦ s✐ ❛❞♠✐t❡ tr❡s ❝❛♠♣♦s ✈❡❝t♦r✐❛❧❡s
❞❡ ❑✐❧❧✐♥❣ Kα t✐♣♦✲❡s♣❛❝✐♦ ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s✱ ❝✉②❛s ór❜✐t❛s ❡stá♥ ❝❡rr❛❞❛s ② s❛✲
t✐s❢❛❝❡♥ ❬✹✶❪ [
Kα, Kβ
]
= ǫαβγK
γ, ✭✹✳✶✷✹✮
❞♦♥❞❡ ǫαβγ ❡s ❡❧ t❡♥s♦r ❛♥t✐s✐♠❡tr✐❝♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛✳
❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s✱ ❧❛ ♠étr✐❝❛ ❣❡♥❡r❛❧ q✉❡ ♠ás ❛♣r♦①✐♠❛ ❛ ❡st❛s
❝❛r❛❝t❡ríst✐❝❛s ♣r❡s❡♥t❛ ❧❛ ❢♦r♠❛ ❬✹✹❪
ds2 = −e2Φ(r)dt2 + dr
2
1− b(r)/r + r
2
(
dθ2 + sen2θdφ2
)
, ✭✹✳✶✷✺✮
❞♦♥❞❡ φ(r) t♦♠❛ ✉♥ ✈❛❧♦r ✜♥✐t♦ ♣❛r❛ t♦❞♦ ✈❛❧♦r ❞❡ r✳ ▲❛ ❢✉♥❝✐ó♥ b(r) ❞❡t❡r♠✐♥❛ ❧❛ ❢♦r♠❛
❡s♣❛❝✐❛❧ ❞❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦✱ ♣♦r t❛❧ r❛③ó♥✱ s❡ ❧❡ ❞❡♥♦♠✐♥❛ ❢✉♥❝✐ó♥ ❞❡ ❢♦r♠❛❀ ♠✐❡♥tr❛s
q✉❡ ❧❛ ❢✉♥❝✐ó♥ φ(r) ❞❡t❡r♠✐♥❛ ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❤❛❝✐❛ ❡❧ r♦❥♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ♣♦r ❧♦ q✉❡
s❡ ❧❡ ❞❡♥♦♠✐♥❛ ❢✉♥❝✐ó♥ ❞❡ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛❧ r♦❥♦✳ ▲❛ ❝♦♦r❞❡♥❛❞❛ r❛❞✐❛❧ r ❝✉❜r❡ ❡❧ r❛♥❣♦
[r0,+∞ > ❞♦♥❞❡ r0 ❞❡✜♥❡ ❡❧ r❛❞✐♦ ❞❡ ❧❛ ❣❛r❣❛♥t❛ ❞❡❧ ❆●✳
❆❤♦r❛ ♥✉❡str♦ ♦❜❥❡t✐✈♦ ❡s ❝❛❧❝✉❧❛r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❡st❛❞♦ ❞❡❧ ❆●✱ ♣❛r❛ ❡❧❧♦✱ t❡♥❡♠♦s
q✉❡ r❡❛❧✐③❛r ❛❧❣✉♥♦s ❝á❝✉❧♦s ♣r❡✈✐♦s ♣❛r❛ r❡s♦❧✈❡r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✐♥st❡✐♥✳ ▲♦s r❡s✉❧t❛❞♦s
s❡rá♥ ♣r❡s❡♥t❛❞♦s ✉s❛♥❞♦ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✈❡❝t♦r❡s ♦rt♦♥♦r♠❛❧❡s✱ ❡s ❞❡❝✐r✱ ✉s❛r❡♠♦s ✉♥
❝♦♥❥✉♥t♦ ❞❡ ♦❜s❡r✈❛❜❧❡s ❡♥ ✉♥ ♠❛r❝♦ ❞❡ r❡❢❡r❡♥❝✐❛ ♣r♦♣✐♦ q✉✐❡♥❡s ♣❡r♠❛♥❡❝❡♥ ❡♥ r❡♣♦s♦
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✻✼
❝♦♥ ❝♦♦r❞❡♥❛❞❛s (r, θ, φ) ✜❥❛s✳ ❙✐♠♣❧✐✜❝❛♠♦s ❧♦s r❡s✉❧t❛❞♦s tr❛♥s❢♦r♠❛♥❞♦ ❧❛ ❜❛s❡ ❛❧ ♠❛r❝♦
❞❡ r❡❢❡r❡♥❝✐❛ ❛❞❡❝✉❛❞♦
et −→ eφeˆt, er −→ (1− b/r)−1/2eˆr,
eθ −→ reˆθ, eφ −→ rsen(θ)eˆφ. ✭✹✳✶✷✻✮
P❛r❛ ❞❡t❡r♠✐♥❛r ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥✱ ❤❛❝❡♠♦s ✉s♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥
✭✷✳✷✽✮✱ ♦❜t❡♥✐❡♥❞♦s❡
Rˆtrtr =
(
1− b
r
)[
−φ′′ − (φ′)2
]
+
1
2r2(b′r − b)φ
′
,
Rˆtθtθ = Rˆ
t
φtφ = −
(
1− b
r
)
φ
′
r
,
Rˆrθrθ = Rˆ
r
φrφ =
1
2r3
(b
′
r − b),
Rˆθφθφ =
b
r3
, ✭✹✳✶✷✼✮
❞♦♥❞❡ ❡❧ tér♠✐♥♦ ♣r✐♠❛❞♦ ❞❡♥♦t❛ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ r❡s♣❡❝t♦ ❞❡ r✳
❈♦♥ ❡st❛s ❡①♣r❡s✐♦♥❡s✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐ Rab ② ❡❧ ❡s❝❛❧❛r ❞❡ ❝✉r✈❛t✉r❛
R ✉s❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✷✳✸✸✮ ② ✭✷✳✸✹✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❆❤♦r❛ ❡❧ t❡♥s♦r ❞❡ ❊✐♥st❡✐♥✱ ❡♥ ❡❧ ♠❛r❝♦ ❞❡ r❡❢❡r❡♥❝✐❛ ♦rt♦♥♦r♠❛❧✱ s❡ ❝❛❧❝✉❧❛ ✉s❛♥❞♦ ❧❛
❡❝✉❛❝✐ó♥ ✭❄❄✮✱ ❧❛ ❝✉❛❧ ♥♦s ❝♦♥❞✉❝❡ ❛ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♠♣♦♥❡♥t❡s ❞✐❢❡r❡♥t❡s ❞❡ ❝❡r♦✿
Gˆtt =
b
′
r2
,
Gˆrr = − b
r3
+ 2
(
1− b
r
)
Φ
′
r
,
Gˆθθ = Gˆφφ =
(
1− b
r
)(
Φ
′′ − b
′
r − b
2r(r − b)Φ
′
+ (Φ
′
)2 +
Φ
′
r
− b
′
r − b
2r2(r − b)
)
✭✹✳✶✷✽✮
❯♥ ❆● ❛tr❛✈❡s❞❛❜❧❡ ❞❡❜❡ ❡st❛r ❝♦♠♣✉❡st♦ ♣♦r ♠❛t❡r✐❛ ❝♦♥ ✉♥ t❡♥s♦r ❡♥❡r❣í❛✲♠♦♠❡♥t♦
❞✐❢❡r❡♥t❡ ❞❡ ❝❡r♦✳ ❯s❛♥❞♦ ❧❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧✱ ❛s✉♠✐♠♦s q✉❡ ❡❧ t❡♥s♦r ❡♥❡r❣í❛✲♠♦♠❡♥t♦
t✐❡♥❡ ❧❛ ❢♦r♠❛
Tˆtt = ρ(r), Tˆrr = −τ(r), Tˆθθ = Tˆφφ = p(r). ✭✹✳✶✷✾✮
❉♦♥❞❡ ρ(r) ❡s ❧❛ ❞❡♥s✐❞❛❞ t♦t❛❧✱ τ(r) ❡s ❧❛ t❡♥s✐ó♥ r❛❞✐❛❧✱ p(r) ❡s ❧❛ ♣r❡s✐ó♥ ❧❛t❡r❛❧ ② t♦❞♦
✈❛❧♦r ♠✐①t♦ ❞❡ Tab ❡s ♥✉❧♦✳ ❊st❛ ❡❧❡❝❝✐ó♥ ❡s ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❧❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❡❧ t❡♥s♦r ❞❡
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✻✽
❊✐♥st❡✐♥✱ ❡s ❞❡❝✐r✱ s✉s ú♥✐❝♦s ❝♦♠♣♦♥❡♥t❡s ❞✐st✐♥t♦s ❞❡ ❝❡r♦ s♦♥ ❞✐❛❣♦♥❛❧❡s✳ ❍❛❝✐❡♥❞♦ ✉s♦
❞❡ ❧❛s ❡①♣r❡s✐♦♥❡s ♣❛r❛ Gab ② Tab ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✐♥st❡✐♥ ✭❄❄✮ ♦❜t❡♥❡♠♦s ❧❛s ❡❝✉❛❝✐♦♥❡s
❞❡ ❡st❛❞♦
ρ =
b
′
8πr2
,
τ =
1
8πr2
[
b
r
− 2(r − b)Φ′
]
,
P (r) =
1
8π
(
1− b
r
)[
Φ
′′
+ (Φ
′
)2 − b
′
r − b
2r(r − b)Φ
′ − b
′
r − b
2r2(r − b) +
Φ
′
r
]
✭✹✳✶✸✵✮
❈❛❜❡ ❤❛❝❡r ♥♦t❛r q✉❡ ❛♥❛❧✐③❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❡st❛❞♦ ❞❡r✐✈❛❞❛s ♣♦❞❡♠♦s ♠❛♥✐♣✉❧❛r
b(r) ② Φ(r) ♣❛r❛ ♦❜t❡♥❡r ❧❛ ♠étr✐❝❛ q✉❡ ❞❡s❝r✐❜❡ ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦✳
✹✳✸✳✸✳ ❈♦♥❞✐❝✐♦♥❡s ❞❡ tr❛♥s✐t❛❜✐❧✐❞❛❞
❈♦♥s✐❞❡r❡♠♦s ✉♥ ✈✐❛❥❡r♦ ❡♥ ✉♥ ✉♥✐✈❡rs♦ ✐♥❢❡r✐♦r ❝♦♥ ❞✐st❛♥❝✐❛ ♣r♦♣✐❛ l = −l1 ②✱ ❛❧ ✜♥❛❧✱ ❡♥
❡❧ ✉♥✐✈❡rs♦ s✉♣❡r✐♦r ❡♥ l = l2 ❡♥ ❡❧ ❝✉❛❧ s❡ ♠✉❡✈❡ ❝♦♥ ✈❡❧♦❝✐❞❛❞ r❛❞✐❛❧ v(r) ♠❡❞✐❞♦ ♣♦r ✉♥
♦❜s❡r✈❛❞♦r ❡stát✐❝♦ ❡♥ r❀ ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛ ❞✐st❛♥❝✐❛ ♣r♦♣✐❛ dl ❝♦♥ ❡❧ r❛❞✐♦ ❞❡❧ ✈✐❛❥❡r♦✱
❡❧ ❧❛♣s♦ ❞❡ t✐❡♠♣♦ ❝♦♦r❞❡♥❛❞♦ dt ② ❡❧ ❧❛♣s♦ ❞❡ t✐❡♠♣♦ ♣r♦♣✐♦ dτ ✈✐❡♥❡ ❞❛❞♦ ♣♦r
v = e−Φ
dl
dt
= e−Φ
dl
dr
dr
dt
= ±e−Φ
(
1− b
r
)−1/2
dr
dt
, ✭✹✳✶✸✶✮
vγ =
dl
dτ
= ±
(
1− b
r
)−1/2
dr
dτ
, ✭✹✳✶✸✷✮
❞♦♥❞❡ γ = (1− (v/c)2)−1/2✳
P❛r❛ ❧❛s ❡st❛❝✐♦♥❡s ❡s♣❛❝✐❛❧❡s✱ ❡st❛❜❧❡❝❡r❡♠♦s ❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s✿
✶✳ ❊♥ ❧❛s ❡st❛❝✐♦♥❡s✱ ❡❧ ❡s♣❛❝✐♦ ❞❡❜❡ s❡r ❛s✐tót✐❝❛♠❡♥t❡ ♣❧❛♥♦✱ b/r ≤ 1✳
✷✳ ❊❧ ❝♦rr✐♠✐❡♥t♦ ❛❧ r♦❥♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ❧❛s s❡ñ❛❧❡s ❡♥✈✐❛❞❛s ❞❡ ❧❛s ❡st❛❝✐♦♥❡s ❛❧ ✐♥✜♥✐t♦
❞❡❜❡♥ s❡r ♣❡q✉❡ñ❛s✱ △ λ/λ = e−Φ − 1 ≈ −Φ✱ t❛❧ q✉❡ | Φ |≪ 1✳
✸✳ ▲❛ ❛❝❡❧❡r❛❝✐ó♥ ❣r❛✈✐t❛❝✐♦♥❛❧ ♠❡❞✐❞❛ ♣♦r g ≈ −Φ′ ❡♥ ❧❛s ❡st❛❝✐♦♥❡s ❞❡❜❡ s❡r ♠❡♥♦r
♦ ✐❣✉❛❧ ❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ❧❛ t✐❡rr❛✱| Φ |6 g⊕✳
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✻✾
❙✐ ❡❧ ❆● ❡s ❛tr❛✈❡s❛❜❧❡✱ ▼♦rr✐s ② ❚❤♦r♥❡ s✉❣✐❡r❡♥ q✉❡ ❡❧ t✐❡♠♣♦ ❞❡ ✈✐❛❥❡ ❝♦♥s✐❞❡r❛❞♦ s❡❛
❞❡ ✉♥ ❛ñ♦✳ ❉✐❝❤♦ t✐❡♠♣♦ ❞❡❜❡ s❡r ♠❡❞✐❞♦ t❛♥t♦ ♣♦r ❡❧ ✈✐❛❥❡r♦ ❝♦♠♦ ♣♦r ✉♥ ♦❜s❡r✈❛❞♦r
q✉❡ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❧❛s ❡st❛❝✐♦♥❡s✳ ❊st❡ t✐❡♠♣♣♦ ✈✐❡♥❡ ❡①♣r❡s❛❞♦ ♣♦r
△ τpropio =
∫ +l2
−l1
dl
vγ
6 1 an˜o, ✭✹✳✶✸✸✮
△ tobservador =
∫ +l2
−l1
dl
veΦ
6 1 an˜o. ✭✹✳✶✸✹✮
✹✳✸✳✹✳ ❆❝❡❧❡r❛❝✐ó♥ q✉❡ ♣❡r❝✐❜❡ ❡❧ ✈✐❛❥❡r♦
❙✐ v(r) ❡s ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ✈✐❛❥❡r♦✱ ♠❡❞✐❞♦ ♣♦r ✉♥ ♦❜s❡r✈❛❞♦r ❛❧ ♣❛s❛r ♣♦r ❧❛ ♣♦s✐❝✐♦♥ ~r✱ ❡❧
✈✐❛❥❡r♦ ♣♦ss❡ ✉♥❛ ❛❝❡❧❡r❛❝✐ó♥ t❡tr❛❞✐♠❡♥s✐♦♥❛❧ q✉❡ ❡♥ s✉ ♠❛r❝♦ ❞❡ r❡❢❡r❡♥❝✐❛ ♣r♦♣✐♦ ✈✐❡♥❡
❡①♣r❡s❛❞❛ ❝♦♠♦ aˆµ = Uˆ νUˆµ;ν ✱ ♦❜t❡♥❡♠♦s ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❛❞❛ ♣♦r
| ~a |=
∣∣∣∣∣
(
1− b
r
)1/2
e−Φ
d
dr
(γeΦ)
∣∣∣∣∣ 6 g⊕. ✭✹✳✶✸✺✮
P❛r❛ ♦❜s❡r✈❛❞♦r❡s q✉❡ ❛tr❛✈✐❡s❡♥ ❡❧ ❆● ❝♦♥ ✈❡❧♦❝✐❞❛❞ ❝♦♥st❛♥t❡✱ t❡♥❞rá♥ ✉♥❛ ❛❝❡❧❡r❛❝✐ó♥
♥✉❧❛✳
P♦r ♦tr♦ ❧❛❞♦✱ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ♠❛r❡❛ ❣r❛✈✐t❛❝✐♦♥❛❧ q✉❡ s❡♥t✐rá ❡❧ ✈✐❛❥❡r♦ ❡stá ❞❡✜♥✐❞❛ ❝♦✲
♠♦ △ aˆµ = −RˆµναβUˆ ν ηˆαUˆβ✱ ❞♦♥❞❡ Uˆ ν ❡s ❧❛ ❝✉❛❞r✐✈❡❧♦❝✐❞❛❞ ❞❡❧ ✈✐❛❥❡r♦ ② ηˆα❡s ❧❛ s❡♣❛r❛❝✐ó♥
❡♥tr❡ ❞♦s ♣❛rt❡s ❛r❜✐tr❛r✐❛s ❞❡❧ ❝✉❡r♣♦ ❞❡❧ ✈✐❛❥❡r♦✳ ❍❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✷✺✮✱
❝❛❧❝✉❧❛♠♦s ❧❛s ❝♦♠♣♦♥❡♥t❡s ♥♦ ♥✉❧❛s ❞❡❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥
Rˆrtrt = −
(
1− b
r
)[
−Φ′′ − (Φ′)2 + b
′
r − b
2r(r − b)Φ′
]
, ✭✹✳✶✸✻✮
Rˆθtθt = Rˆφtφt =
γ2
2r2
[
v2
(
b
′ − b
r
)
+ 2(r − b)Φ′
]
. ✭✹✳✶✸✼✮
▲❛ ❝♦♥❞✐❝✐ó♥ |△ aˆµ |6 g⊕ ♥♦s ♣r♦♣♦r❝✐♦♥❛ ❧❛s r❡str✐❝❝✐♦♥❡s ♣❛r❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ♠❛r❡❛
♠❡❞✐❞❛ ♣♦r ✉♥ ✈✐❛❥❡r♦ ❛tr❛✈és ❞❡ ✉♥ ❆●✱ ♦❜t❡♥✐❡♥❞♦s❡
amarea radial =
∣∣∣∣(1− br
)[
Φ
′′
+ (Φ
′
)2 − b
′
r − b
2r(r − b)Φ′
]∣∣∣∣ ∣∣ηˆ1∣∣ 6 g⊕, ✭✹✳✶✸✽✮
amarea lateral =
∣∣∣∣ γ22r2
[
v2
(
b
′ − b
r
)
+ 2(r − b)Φ′
]∣∣∣∣ ∣∣ηˆ2∣∣ 6 g⊕. ✭✹✳✶✸✾✮
▲❛ r❡str✐❝❝✐ó♥ ❞❡ ♠❛r❡❛ r❛❞✐❛❧ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr✐♠✐❡♥t♦ ② ❧❛ r❡str✐❝❝✐ó♥ ❞❡ ♠❛r❡❛
❧❛t❡r❛❧✱ r❡str✐♥❣❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❝♦♥❧❛ ❝✉❛❧ ❡❧ ♦❜s❡r✈❛❞♦r ❛tr❛✈✐❡s❛ ❡❧ ❆●✳
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✼✵
✹✳✸✳✺✳ ▼❛t❡r✐❛ ❡①ót✐❝❛ ② ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❊♥❡r❣í❛
❈♦♥s✐❞❡r❛♠♦s ❧❛ ❢✉♥❝✐ó♥ ξ = (τ − ρ)/ |ρ| ❬✹✹❪✳ ❯s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✶✹✮✱ s❡ t✐❡♥❡
ξ =
b/r − b′ − 2r(1− b/r)Φ′
|b′ | ✭✹✳✶✹✵✮
❤❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛ r❡❧❛❝✐ó♥ (b/r − b′) = 2b2/r(d2r/dz2)✱ ♦❜t❡♥❡♠♦s
ξ =
2b2
r | b′ |
dr2
dz2
− 2r
(
1− b
r
)
Φ
′
| b′ | . ✭✹✳✶✹✶✮
P❛r❛ ❡❧ ❝❛s♦ ❞❡ ❧❛ ❣❛r❣❛♥t❛ ❞❡❧ ❆● (1− b/r)Φ′ −→ 0 ♦❜t❡♥❡♠♦s
ξ(r0) =
τ0 − ρ0
| b′ | > 0. ✭✹✳✶✹✷✮
▲❛ ❝♦♥❞✐❝✐ó♥ τ0 − ρ0 > 0 ♥♦s ✐♥❞✐❝❛ q✉❡ ❧❛ t❡♥s✐ó♥ r❛❞✐❛❧ ❡♥ ❧❛ ❣❛r❣❛♥t❛ ❞❡❜❡ ❡①❝❡❞❡r
❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❡♥❡r❣í❛✳ ▼♦rr✐s ② ❚❤♦r♥❡ ❬✹✹❪ ❧❧❛♠❛r♦♥ ❛ ❧❛ ♠❛t❡r✐❛ r❡str✐♥❣✐❞❛ ♣♦r ❡st❛
❝♦♥❞✐❝✐ó♥ ❝♦♠♦ ♠❛t❡r✐❛ ❡①ót✐❝❛✳
❉❡❞✐❞♦ ❛ q✉❡ ❧❛ ♠❛t❡r✐❛ ❡①ót✐❝❛ ♣✉❡❞❡ ❣❡♥❡r❛r ✉♥ ❆●✱ s❡ ♣✉❡❞❡ ❝♦♥❞✐❝✐♦♥❛r ❧❛ ❡♥❡r✲
❣í❛ ♣❛r❛ ❞❡t❡r♠✐♥❛❞♦s ❝❛s♦s ❡♥ ❧♦s ❝✉❛❧❡s ❡❧ t❡♥s♦r ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ❡s ❞✐❛❣♦♥❛❧ T µν =
diag(ρ, p1, p2, p3)✳ ❙❡ ❝♦♥s✐❞❡r❛ q✉❡ ❧❛s ❢♦r♠❛s ❞❡ ♠❛t❡r✐❛ ❝❧ás✐❝❛ ♦❜❡❞❡❝❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s
❞❡ ❡♥❡r❣í❛❀ s✐♥ ❡♠❜❛r❣♦✱ ❡st❛s ❝♦♥❞✐❝✐♦♥❡s s♦♥ ✈✐♦❧❛❞❛s ♣♦r ❝✐❡rt♦s ❝❛♠♣♦s ❝✉á♥t✐❝♦s✱ ♣♦r
❡❥❡♠♣❧♦✱ ❡❧ ❡❢❡❝t♦ ❝❛ss✐♠✐r✳
✶✳ ❈♦♥❞✐❝✐ó♥ ❞❡ ❡♥❡r❣í❛ ♥✉❧❛ ✭❈❊◆✮✳✲ ♣❛r❛ ❝✉❛❧q✉✐❡r ✈❡❝t♦r ♥✉❧♦V µ s❡ ❝✉♠♣❧❡
TµνV
µV ν > 0. ✭✹✳✶✹✸✮
✷✳ ❈♦♥❞✐❝✐ó♥ ❞❡ ❡♥❡r❣í❛ ❞é❜✐❧ ✭❈❊❉✮✳✲ P❛r❛ ❝✉❛❧q✉✐❡r ✈❡❝t♦r t✐♣♦✲t✐❡♠♣♦ W µ✱ ❡❧
t❡♥s♦r ❡♥❡r❣í❛✲♠♦♠❡♥t♦ s❛t✐s❢❛❝❡
TµνW
µW ν > 0. ✭✹✳✶✹✹✮
✸✳ ❈♦♥❞✐❝✐ó♥ ❞❡ ❡♥❡r❣í❛ ❋✉❡rt❡ ✭❈❊❋✮✳✲ P❛r❛ ❝✉❛❧q✉✐❡r ✈❡❝t♦r t✐♣♦✲t✐❡♠♣♦ W µ✱ s❡
❝✉♠♣❧❡
TµνW
µW ν >
1
2
TW σWσ, ✭✹✳✶✹✺✮
❈❆P❮❚❯▲❖ ✹✳ ❙❖▲❯❈■❖◆❊❙ ❆❙■◆❚Ó❚■❈❆▼❊◆❚❊ P▲❆◆❆❙ ✼✶
❞♦♥❞❡ T ❡s ❧❛ tr❛③❛ ❞❡ Tµν ✳
✹✳ ❈♦♥❞✐❝✐ó♥ ❞❡ ❡♥❡r❣í❛ ❞♦♠✐♥❛♥t❡ ✭❈❊❉▼✮✳✲ ❊st❛ ❝♦♥❞✐❝✐ó♥ ♣✉❡❞❡ ✐♥t❡r♣r❡t❛rs❡
❝♦♠♦ q✉❡ ♥✐♥❣ú♥ ♦❜s❡r✈❛❞♦r ♣✉❡❞❡ ♠❡❞✐r ❡♥❡r❣í❛s ♥❡❣❛t✐✈❛s ②✱ ❛❞❡♠ás✱ ❡❧ ✈❡❝t♦r ❞❡ ✢✉❥♦
❞❡ ❡♥❡r❣í❛ ❧♦❝❛❧ ♥✉♥❝❛ ❡s t✐♣♦✲❡s♣❛❝✐♦
TµνW
µW ν > 0 y T µνWµ no es un vector tipo− espacio. ✭✹✳✶✹✻✮
P❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥ ✢✉✐❞♦ ♣❡r❢❡❝t♦ P1 = P2 = P3 = P ✱ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❡♥❡r❣í❛ s❡rá♥ ❬✹✺❪
CEN =⇒ (ρ+ p) > 0, ✭✹✳✶✹✼✮
CED =⇒ ρ > 0 y (ρ+ p) > 0, ✭✹✳✶✹✽✮
CEF =⇒ (ρ+ 3p) > 0 y (ρ+ p) > 0, ✭✹✳✶✹✾✮
CEDM =⇒ ρ > 0 y (ρ± p) > 0. ✭✹✳✶✺✵✮
❙❡ ♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❡♥❡r❣í❛ s♦♥ r❡❧❛❝✐♦♥❡s ❧✐♥❡❛❧❡s ❡♥tr❡ ❧❛ ❞❡♥s✐❞❛❞
ρ ② ❧❛ ♣r❡s✐ó♥ p ❞❡ ❧❛ ♠❛t❡r✐❛ ♦ ❡♥❡r❣í❛ q✉❡ ❝✉r✈❛ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦✳
❈❛♣ít✉❧♦ ✺
❯♥✐✈❡rs♦ ❞❡ ❋▲❘❲ ② s♦❧✉❝✐ó♥ ❞❡
▼❝❱✐tt✐❡
▲❛ ❝♦s♠♦❧♦❣í❛ ❡s ❧❛ ❝✐❡♥❝✐❛ q✉❡ ❡st✉❞✐❛ ❡❧ ❯♥✐✈❡rs♦ ❝♦♠♦ ✉♥ t♦❞♦❀ ❡st✉❞✐❛ s✉ ♦r✐❣❡♥✱ s✉
♥❛t✉r❛❧❡❛✱ s✉ ❡✈♦❧✉❝✐ó♥ ② s✉ ✜♥✳ ▲❛ ❡✈♦❧✉❝✐ó♥ ❞❡❧ ✉♥✐✈❡rs♦ ❡s ❞❡s❝r✐t❛ ♣♦r ♠♦❞❡❧♦s ❝♦s♠♦✲
❧ó❣✐❝♦s✱ ❧♦s ❝✉❛❧❡s s♦♥ ❝♦♥str✉✐❞♦s t♦♠❛♥❞♦ ❝♦♠♦ ❜❛s❡ ❧❛ ❚❘●✳
◆✉❡st♦ ❝♦♥♦❝✐♠✐❡♥t♦ ❛❝t✉❛❧ ❞❡❧ ❯♥✐✈❡rs♦ ❡stá ❢✉♥❞❛♠❡♥t❛❞♦ ❡♥ ❡❧ ▼♦❞❡❧♦ ❈♦s♠♦❧ó❣✐❝♦
❊stá♥❞❛r✱ ❝✉②♦ ♥ú❝❧❡♦ ❡s ❧❛ t❡♦rí❛ ❞❡❧ ❇✐❣ ❇❛♥❣✳ ❊❧ ▼♦❞❡❧♦ ❈♦s♠♦❧ó❣✐❝♦ ❊stá♥❞❛r ❡①♣❧✐✲
❝❛ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡❧ ❯♥✐✈❡rs♦ ❞❡s❞❡ s✉ ✐♥✐❝✐♦ ❤❛st❛ ♥✉❡str♦s ❞í❛s ❞❡ ♠❛♥❡r❛ s❛t✐s❢❛❝t♦r✐❛❀
❛s✉♠✐❡♥❞♦ q✉❡ ❡❧ ❯♥✐✈❡rs♦ ❛ ❣r❛♥❞❡s ❡s❝❛❧❛s ❡stá ❞❡s❝r✐t♦ ♣♦r ❧❛ ♠étr✐❝❛ ❞❡ ❋r✐❡❞♠❛♥♥✲
▲❡♠❛îtr❡✲❘♦❜❡rts♦♥✲❲❛❧❦❡r ✭❋▲❘❲✮ ❡s♣❛❝✐❛❧♠❡♥t❡ ♣❧❛♥❛✱ ❧❛ ❝✉❛❧ ❡s ✐sótr♦♣❛ ② ❤♦♠♦❣é✲
♥❡❛✳
❉❡♥tr♦ ❞❡❧ ❝♦♥t❡①t♦ ❞❡ ❧♦s ♠♦❞❡❧♦s ❝♦s♠♦❧ó❣✐❝♦s✱ ♣♦r ❡❧ ❛ñ♦ ❞❡ ✶✾✸✸✱ ▼❝❱✐tt✐❡ ♣r♦♣✉s♦
✉♥❛ ♠étr✐❝❛ q✉❡ ✉♥✐✜❝❛ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ② ❡❧ ♠♦❞❡❧♦ ❞❡ ❋▲❘❲✱ ❛❜r✐❡♥❞♦ ❛s✐
❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❛♥❛❧✐③❛r ❝♦♥ ❞✐❝❤❛ ♠étr✐❝❛ ✉♥❛ s❡r✐❡ ❞❡ ❡st✉❞✐♦s ❛str♦❢ís✐❝♦s q✉❡ t♦♠❛♥
❡♥ ❝✉❡♥t❛ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡❧ ✉♥✐✈❡rs♦✳
❈❆P❮❚❯▲❖ ✺✳ ❯◆■❱❊❘❙❖ ❉❊ ❋▲❘❲ ❨ ❙❖▲❯❈■Ó◆ ❉❊ ▼❈❱■❚❚■❊ ✼✸
✺✳✶✳ ❊❧ Pr✐♥❝✐♣✐♦ ❈♦s♠♦❧ó❣✐❝♦
❊❧ ♣r✐♥❝✐♣✐♦ ❝♦s♠♦❧ó❣✐❝♦ ❡st❛❜❧❡❝❡ q✉❡✱ ❛ ❡s❝❛❧❛s s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s✱ ❡❧ ❯♥✐✈❡rs♦ ❡s
❤♦♠♦❣é♥❡♦ ❡ ✐sótr♦♣✐❝♦ ❬✹✻❪✳ ▲❛ ❤♦♠♦❣❡♥❡✐❞❛❞ s✐❣♥✐✜❝❛ q✉❡ ❞✐❢❡r❡♥t❡s ❧✉❣❛r❡s ❞❡❧ ❯♥✐✈❡rs♦
t✐❡♥❡♥ ❧❛s ♠✐s♠❛s ♣r♦♣✐❡❞❛❞❡s ❢ís✐❝❛s ❡♥ ♣r♦♠❡❞✐♦✳ ■s♦tr♦♣í❛ s✐❣♥✐✜❝❛ q✉❡ ♥♦ ❤❛② ❞✐r❡❝❝✐♦✲
♥❡s ♣r❡❢❡r✐❞❛s ❡♥ ❡❧ ❯♥✐✈❡rs♦✳ ❊①✐st❡ ❡✈✐❞❡♥❝✐❛ ♦❜s❡r✈❛❝✐♦♥❛❧ q✉❡ ✈❡r✐✜❝❛ ❡st❡ ♣r✐♥❝✐♣✐♦ ②❛
q✉❡ ❡❧ ❯♥✐✈❡rs♦ ❛ ❡s❝❛❧❛s s✉♣❡r✐♦r❡s ❛ 109♣❝ s❡ ♣r❡s❡♥t❛ ❝♦♠♦ ❤♦♠♦❣é♥❡♦ ❡ ✐s♦tró♣✐❝♦ ❬✹✼❪✳
◆♦ ♦❜st❛♥t❡✱ ❞❡❜❡♠♦s t❡♥❡r ♣r❡s❡♥t❡ q✉❡ ❧❛ ❤♦♠♦❣❡♥❡✐❞❛❞ ♥♦ ✐♠♣❧✐❝❛ ✐s♦tr♦♣í❛✳ P♦r ♦tr♦
❧❛❞♦✱ ❧❛ ✐s♦tr♦♣í❛ s♦❜r❡ ✉♥ ❧✉❣❛r ♥♦ ❣❛r❛♥t✐③❛ ❧❛ ❤♦♠♦❣❡♥❡✐❞❛❞❀ s✐♥ ❡♠❜❛r❣♦✱ ❧❛ ✐s♦tr♦♣í❛
❛❧r❡❞❡❞♦r ❞❡ ❞♦s ❧✉❣❛r❡s ❣❛r❛♥t✐③❛ ❤♦♠♦❣❡♥❡✐❞❛❞ ❡ ✐s♦tr♦♣í❛ ❡♥ t♦❞♦s ❧♦s ❧✉❣❛r❡s ❬✹✽❪✳
❊❧ ♣r✐♥❝✐♣✐♦ ❝♦s♠♦❧ó❣✐❝♦ t❛♠❜✐é♥ ♥♦s ♣❡r♠✐t❡ ❞❡✜♥✐r ✉♥❛ ✈❛r✐❛❜❧❡ ❞❡ t✐❡♠♣♦ ✉♥✐✈❡rs❛❧✱ ❡❧
t✐❡♠♣♦ ❝ós♠✐❝♦✱ ❞❡✜♥✐❞♦ ❝♦♠♦ ❡❧ t✐❡♠♣♦ ♠❡❞✐❞♦ ♣♦r ❧♦s ♦❜s❡r✈❛❞♦r❡s ❡♥ r❡♣♦s♦ ❝♦♥ r❡s✲
♣❡❝t♦ ❛ ❧❛ ♠❛t❡r✐❛ ❡♥ s✉ ✈❡❝✐♥❞❛❞✳ ▲❛ ❤♦♠♦❣❡♥❡✐❞❛❞ ❞❡❧ ❯♥✐✈❡rs♦ ❛s❡❣✉r❛ q✉❡ ❧♦s r❡❧♦❥❡s
❞❡ ❡st♦s ♦❜s❡r✈❛❞♦r❡s ❢✉♥❞❛♠❡♥t❛❧❡s ♣✉❡❞❛♥ s✐♥❝r♦♥✐③❛rs❡ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❧❛
❞❡♥s✐❞❛❞ ❤♦♠♦❣é♥❡❛ ✉♥✐✈❡rs❛❧✳ ❊❧❡❣✐♠♦s ❡❧ ❝❡r♦ ❞❡❧ t✐❡♠♣♦ ❝ós♠✐❝♦ ♣❛r❛ q✉❡ ❝♦✐♥❝✐❞❛ ❝♦♥
❡❧ ❇✐❣ ❇❛♥❣❀ ❡♥ ❡st❡ s❡♥t✐❞♦✱ ❡❧ t✐❡♠♣♦ ❝ós♠✐❝♦ s❡ ✐♥t❡r♣r❡t❛ ❝♦♠♦ ❧❛ ❡❞❛❞ ❞❡❧ ❯♥✐✈❡rs♦✳
❊❧ ♣r✐♥❝✐♣✐♦ ❝♦s♠♦❧ó❣✐❝♦ ❡s tr❛s❝❡♥❞❡♥t❛❧ ♣❛r❛ ❞❛r s❡♥t✐❞♦ ❛❧ ❯♥✐✈❡rs♦✱ ②❛ q✉❡ ♥♦s ♣❡r♠✐✲
t❡ ❞❛r ✉♥ s✐❣♥✐✜❝❛❞♦ ✉♥✐✈❡rs❛❧ ❛ ♥✉❡str❛s ♠❡❞✐❝✐♦♥❡s ❧♦❝❛❧❡s✳ ❆❞❡♠ás ♥♦s ❝♦♥❞✉❝❡ ❛ ✉♥❛
❡❧❡❣❛♥t❡ s♦❧✉❝✐ó♥ ❞✐♥á♠✐❝❛ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥✳ ▲❛ ♣r✐♥❝✐♣❛❧ ❞✐✜❝✉❧t❛❞ r❛❞✐❝❛
❡♥ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❡s ✐♠♣♦s✐❜❧❡ ♣r♦❜❛r ❧❛ ❤♦♠♦❣❡♥❡✐❞❛❞ ❞❡❧ ❯♥✐✈❡rs♦ s✐♥ ❛s✉♠✐r ♣r✐♠❡r♦
❡❧ ♣r✐♥❝✐♣✐♦ ❝♦♣❡r♥✐❝❛♥♦✱ s❡❣ú♥ ❡❧ ❝✉❛❧ ♥♦ ❡①✐st❡ ✉♥ s✐t✐♦ ♣r✐✈✐❧❡❣✐❛❞♦ ❡♥ ❡❧ ❯♥✐✈❡rs♦✳ ▲❛
r❛③ó♥ ❡s q✉❡ ❝✉❛❧q✉✐❡r ♦❜s❡r✈❛❝✐ó♥ s♦❧♦ t✐❡♥❡ ❛❝❝❡s♦ ❛ ♥✉❡str♦ ❝♦♥♦ ❞❡ ❧✉③ ♣❛s❛❞♦✳ P❡♦r
❛ú♥✱ ♥♦ ♣♦❞❡♠♦s ♠♦✈❡r♥♦s ❡✜❝❛③♠❡♥t❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ♦ ❡❧ t✐❡♠♣♦ ❝ós♠✐❝♦✳ ❈♦♠♦ r❡s✉❧t❛✲
❞♦✱ ♥✉❡str❛s ♦❜s❡r✈❛❝✐♦♥❡s ♠❡③❝❧❛♥ ❡❧ t✐❡♠♣♦ ② ❡❧ ❡s♣❛❝✐♦ ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡ ♥♦ ♣♦❞❡♠♦s
❞✐st✐♥❣✉✐r ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ❤♦♠♦❣é♥❡❛ ❡✈♦❧✉t✐✈❛ ❞❡ ❧❛ ♠❛t❡r✐❛ ② ✉♥❛ ♥♦
❤♦♠♦❣é♥❡❛ ❝♦♥ ✉♥❛ ❡✈♦❧✉❝✐ó♥ t❡♠♣♦r❛❧ ❞✐❢❡r❡♥t❡ ❬✹✾❪✳
❘❡s♣❡❝t♦ ❛ ❧❛ ❤♦♠♦❣❡♥✐❞❛❞✱ ❡①✐st❡♥ ♣r✉❡❜❛s q✉❡ ♠✉❡str❛♥ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❤♦♠♦❣é♥❡❛ ❞❡
❣❛❧❛①✐❛s ❛ ✉♥❛ ❡s❝❛❧❛ s✉♣❡r✐♦r ❛ ✶✹✵ ▼♣❝ ❬✺✵❪❀ ❡♥ ❝✉❛♥t♦ ❛ ❧❛ ✐s♦tr♦♣í❛ ❞❡❧ ✉♥✐✈❡rs♦✱ ❞❡
❢♦r♠❛ s✐♠✐❧❛r✱ ❡①✐st❡♥ ♣r✉❡❜❛s ❡①♣❡r✐♠❡♥t❛❧❡s ❡♥ ❧❛s ❝✉❛❧❡s s❡ ❤❛♥ ❝♦♥s✐❞❡r❛❞♦ 4 × 104
❈❆P❮❚❯▲❖ ✺✳ ❯◆■❱❊❘❙❖ ❉❊ ❋▲❘❲ ❨ ❙❖▲❯❈■Ó◆ ❉❊ ▼❈❱■❚❚■❊ ✼✹
❢✉❡♥t❡s ❞❡ r❛❞✐♦ ♠ás ❜r✐❧❧❛♥t❡s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❛ ✷✵✵ ▼♣❝✱ ❧❛s ❝✉❛❧❡s
♠✉❡str❛♥ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ✐s♦tó♣✐❝❛ ❬✺✶❪❀ ♦tr❛s ♦❜s❡r✈❛❝✐♦♥❡s r❡❧❡✈❛♥t❡s s♦♥ ❧❛ ✐s♦tr♦♣í❛
❞❡❧ ❢♦♥❞♦ ❝ós♠✐❝♦ ❞❡ ♠✐❝r♦♦♥❞❛s ❬✺✷❪ ② ❧❛ ✐s♦tr♦♣í❛ ❞❡❧ ❢♦♥❞♦ ❞❡ r❛②♦s✲① ❬✺✸❪✳
❖tr♦ ♣r✐♥❝✐♣✐♦ ❜ás✐❝♦ ❞❡ ❧❛ ❝♦s♠♦❧♦❣í❛ r❡❧❛t✐✈✐st❛ ❡s ❡❧ ♣♦st✉❧❛❞♦ ❞❡ ❲❡②❧ ❬✺✹❪✱ ❡❧ ❝✉❛❧ ♥♦s
❞✐❝❡ q✉❡ ❧❛ ♠❛t❡r✐❛ ❛ ❡s❝❛❧❛s ❝♦s♠♦❧ó❣✐❝❛s s❡ ❝♦♠♣♦rt❛ ❝♦♠♦ ✉♥ ✢✉✐❞♦ ♣❡r❢❡❝t♦✱ ❝✉②❛s
❝♦♠♣♦♥❡♥t❡s s❡ ♠✉❡✈❡♥ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❣❡♦❞és✐❝❛s t❡♠♣♦r❛❧❡s✱ q✉❡ ♥♦ s❡ ✐♥t❡rs❡❝t❛♥✱ s❛❧✈♦
❡♥ ✉♥ ♣✉♥t♦ ❡♥ ❡❧ ♣❛s❛❞♦ ♦ ❡♥ ❡❧ ❢✉t✉r♦✳
❈♦♥ ❡❧ ♣♦st✉❧❛❞♦ ❞❡ ❲❡②❧ ❧❛ s✐♥❝r♦♥✐③❛❝✐ó♥ ❞❡ r❡❧♦❥❡s✱ ❡♥ ❞✐❢❡r❡♥t❡s ❣❛❧❛①✐❛s✱ ❡s ♣♦s✐❜❧❡
② t❡♥❡♠♦s ✉♥ t✐❡♠♣♦ ✉♥✐✈❡rs❛❧ ♦ ❝ós♠✐❝♦ q✉❡ s✐r✈❡ ❞❡ ❝♦♦r❞❡♥❛❞❛ ❞❡ r❡❢❡r❡♥❝✐❛ ♣❛r❛ ❡❧
✉♥✐✈❡rs♦✳ ❙❡ ♣♦❞rí❛ ❞❡❝✐r q✉❡ ♥♦ s❡ ♠✉❡✈❡♥ ❧❛s ❣❛❧❛①✐❛s✱ s✐♥♦ q✉❡ ❡❧ ❡s♣❛❝✐♦ ❡s ❡❧ q✉❡ s❡
❡①♣❛♥❞❡❀ ❡s ❞❡❝✐r✱ ❣r❛❝✐❛s ❛❧ ♣♦st✉❧❛❞♦ ❞❡ ❲❡②❧ s❡ ❝♦♥s✐❞❡r❛ ✉♥❛ ❝❧❛s❡ ❞❡ ♦❜s❡r✈❛❞♦r❡s
♣r✐✈✐❧❡❣✐❛❞♦s ②❛ q✉❡ ❡st♦s ❡st❛rí❛♥ ❡♥ r❡♣♦s♦ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ✢✉✐❞♦ ♣❡r❢❡❝t♦❀ ② ❝✉②♦ ♠♦✈✐✲
♠✐❡♥t♦ ❡st❛rí❛ ❞❡t❡r♠✐♥❛❞♦ s♦❧❛♠❡♥t❡ ♣♦r ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡❧ ✉♥✐✈❡rs♦✳ ❆ ❡st♦s ♦❜s❡r✈❛❞♦r❡s
s❡ ❧❡s ❞❡♥♦♠✐♥❛ ❝♦♠✉♥♠❡♥t❡ ❝♦♠♦ ♦❜s❡r✈❛❞♦r❡s ❝♦♠ó✈✐❧❡s✳
✺✳✷✳ ▲❡② ❞❡ ❍✉❜❜❧❡
❊❞✇✐♥ ❍✉❜❜❧❡✱ ❡♥ ✶✾✷✾✱ ❞❡s❝✉❜r✐ó ✉♥❛ ❝♦rr❡❧❛❝✐ó♥ ❧✐♥❡❛❧ ❡♥tr❡ ❧❛ ❞✐st❛♥❝✐❛ r ② ❧❛ ✈❡❧♦❝✐❞❛❞
r❡❝❡s✐♦♥❛❧ v ❞❡ ❧❛s ❣❛❧❛①✐❛s ❬✶✹❪❀ ❛♥✉♥❝✐ó s✉ ❞❡s❝✉❜r✐♠✐❡♥t♦ ✐♥❞✐❝❛♥❞♦ q✉❡✱ ❡♥ ❝✉❛❧q✉✐❡r
❞✐r❡❝❝✐ó♥ q✉❡ s❡ ♦❜s❡r✈❡✱ ❧❛s ❣❛❧❛①✐❛s s❡ ❛❧❡❥❛♥ ❞❡ ♥♦s♦tr♦s✳ ❍✉❜❜❧❡ ❤❛❜í❛ ♦❜s❡r✈❛❞♦ ❞✐st✐♥✲
t❛s ❧í♥❡❛s ❡s♣❡❝tr❛❧❡s ❝♦♥♦❝✐❞❛s ❡♥ ❞✐❢❡r❡♥t❡s ❣❛❧❛①✐❛s ② s❡ ❤❛❜í❛ ♣❡r❝❛t❛❞♦ ❞❡ q✉❡ s✐❡♠♣r❡
❛♣❛r❡❝í❛♥ ❞❡s♣❧❛③❛❞❛s ❤❛❝✐❛ ❧❛ ♣❛rt❡ r♦❥❛ ❞❡❧ ❡s♣❡❝tr♦✱ ❧♦ q✉❡ s❡ ❝♦♥♦❝❡ ❝♦♠♦ ❡❧ ❝♦rr✐♠✐❡♥✲
t♦ ♦ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛❧ r♦❥♦ ❞❡❧ ❡s♣❡❝tr♦ ✭r❡❞s❤✐❢t✮✳ ❆❞❡♠ás✱ ❤❛❜í❛ ✉♥❛ ❝♦rr❡❧❛❝✐ó♥ ✐♥✈❡rs❛
❡♥tr❡ ❡❧ ❜r✐❧❧♦ ❞❡ ❧❛ ❣❛❧❛①✐❛ ② ❧❛ ♠❛❣♥✐t✉❞ ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛❧ r♦❥♦✱ ❧♦ q✉❡ ✐♠♣❧✐❝❛❜❛ q✉❡
❧❛s ❣❛❧❛①✐❛s ♠ás ❧❡❥❛♥❛s s❡ ❞❡s♣❧❛③❛♥ ❛ ♠❛②♦r ✈❡❧♦❝✐❞❛❞ ❞❡ ♥♦s♦tr♦s✱ ❡s ❞❡❝✐r✱
v = H0r, ✭✺✳✶✮
❞♦♥❞❡ ❛❧ tér♠✐♥♦ H0 s❡ ❧❡ ❞❡♥♦♠✐♥❛ P❛rá♠❡tr♦ ❞❡ ❍✉❜❜❧❡ ② ❡❧ s✉❜í♥❞✐❝❡ ✐♥❞✐❝❛ q✉❡ ❧❛
♠❡❞✐❞❛ s❡ ❤❛ r❡❛❧✐③❛❞♦ ❤♦②✳
❊st❛ r❡❧❛❝✐ó♥ ❡♠♣ír✐❝❛ ♣r♦♣♦r❝✐♦♥ó ❧❛ ❡✈✐❞❡♥❝✐❛ ❞✐r❡❝t❛ ❛❝❡r❝❛ ❞❡ ❧❛ ❡①♣❛♥s✐ó♥ ❞❡ ♥✉❡str♦
❈❆P❮❚❯▲❖ ✺✳ ❯◆■❱❊❘❙❖ ❉❊ ❋▲❘❲ ❨ ❙❖▲❯❈■Ó◆ ❉❊ ▼❈❱■❚❚■❊ ✼✺
❋✐❣✉r❛ ✺✳✶✿ ❉✐❛❣r❛♠❛ ♦r✐❣✐♥❛❧ ❞❡ ❍✉❜❜❧❡✱ ❡♥ ❡❧ ❝✉❛❧ s❡ ♠✉❡str❛ q✉❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡
r❡❝❡s✐ó♥ ② ❧❛s ❞✐st❛♥❝✐❛s ❞❡ ✹✻ ♦❜❥❡t♦s ❣❛❧á❝t✐❝♦s ♣r❡s❡♥t❛♥ ✉♥❛ ❝♦rr❡❧❛❝✐ó♥ ❧✐♥❡❛❧ ❬✶✹❪
✉♥✐✈❡rs♦✳ ❊❧ ♣❛rá♠❡tr♦ ❞❡ ❍✉❜❜❧❡✱ ❧❧❛♠❛❞♦ t❛♠❜✐é♥ ❝♦♥st❛♥t❡ ❞❡ ❍✉❜❜❧❡✱ ❡s ✉♥❛ ♠❡❞✐❞❛ ❞❡
❧❛ t❛s❛ ❞❡ ❡①♣❛♥s✐ó♥ ❛❝t✉❛❧ ❞❡❧ ✉♥✐✈❡rs♦✳ ❙✉ ✈❛❧♦r ❞❡t❡r♠✐♥❛❞♦ ♦r✐❣✐♥❛❧♠❡♥t❡ ♣♦r ❍✉❜❜❧❡
❡s ❞❡ 500 km s−1Mpc−1✳ ❊❧ t✐❡♠♣♦ ♥❡❝❡s❛r✐♦ τ0 ♣❛r❛ q✉❡ ❞♦s ❣❛❧❛①✐❛s✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❥✉♥t❛s✱
s❡ ❤❛②❛♥ s❡♣❛r❛❞♦ ❤❛st❛ ❧❛ ❞✐st❛♥❝✐❛ ❛❝t✉❛❧ r ❡s
τ0 =
r
v
=
1
H0
, ✭✺✳✷✮
❡st❛ ❝❛♥t✐❞❛❞ r❡❝✐❜❡ ❡❧ ♥♦♠❜r❡ ❞❡ t✐❡♠♣♦ ❞❡ ❍✉❜❜❧❡✳
❊❧ ✈❛❧♦r ❛❝t✉❛❧ ❞❡❧ ♣❛rá♠❡tr♦ ❞❡ ❍✉❜❜❧❡ ♠❡❞✐❞♦ ❤♦② ❡s
H−10 = 9,7778h
−1 × 109 an˜os, ✭✺✳✸✮
❞♦♥❞❡ h = H0/(100 km s−1 Mpc−1)✱ ② s✉ ✈❛❧♦r ❡①♣❡r✐♠❡♥t❛❧ ♠❡❞✐❞♦ ❡s ❬✺✺❪
h = 0,696± 0,007. ✭✺✳✹✮
❈❆P❮❚❯▲❖ ✺✳ ❯◆■❱❊❘❙❖ ❉❊ ❋▲❘❲ ❨ ❙❖▲❯❈■Ó◆ ❉❊ ▼❈❱■❚❚■❊ ✼✻
❊♥ ❧❛ ♣rá❝t✐❝❛✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ r❡❝❡s✐ó♥ s❡ ♣✉❡❞❡ ❞❡t❡r♠✐♥❛r ❝♦♥ ♣r❡❝✐s✐ó♥ ✉s❛♥❞♦ ❡❧ r❡❞s❤✐❢t
z ❞❡ ❧❛s ❣❛❧❛①✐❛s❀ ❡st❡ ♣❛rá♠❡tr♦ ❡①♣❡r✐♠❡♥t❛❧ ✈✐❡♥❡ ❞❛❞♦ ♣♦r
z =
λobs
λemit
− 1 =
(√
1− v/c
1 + v/c
− 1
)
, ✭✺✳✺✮
❞♦♥❞❡ λobs ② λemit s❡ r❡✜❡r❡♥ ❛ ❧❛s ❧♦♥❣✐t✉❞❡s ❞❡ ♦♥❞❛ ♦❜s❡r✈❛❞❛s ② ❡♠✐t✐❞❛s✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ q✉❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s s❡❛♥ ♠✉② ♣❡q✉❡ñ❛s✱ ❝♦♠♣❛r❛❞❛s ❝♦♥ ❧❛ ✈❡❧♦❝✐❞❛❞
❞❡ ❧❛ ❧✉③ v/c << 1✱ ♦❜t❡♥❡♠♦s
v = cz. ✭✺✳✻✮
❉❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✺✳✶✮ ② ✭✺✳✻✮✱ ❡♥❝♦♥tr❛♠♦s q✉❡
z = H0
r
c
. ✭✺✳✼✮
❈♦♠♦ r❡s✉❧t❛❞♦ ❞❡❧ ♣r✐♥❝✐♣✐♦ ❝♦s♠♦❧ó❣✐❝♦✱ ❡s ❢❛❝t✐❜❧❡ ♠♦❞❡❧❛r ❧❛ ❡①♣❛♥s✐ó♥ ❞❡❧ ✉♥✐✈❡rs♦
♣♦r ♠❡❞✐♦ ❞❡ ✉♥ ❢❛❝t♦r ❞❡ ❡s❝❛❧❛ t❡♠♣♦r❛❧ R(t)✱ ❝✉②❛ ❢✉♥❝✐ó♥ ❞❡♣❡♥❞❡ ❞❡❧ t✐❡♠♣♦ ♣❡r♦
♥♦ ❞❡ ❧❛ ♣♦s✐❝✐ó♥ ❬✺✻❪✳ ❊st❛ ❢✉♥❝✐ó♥ ♥♦s ♣❡r♠✐t❡ ❞❡t❡r♠✐♥❛r ❞✐st❛♥❝✐❛s ❡♥ ❡❧ ✉♥✐✈❡rs♦ ♣❛r❛
❝✉❛❧q✉✐❡r ✐♥st❛♥t❡✳ ❙✐ ❧❛ ❞✐st❛♥❝✐❛ ❛ ✉♥❛ ❞❡t❡r♠✐♥❛❞❛ ❣❛❧❛①✐❛ ❡s r1 ❡♥ ❡❧ ✐♥st❛♥t❡ t1✱ ❡♥ ❡❧
✐♥st❛♥t❡ t ❡st❛ ❞✐st❛♥❝✐❛ ✈❡♥❞rá ❞❛❞❛ ♣♦r
r(t) =
R(t)
R(t1)
r1. ✭✺✳✽✮
▲❛ ✈❡❧♦❝✐❞❛❞ ❡♥ ❧❛ q✉❡ ❡st❛ ❣❛❧❛①✐❛ s❡ ❛❧❡❥❛ ❞❡❧ ♦❜s❡r✈❛❞♦r ✈✐❡♥❡ ❡①♣r❡s❛❞❛ ❝♦♠♦
v(t) =
d
dt
(
R(t)
R(t1)
r1
)
=
R˙(t)
R(t1)
r1 =
R˙(t)
R(t)
r(t). ✭✺✳✾✮
P❛r❛ ❡❧ ✐♥st❛♥t❡ ❛❝t✉❛❧ t0✱ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r q✉❡❞❛rá
v(t0) =
R˙(t0)
R(t0)
r(t0). ✭✺✳✶✵✮
▲❛ r❡❧❛❝✐ó♥ ✭✺✳✼✮ ♥♦s r❡♣r❡s❡♥t❛ ❧❛ ❧❡② ❞❡ ❍✉❜❜❧❡✳ ❍❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✮✱
♦❜t❡♥❡♠♦s
H0 =
R˙(t0)
R(t0)
, ✭✺✳✶✶✮
❞♦♥❞❡ H0 ❡s ❡❧ ✈❛❧♦r ❛❝t✉❛❧ ❞❡❧ ♣❛rá♠❡tr♦ ❞❡ ❍✉❜❜❧❡✱ ❡s ❞❡❝✐r✱ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❍✉❜❜❧❡✳
❈❆P❮❚❯▲❖ ✺✳ ❯◆■❱❊❘❙❖ ❉❊ ❋▲❘❲ ❨ ❙❖▲❯❈■Ó◆ ❉❊ ▼❈❱■❚❚■❊ ✼✼
❊s ❤❛❜✐t✉❛❧ r❡♣r❡s❡♥t❛r ❝♦♠♦ a(t) ❡❧ ❝♦❝✐❡♥t❡ ❡♥tr❡ R(t) ② s✉ ✈❛❧♦r ❛❝t✉❛❧ R(t0)✱ ❡s ❞❡❝✐r✱
a(t) =
R(t)
R(t0)
, ✭✺✳✶✷✮
❞♦♥❞❡ ❛❧ tér♠✐♥♦ a(t) s❡ ❧❡ ❞❡♥♦♠✐♥❛ ❢❛❝t♦r ❞❡ ❡s❝❛❧❛ ❝ós♠✐❝❛ ♦ s✐♠♣❧❡♠❡♥❜t❡ ❢❛❝t♦r ❞❡
❡s❝❛❧❛✱ ❞❡ t❛❧ ♠♦❞♦ q✉❡ a(t0) = 1✳
◆♦t❛♠♦s q✉❡ ❧❛s ❞✐st❛♥❝✐❛s ❝❛♠❜✐❛♥ ❞✐r❡❝t❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ ❛ a(t) ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛✲
♥❡r❛✿
r(t) =
R(t)
R(t0)
x = a(t)x ✭✺✳✶✸✮
❞♦♥❞❡ ❛ r s❡ ❧❡ ❝♦♥♦❝❡ ❝♦♠♦ ❝♦♦r❞❡♥❛❞❛s ❢ís✐❝❛s ② ❛ x ❝♦♠♦ ❝♦♦r❞❡♥❛❞❛s ❝♦♠ó✈✐❧✳ ❆ ♣❛rt✐r
❞❡ ❡st❛s ❞❡✜♥✐❝✐♦♥❡s✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ✈❡♥❞rá ❡①♣r❡s❛❞❛ ♣♦r
v =
dr(t)
dt
= a˙(t)x =
(
a˙(t)
a(t)
)
r. ✭✺✳✶✹✮
❊♥ ❣❡♥❡r❛❧✱ ♣♦❞❡♠♦s ❞❡s❛rr♦❧❧❛r ❡♥ s❡r✐❡ ❞❡ ❚❛②❧♦r a(t) ❛❧r❡❞❡❞♦r ❞❡❧ ♠♦♠❡♥t♦ ❛❝t✉❛❧
t −→ t0✱ ♦❜t❡♥✐é♥❞♦s❡
a(t) = a(t0) + a˙(t0)(t− t0) + 1
2
a¨(t0)
2 + ... , ✭✺✳✶✺✮
❍❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡
q0 = − a¨(t0)
H20
, ✭✺✳✶✻✮
♣♦❞❡♠♦s ❡s❝r✐❜✐r a(t) ❝♦♠♦
a(t) = 1 +H0(t− t0)− q0
2
a¨(t0)H
2
0 (t− t0)2 + ... , ✭✺✳✶✼✮
❞♦♥❞❡ ❤❡♠♦s ✐♥tr♦❞✉❝✐❞♦ ❡❧ ♣❛rá♠❡tr♦ ❛❞✐♠❡♥s✐♦♥❛❧ q0 ❞❡♥♦♠✐♥❛❞♦ ❞❡s❛❝❡❧❡r❛❝✐ó♥ ❝ós♠✐✲
❝❛✳
✺✳✸✳ ❯♥✐✈❡rs♦ ❞❡ ❋r✐❡❞♠❛♥♥ ✲ ▲❡♠❛✐trê ✲ ❘♦❜❡rts♦♥ ✲
❲❛❧❦❡r
❊❧ ♠♦❞❡❧♦ ❝♦s♠♦❧ó❣✐❝♦ ❡stá♥❞❛r ❞❡s❝r✐❜❡ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ♥✉❡str♦ ✉♥✐✈❡rs♦✿ ❧❛ ✈✐s✐ó♥ q✉❡
t❡♥❡♠♦s ❛❝t✉❛❧♠❡♥t❡ ❞❡ é❧ s❡ ❜❛s❛ ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ s♦❧✉❝✐♦♥❡s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❝❛♠♣♦
❈❆P❮❚❯▲❖ ✺✳ ❯◆■❱❊❘❙❖ ❉❊ ❋▲❘❲ ❨ ❙❖▲❯❈■Ó◆ ❉❊ ▼❈❱■❚❚■❊ ✼✽
❞❡ ❊✐♥st❡✐♥ ❧❧❛♠❛❞♦ ♠♦❞❡❧♦ ❞❡ ❋r✐❡❞♠❛♥♥✲▲❡♠❛✐trê✲❘♦❜❡rts♦♥✲❲❛❧❦❡r ✭❋▲❘❲✮✱ ❤❛❜✐t✉❛❧✲
♠❡♥t❡ ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ ♠♦❞❡❧♦ ❞❡❧ ❇✐❣ ❇❛♥❣✳ P♦r t❛❧ r❛③ó♥✱ ❧❛ ♠étr✐❝❛ ❞❡ ❋▲❘❲ ❡s ✉♥
♠♦❞❡❧♦ ❛❞❡❝✉❛❞♦ ♣❛r❛ ❡❧ ❡st✉❞✐♦ ❛ ❣r❛♥ ❡s❝❛❧❛ ❞❡ ♥✉❡str♦ ✉♥✐✈❡rs♦✳ ❊st❡ ♠♦❞❡❧♦ ❡stá ❜❛✲
s❛❞♦ ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❋r✐❡❞♠❛♥♥✲▲❡♠❛îtr❡ ② s✉ ❣❡♦♠❡trí❛ ❡stá ❞❛❞❛ ♣♦r ❧❛ ♠étr✐❝❛ ❞❡
❘♦❜❡rts♦♥✲❲❛❧❦❡r✳
✺✳✸✳✶✳ ▼étr✐❝❛ ❞❡ ❋▲❘❲
Pr❡t❡♥❞❡♠♦s ❝♦♥str✉✐r ✉♥ ♠♦❞❡❧♦ ❡s❢ér✐❝❛♠❡♥t❡ s✐♠étr✐❝♦ ❡♥ ❝❛❞❛ ♣✉♥t♦✱ ♣♦r t❛❧ r❛③ó♥✱
tr❛♥s❢♦r♠❛r❡♠♦s ♥✉❡str❛s ❤✐♣ót❡s✐s ❢ís✐❝❛s ❡♥ tér♠✐♥♦s ♠❛t❡♠át✐❝♦s✳
❍♦♠♦❣❡♥❡✐❞❛❞✳✲ ❯♥ ❡s♣❛❝✐♦✲t✐❡♠♣♦M ❡s ❤♦♠♦❣é♥❡♦ s✐ ❡①✐st❡ ✉♥❛ ❢❛♠✐❧✐❛ ✉♥✐♣❛r♠étr✐❝❛
❞❡ ❤✐♣❡rs✉♣❡r✜❝✐❡s ❡s♣❛❝✐❛❧❡s Σt ❢♦❧✐❛♥❞♦ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦M ✱ ❞❡ ♠♦❞♦ q✉❡ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r
❞❡ t ② ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ ♣✉♥t♦s p, q ∈ Σt✱ ❡①✐st❡ s✐❡♠♣r❡ ✉♥❛ ✐s♦♠❡trí❛ f ❞❡ ❧❛ ♠étr✐❝❛
gµν t❛❧ q✉❡ f(p) = q✳
■s♦tr♦♣í❛✳✲ ❯♥ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡s ✐s♦tró♣✐❝♦ s✐ ❡①✐st❡ ✉♥❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❡♥ ❧❛s ❝✉r✈❛s
t✐♣♦✲t✐❡♠♣♦ ✭♦❜s❡r✈❛❞♦r❡s ✐s♦tró♣✐❝♦s✮✱ ❝♦♥ ✈❡❝t♦r❡s t❛♥❣❡♥t❡s na✱ t❛❧ q✉❡✱ ❞❛❞♦ ✉♥ ♣✉♥t♦
❣❡♥ér✐❝♦ p ② ❞♦s ✈❡❝t♦r❡s s1 ② s2 ♦rt♦❣♦♥❛❧❡s ❛ na ❡♥ p✱ ❡①✐st❡ s✐❡♠♣r❡ ✉♥❛ ✐s♦♠❡trí❛ ❞❡
gµν q✉❡ ❞❡❥❛ p ② ua ✜❥♦s ♣❡r♦ r♦t❛ s1 ❡♥ s2✳
❋✐❣✉r❛ ✺✳✷✿ ❋♦❧✐❛❝✐ó♥ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ♣♦r ♠❡❞✐♦ ❞❡ ❤✐♣❡rs✉♣❡r✜❝✐❡s ❡s♣❛❝✐❛❧❡s Σt
❊♥ ✉♥ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❤♦♠♦❣é♥❡♦ ❡ ✐s♦tró♣✐❝♦ ❧❛s ❤✐♣❡rs✉♣❡r✜❝✐❡s Σt s♦♥ ♣❡r♣❡♥❞✐❝✉❧❛r❡s
❛ na❀ ♣♦r t❛♥t♦✱ ❧❛ ♠étr✐❝❛ gµν ✐♥❞✉❝❡ ✉♥❛ ♠étr✐❝❛ hµν s♦❜r❡ ❝❛❞❛ ❤✐♣❡rs✉♣❡r✜❝✐❡ Σt✳
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❙✐ ✉♥ ✉♥✐✈❡rs♦ s❛t✐s❢❛❝❡ ❡❧ ♣r✐♥❝✐♣✐♦ ❝♦s♠♦❧ó❣✐❝♦✱ ❡♥t♦♥❝❡s ❡s ♣♦s✐❜❧❡ ❞❡♠♦str❛r q✉❡ ❞✐❝❤♦
✉♥✐✈❡rs♦ ❞❡❜❡ t❡♥❡r ✉♥❛ ❝✉r✈❛t✉r❛ k ❝♦♥st❛♥t❡✳ ❊✐s❡♥❤❛rt ❞❡♠♦stró ❡♥ ✶✾✹✾ ❬✺✼❪ q✉❡ ✉♥
❡s♣❛❝✐♦ ❞❡ ❝✉r✈❛t✉r❛ ❝♦♥st❛♥t❡ ❝♦♥ s✐❣♥❛t✉r❛ n ❡s ✐s♦♠étr✐❝♦ ❝♦♥
✶✳ ✉♥ ❡s♣❛❝✐♦ ❤✐♣❡r❜ó❧✐❝♦ ♥✲❞✐♠❡♥s✐♦♥❛❧ Hn s✐ k < 0✳
✷✳ ✉♥ ❡s♣❛❝✐♦ ❡✉❝❧✐❞✐❛♥♦ ♥✲❞✐♠❡♥s✐♦♥❛❧ En s✐ k = 0✳
✸✳ ✉♥❛ ❡s❢❡r❛ ♥✲❞✐♠❡♥s✐♦♥❛❧ Sn s✐ k > 0✳
❉❡ ❧♦ ❡①♣✉❡st♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❧❛ ❣❡♦♠❡trí❛ ❡s♣❛❝✐❛❧ ❞❡❧ ✉♥✐✈❡rs♦ s♦❧♦ ♣✉❡❞❡ s❡r
❤✐♣❡r❜ó❧✐❝❛✱ ♣❧❛♥❛ ♦ ❡s❢ér✐❝❛✳
▲❛ ♠étr✐❝❛ ❞❡ ❋▲❘❲ ❝✉♠♣❧❡ ❝♦♥ ❡❧ ♣r✐♥❝✐♣✐♦ ❝♦s♠♦❧ó❣✐❝♦✳ P❛r❛ ❞❡❞✉❝✐r❧❛✱ ❤❛❝❡♠♦s ❧❛s
s✐❣✉✐❡♥t❡s s✉♣♦s✐❝✐♦♥❡s✿
✶✳ ❊❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ s❡ ♣✉❡❞❡ ❢♦❧✐❛r ♣♦r ❤✐♣❡rs✉♣❡r✜❝✐❡s ❞❡ t✐❡♠♣♦ ❝♦♥st❛♥t❡✱ ❧❛s ❝✉❛❧❡s
s♦♥ ❤♦♠♦❣é♥❡❛s ❡ ✐s♦tró♣✐❝❛s✳
✷✳ ▲♦s ♦❜s❡r✈❛❞♦r❡s s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ r❡♣♦s♦ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣r♦♠❡❞✐♦ ❞❡ ❧❛s ❣❛❧❛①✐❛s✳
❈♦♥s✐❞❡r❡♠♦s ✉♠ ❡s♣❛❝✐♦✲t❡♠♣♦ ❝♦♠♦ R×Σ✱ ❞♦♥❞❡ R r❡♣r❡s❡♥t❛ ❧❛ ❞✐r❡❝✐ó♥ t❡♠♣♦r❛❧ ②
Σ ✉♥❛ ✈❛r✐❡❞❛❞ tr✐❞✐♠❡♥s✐♦♥❛❧ ❤♦♠♦❣é♥❡❛ ❡ ✐s♦tró♣✐❝❛✳ ❊st♦ ✐♠♣❧✐❝❛ q✉❡ Σ ❡s ✉♥ ❡s♣❛❝✐♦
♠á①✐♠❛♠❡♥t❡ s✐♠étr✐❝♦ ❬✶✺❪✳ P♦r t❛♥t♦✱ ✉♥❛ ✈❛r✐❡❞❛❞ ❝♦♥ t❡♥s♦r ♠étr✐❝♦ gµν ② ❡❧❡♠❡♥t♦
❞❡ ❧í♥❡❛
ds2 = gµνdx
µdxν , ✭✺✳✶✽✮
✐♥❞✉❝❡ ❡♥ ✉♥❛ ❤✐♣❡rs✉♣❡r✜❝✐❡ ❡s♣❛❝✐❛❧ Σt=t0 ✉♥ t❡♥s♦r ♠étr✐❝♦ hij ❞♦♥❞❡ ❡❧ ❡❧❡♠❡♥t♦ ❞❡
❧í♥❡❛ ✈✐❡♥❡ ❞❛❞♦ ♣♦r
ds2t0 = −hijdxidxj, ✭✺✳✶✾✮
❞♦♥❞❡ hij ❡s ❢✉♥❝✐ó♥ ❞❡ t0 ② ❞❡ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❡s♣❛❝✐❛❧❡s xk✳
P❛r❛ ✉♥ t✐❡♠♣♦ t1 > t0 ② ❞❡❜✐❞♦ ❛ ❧❛ ✐s♦tr♦♣í❛ ② ❤♦♠♦❣❡♥❡✐❞❛❞ ❞❡ ❧❛ ❤✐♣❡rs✉♣❡r✜❝✐❡✱ ❧❛
♠étr✐❝❛ ❡s♣❛❝✐❛❧ ❞❡❜❡ t❡♥❡r ❧❛ ❢♦r♠❛
ds2t1 = −f(t0, t1)hijdxidxj, ✭✺✳✷✵✮
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❡st♦ ✐♠♣❧✐❝❛ q✉❡ ❞♦s ❤✐♣❡rs✉♣❡r✜❝✐❡s ❞✐✜❡r❡♥ ú♥✐❝❛♠❡♥t❡ ❡♥ ✉♥❛ ❢✉♥❝✐ó♥ t❡♠♣♦r❛❧ f(t0, t1)✱
②❛ q✉❡ ♣❛r❛ q✉❡ ❡①✐st❛ ✐s♦tr♦♣í❛ ② ❤♦♠♦❣❡♥❡✐❞❛❞ ❡s♣❛❝✐❛❧ ❧❛ ❢✉♥❝✐ó♥ f ♥♦ ❞❡❜❡ ❞❡♣❡♥❞❡r
❞❡ ❝♦♦r❞❡♥❛❞❛s ❡s♣❛❝✐❛❧❡s✳ ❊♥t♦♥❝❡s ♣❛r❛ ✉♥ t ❝✉❛❧q✉✐❡r❛✱ ❧❛ ♠étr✐❝❛ ✐♥❞✉❝✐❞❛ ❡♥ ❧❛s ❤✐✲
♣❡rs✉♣❡r✜❝✐❡s ♣✉❡❞❡ ❡①♣r❡s❛rs❡ ❝♦♠♦
ds2t = −R2(t)hij(xk)dxidxj, ✭✺✳✷✶✮
❞♦♥❞❡ R(t) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♠♣❧❡t❛♠❡♥t❡ t❡♠♣♦r❛❧✳
▲❛ ♠étr✐❝❛ ❡s♣❛❝✐♦✲t❡♠♣♦r❛❧ ✈❡♥❞rá ❞❛❞❛ ♣♦r
ds2 = g00dt
2 + g0idtdx
i −R(t)hij(xk)dxidxj. ✭✺✳✷✷✮
❉❡❜✐❞♦ ❛ q✉❡ ❧❛ ✈❛r✐❡❞❛❞ s❡ ♣✉❡❞❡ ❢♦❧✐❛r ❡♥ ❤✐♣❡rs✉♣❡r✜❝✐❡s ❛ t✐❡♠♣♦ t ❝♦♥st❛♥t❡✱ ❡♥t♦♥❝❡s
gtt ♥♦ ❞❡❜❡ ❞❡♣❡♥❞❡r ❞❡ ♥✐♥❣✉♥❛ ✈❛r✐❛❜❧❡✿ ♣♦r t❛❧ r❛③ó♥✱ ❝♦♥s✐❞❡r❛♠♦s gtt = 1✳ P♦r ♦tr♦
❧❛❞♦✱ ❞❡❜✐❞♦ ❛ ❧❛ ✐s♦tr♦♣í❛✱ ❧❛ ❡✈♦❧✉❝✐ó♥ t❡♠♣♦r❛❧ ❞❡ ✉♥❛ ❤✐♣❡rs✉♣❡r✜❝✐❡ ❞❡❜❡ s❡r ♣❡r♣❡♥✲
❞✐❝✉❧❛r ❛ t♦❞❛s ❧❛s ❞✐r❡❝❝✐♦♥❡s✱ ♣♦r t❛♥t♦ gti = 0❀ ❡♥t♦♥❝❡s ❧❛ ♠étr✐❝❛ ❡s♣❛❝✐♦✲t❡♠♣♦r❛❧
s❡rá
ds2 = dt2 −R2(t)hij(xk)dxidxj. ✭✺✳✷✸✮
❉❡❜✐❞♦ ❛ q✉❡ ❧❛s ❤✐♣❡rs✉♣❡r✜❝✐❡s ❛ t ❝♦♥st❛♥t❡ s♦♥ ✐s♦tró♣✐❝❛s ❞❡❜❡♥ ♣♦s❡❡r s✐♠❡trí❛ ❡s❢é✲
r✐❝❛❀ t❛♠❜✐é♥ s❛❜❡♠♦s q✉❡ ❧❛s ♠étr✐❝❛s ❞❡ ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s ❝♦♥ s✐♠❡trí❛ ❡s❢ér✐❝❛✱
♣✉❡❞❡♥ ❡①♣r❡s❛rs❡ ❡♥ ❝♦♦r❞❡♥❛❞❛s ❡s❢ér✐❝❛s ❝♦♠♦
dl2 = e2β(r)dr2 + r2dθ2 + r2 sin2 θdφ2, ✭✺✳✷✹✮
❞♦♥❞❡ e2β(r) ❡s ✉♥ ❢❛❝t♦r q✉❡ ❞❡t❡r♠✐♥❛r❡♠♦s✳
P♦r ❧♦ t❛♥t♦✱ ❧❛ ♠étr✐❝❛ ✜♥❛❧ t❡♥❞rá ❧❛ ❢♦r♠❛
ds2 = dt2 −R2(t) (e2β(r)dr2 + r2dθ2 + r2 sin2 θdφ2) . ✭✺✳✷✺✮
❊♥ ❝✉❛♥t♦ ❛ ❧❛ ♠étr✐❝❛ hij✱ s❡ ♣✉❡❞❡ ❞❡♠♦st❛r q✉❡ ❡❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥✱ ♣❛r❛ ✉♥ ❡s♣❛❝✐♦
tr✐❞✐♠❡♥s✐♦♥❛❧ ♠á①✐♠❛♠❡♥t❡ s✐♠étr✐❝♦✱ ♣✉❡❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ❬✶✺❪
R
(3)
ijkl = K (hikhjl − hilhjk) , ✭✺✳✷✻✮
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❞♦♥❞❡ K ❡s ✉♥❛ ❝♦♥st❛♥t❡ ❛s♦❝✐❛❞❛ ❛ ❧❛ ❝✉r✈❛t✉r❛ ❞❡ ❧❛ ❤✐♣❡rs✉♣❡r✜❝✐❡ Σ ② ❡❧ í♥❞✐❝❡
s✉♣❡r✐♦r ✭✸✮ ❡♥ ❡❧ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥ ✐♥❞✐❝❛ q✉❡ é❧ ❡st❛ r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❧❛ ♠étr✐❝❛ tr✐❞✐✲
♠❡♥s✐♦♥❛❧ ❡s♣❛❝✐❛❧ hij✳
P❛r❛ ❞❡t❡r♠♥❛r ❡❧ ♣❛rá♠❡tr♦ β(r)✱ ❛♥❛❧✐③❛r❡♠♦s ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✷✹✮❀ ♣❛r❛ ♦❜t❡♥❡r ✉♥❛
♠étr✐❝❛ ❡s♣❛❝✐❛❧ ❤♦♠♦❣é♥❡❛ ❡ ✐s♦tró♣✐❝❛ ❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐ ❞❡❜❡ ❝✉♠♣❧✐r
Rjl = 2Khij, ✭✺✳✷✼✮
❞♦♥❞❡ hij ❡s ❧❛ ♠étr✐❝❛ ú♥✐❝❛♠❡♥t❡ ❡s♣❛❝✐❛❧ ❞❡✜♥✐❞❛ ❡♥ ✭✺✳✷✶✮✳
❈❛❧❝✉❧❛♠♦s ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐✱ ♦❜t❡♥✐❡♥❞♦s❡
Rrr =
2
r
∂rβ,
Rθθ = e
−2β (r∂rβ − 1) + 1,
Rφφ =
[
e−2β (r∂rβ − 1) + 1
]
sin2 θ, ✭✺✳✷✽✮
✉s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✷✼✮✱ ♦❜t❡♥❡♠♦s
β = −1
2
ln
(
1−Kr2) . ✭✺✳✷✾✮
❘❡❡♠♣❧❛③❛♥❞♦✱ ❡♥ ❧❛ ❡①♣r❡s✐ó♥ ✭✺✳✷✺✮✱ ❧❛ ♠étr✐❝❛ t♦♠❛ ❧❛ ❢♦r♠❛
ds2 = dt2 −R2(t)
(
dr2
1−Kr2 + r
2dθ2 + r2 sin2 θdφ2
)
✭✺✳✸✵✮
❯s❛♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡ ♣❛r❛ ❡①♣r❡s❛r ❡❧ ❢❛❝t♦r ❞❡ ❡s❝❛❧❛✱
a(t) =
R(t)
R0
, ✭✺✳✸✶✮
r → R0r, ✭✺✳✸✷✮
k =
K
R0
, ✭✺✳✸✸✮
❞♦♥❞❡ k ❡s ❧❛ ❝✉r✈❛t✉r❛ ❞❡❧ ❡s♣❛❝✐♦✱ r❡♠♣❧❛③❛♥❞♦ ❧❛s ❡①♣r❡s✐♦♥❡s ❛♥t❡r✐♦r❡s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥
✭✺✳✸✵✮ ♦❜t❡♥❡♠♦s ❧❛ ♠étr✐❝❛ ❞❡ ❋▲❘❲
ds2 = dt2 − a2(t)
(
dr2
1− κr2 + r
2dθ2 + r2 sin2 θdφ2
)
, ✭✺✳✸✹✮
❞♦♥❞❡ r ❛❤♦r❛ r❡♣r❡s❡♥t❛ ❧❛ ❝♦♦r❞❡♥❛❞❛ ❛❞✐♠❡♥s✐♦♥❛❧ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡❧ ❢❛❝t♦r ❞❡ ❡s❝❛❧❛✳ ❊❧
♣❛rá♠❡tr♦ k ♣✉❡❞❡ t♦♠❛r ✈❛❧♦r❡s ❞❡ −1, 0,+1 ❞♦♥❞❡ −1 ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ ❡s♣❛❝✐♦✲t✐❡♠♣♦
❈❆P❮❚❯▲❖ ✺✳ ❯◆■❱❊❘❙❖ ❉❊ ❋▲❘❲ ❨ ❙❖▲❯❈■Ó◆ ❉❊ ▼❈❱■❚❚■❊ ✽✷
❛❜✐❡rt♦ ♦ ❤✐♣❡r❜ó❧✐❝♦✱ 0 ❛ ✉♥ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ♣❧❛♥♦ ② +1 ❛ ✉♥ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❝❡rr❛❞♦ ♦
❡s❢ér✐❝♦✳
❊❧ s✐❣♥✐✜❝❛❞♦ ❢ís✐❝♦ ❞❡ ❡st♦s ❝❛s♦s s❡ ✈✉❡❧✈❡ ♠ás ❡✈✐❞❡♥t❡ ❛❧ r❡❞❡✜♥✐r ❧❛ ❝♦♦r❞❡♥❛❞❛ r❛❞✐❛❧
❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿
χ =
1√
k
sen−1(r
√
k) ⇔ dχ = dr√
1− kr2 . ✭✺✳✸✺✮
■♥t❡❣r❛♥❞♦
r = fk(χ), ✭✺✳✸✻✮
❞♦♥❞❡
fk(χ) =

senhχ, k = −1
χ, k = 0,
senχ, k = 1
✭✺✳✸✼✮
❚❛❧ q✉❡
ds2 =
[
dχ2 + f 2k (χ)
(
dθ2 + sin2 θdφ2
)]
✭✺✳✸✽✮
✺✳✸✳✷✳ ❊❝✉❛❝✐♦♥❡s ❞❡ ❋r✐❡❞♠❛♥♥✲▲❡♠❛✐tr❡
▲❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❋r✐❡❞♠❛♥♥ ❢♦r♠❛♠ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❡❝✉❛❝✐♦♥❡s q✉❡ ❞❡s❝r✐❜❡♥ ❧❛ ❡①♣❛♥✲
s✐ó♥ ❞❡❧ ✉♥✐✈❡rs♦ ② s❡ ❜❛s❛♥ ❡♥ ♠♦❞❡❧♦s ❞❡ ✉♥ ✉♥✐✈❡rs♦ ❤♦♠♦❣é♥❡♦ ❡ ✐s♦tró♣✐❝♦ ❞❡♥tr♦
❞❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ ❚❘●✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❧❛ ❝♦s♠♦❧♦❣í❛ r❡❧❛t✐✈✐st❛ s❡ ❢✉♥❞❛♠❡♥t❛ ❡♥ tr❡s
❤✐♣ót❡s✐s✿
✶✳ ❊❧ ♣r✐♥❝✐♣✐♦ ❈♦s♠♦❧ó❣✐❝♦✱ ❢✉♥❞❛♠❡♥t❛❞♦ ♣♦r ❡❧ ❡❧❡♠❡♥t♦ ❞❡ ❧í♥❡❛ ❞❡ ❘♦❜❡rts♦♥✲
❲❛❧❦❡r ❞❛❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✸✹✮✳
✷✳ ❊❧ ♣♦st✉❧❛❞♦ ❞❡ ❲❡②❧ ✱ q✉❡ ✐♥tr♦❞✉❝❡ ❡❧ ✢✉✐❞♦ ♣❡r❢❡❝t♦✳ ❊❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛ ♠♦♠❡♥✲
t✉♠ ❡stá ❞❛❞♦ ❡♥ tér♠✐♥♦s ❞❡ ❧❛s ❝♦♦r❞❡♥❛❞❛s ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✼✮✳
✸✳ ▲❛ ❚❡♦rí❛ ❞❡ ❧❛ ❘❡❧❛t✐✈✐✈✐❞❛❞ ●❡♥❡r❛❧ ❝♦♠♦ ❤❡rr❛♠✐❡♥t❛ ♠❛t❡♠át✐❝❛✳ ▲❛s ❡❝✉❛✲
❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ✈✐❡♥❡♥ ❞❛❞❛s ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✷✮✳
P❛r❛ ❞❡t❡r♠✐♥❛r ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❊✐♥st❡✐♥ Gµν ✱ ❡s ♥❡❝❡s❛r✐♦ ❞❡t❡r♠✐♥❛r ♣r✐✲
♠❡r♦ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐ q✉❡ ✈✐❡♥❡ ❞❛❞❛s ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✸✸✮✱❧✉❡❣♦
❞❡t❡r♠✐♥❛r ❡❧ ❡s❝❛❧❛r ❞❡ ❝✉r✈❛t✉r❛ ♠❡❞✐❛♥t❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✸✹✮♣❛r❛ ✜♥❛❧♠❡♥t❡ ❞❡t❡r♠✐♥❛r
❈❆P❮❚❯▲❖ ✺✳ ❯◆■❱❊❘❙❖ ❉❊ ❋▲❘❲ ❨ ❙❖▲❯❈■Ó◆ ❉❊ ▼❈❱■❚❚■❊ ✽✸
❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ♠❡❞✐❛♥t❡ ❧❛ ❡①♣r❡s✐ó♥ ✭✸✳✼✮✳
P❛rt✐❡♥❞♦ ❞❡ ❧❛ ♠étr✐❝❛ ❞❡ ❋▲❘❲✱ ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✸✹✮✱ ❝❛❧❝✉❧❛♠♦s ❧❛s ❝♦♠♦♣♥❡♥t❡s
❞❡❧ ❡s❝❛❧❛r ❞❡ ❘✐❝❝✐✱ ❧❛s ❝✉❛❧❡s ✈✐❡♥❡♥ ❞❛❞❛s ♣♦r
Rtt =
−3a¨
a
, ✭✺✳✸✾✮
Rrr =
aa¨+ 2a˙2 + 2k
1− kr2 , ✭✺✳✹✵✮
Rθθ = r
2(aa¨+ 2a˙2 + 2k), ✭✺✳✹✶✮
Rφφ = r
2sen2θ(aa¨+ 2a˙2 + 2k). ✭✺✳✹✷✮
❈♦♥ ❧♦s ❞❛t♦s ♦❜t❡♥✐❞♦s✱ ❝❛❧❝✉❧❛♠♦s ❡❧ ❡s❝❛❧❛r ❞❡ ❝✉r✈❛t✉r❛ q✉❡ ✈✐❡♥❡ ❞❛❞♦ ♣♦r
R = −6
[
a¨
a
+
a˙2
a2
+
k
a2
]
. ✭✺✳✹✸✮
❊❧ ♣♦st✉❧❛❞♦ ❞❡ ❲❡②❧ ✐♥tr✐❞✉❝❡ ❡❧ ✢✉✐❞♦ ♣❡r❢❡❝t♦✳❊❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛ ♠♦♠❡♥t♦ ❡st❛ ❞❛❞♦
♣♦r ❧❛ ❡①♣r❡s✐ó♥ ✭✸✳✼✮② s✉s ❝♦♠♣♦♥❡♥t❡s ♥♦ ♥✉❧❛s ✈✐❡♥❡♥ ❞❛❞❛s ♣♦r
Ttt = ρ, ✭✺✳✹✹✮
Tii = −pgii; i = r, θ, φ. ✭✺✳✹✺✮
❨ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❊✐♥st❡✐♥ ✈✐❡♥❡♥ ❞❛❞❛s ♣♦r
Gtt =
3(a˙2 + k)
a2
,
Grr =
a˙2 + k + 2aa¨
r2k − 1 ,
Gθθ = −r2(a˙2 + k + 2aa¨),
Gφφ = −r2(a˙2 + k + 2aa¨) sin2 θ. ✭✺✳✹✻✮
❙✉st✐t✉②❡♥❞♦ ❧♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥✱ ♦❜t❡♥❡♠♦s
❧❛s ❝♦♠♣♦♥❡♥t❡s ♥♦ ♥✉❧❛s ♣❛r❛ µ = ν❀ ❧❛s ❝✉❛❧❡s s♦♥
✶✳ Gtt = 8πTtt✳
❉❡ ❞♦♥❞❡ s❡ ♦❜t✐❡♥❡
3a˙2
a2
+
3k
a2
= 8πρ. ✭✺✳✹✼✮
❉❡✜♥✐❡♥❞♦
H2 =
a˙2
a2
=
8πρ
3
− k
a2
. ✭✺✳✹✽✮
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✷✳ Grr = 8πTrr✳
❉❡ ❞♦♥❞❡ s❡ ♦❜t✐❡♥❡
2a¨
a
+
a˙2
a2
+
k
a2
= −8πp. ✭✺✳✹✾✮
❯s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✹✼✮✱ ♦❜t❡♥❡♠♦s
a¨
a
= −4π
3
(3p+ ρ). ✭✺✳✺✵✮
✸✳ Gθθ = 8πTθθ✳
❉❡ ❞♦♥❞❡ s❡ ♦❜t✐❡♥❡
2a¨
a
+
a˙2
a2
+
k
a2
= −8πp. ✭✺✳✺✶✮
❊①♣r❡s✐ó♥ ②❛ ♦❜t❡♥✐❞❛ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ❧❛ ❝♦♠♣♦♥❡♥t❡ µν = rr✳
✹✳ Gφφ = 8πTφφ✳
❉❡ ❞♦♥❞❡ s❡ ♦❜t✐❡♥❡
2a¨
a
+
a˙2
a2
+
k
a2
= −8πp. ✭✺✳✺✷✮
◆♦t❛♠♦s q✉❡ ❧❛s ❝♦♠♣♦♥❡♥t❡s Gθθ ② Gφφ s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❛ ❧❛ ❝♦♠♣♦♥❡♥t❡ Grr✳
P♦r ❧♦ t❛♥t♦✱ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❋r✐❡❞♠❛♥♥ s♦♥
H2 =
a˙2
a2
=
8πρ
3
− k
a2
. ✭✺✳✺✸✮
②
a¨
a
= −4π
3
(3p+ ρ). ✭✺✳✺✹✮
❊s ❢❛❝t✐❜❧❡ r❡❧❛❝✐♦♥❛r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✹✼✮ ❛ ✉♥ ♠♦❞❡❧♦ ♥❡✇t♦♥✐❛♥♦ ❝♦♠♦ ❧❛ ❡♥❡r❣í❛ ❞❡❧
s✐st❡♠❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ s✐st❡♠❛ ❝♦♠ó✈✐❧❀ ❡♥ ❝❛♠❜✐♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✺✹✮ s❡ r❡❧❛❝✐♦♥❛ ❝♦♥ ❧❛
❛❝❡❧❡r❛❝✐ó♥ ❝♦♥ r❡s♣❡❝t♦ ❛❧ s✐st❡♠❛ ❝♦♠ó✈✐❧❀ ❛ ❡st❛ ú❧t✐♠❛ ❡❝✉❛❝✐ó♥ t❛♠❜✐é♥ s❡ ❧❡ ❝♦♥♦❝❡
❝♦♠♦ ❡❝✉❛❝✐ó♥ ❞❡ ❘❛②❝❤❛✉❞✉r✐✳
▲❛ s♦❧✉❝✐ó♥ ❞❛❞❛ ♣♦r ❧❛ ♠étr✐❝❛ ❞❡ ❋▲❘❲ ❞❡s❝r✐❜❡ ✉♥ ✉♥✐✈❡rs♦ ❧❧❡♥♦ ❞❡ ✉♥ ✢✉✐❞♦ ✐❞❡❛❧
❝♦♥ ❞❡♥s✐❞❛❞ ② ♣r❡s✐ó♥ ❞❛❞❛s ♣♦r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❋r✐❡❞♠❛♥♥✳ ❊s ✉♥❛ s♦❧✉❝✐ó♥ ❞❡ ❧❛s
❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥ ❝✉❛♥❞♦ ❡❧ t❡♥s♦r ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ❞❡s❝r✐❜❡ ✉♥ ❡s♣❛❝✐♦✲
t✐❡♠♣♦ ❤♦♠♦❣é♥❡♦ ❡ ✐s♦tró♣✐❝♦✳
❈❆P❮❚❯▲❖ ✺✳ ❯◆■❱❊❘❙❖ ❉❊ ❋▲❘❲ ❨ ❙❖▲❯❈■Ó◆ ❉❊ ▼❈❱■❚❚■❊ ✽✺
✺✳✹✳ ❙♦❧✉❝✐ó♥ ❞❡ ▼❝❱✐tt✐❡
❈♦♠♦ ❤❡♠♦s ♥♦t❛❞♦ ❡♥ ❧♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✱ ❧❛s s♦❧✉❝✐♦♥❡s ❡①❛❝t❛s ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s
❞❡ ❊✐♥st❡✐♥ s❡ ❤❛♥ ❞❡s❛rr♦❧❧❛❞♦ ❡♥ ❞♦s ❞✐r❡❝❝✐♦♥❡s ❞✐❢❡r❡♥t❡s✿ ♣♦r ✉♥ ❧❛❞♦✱ ❡❧ ❡st✉❞✐♦ ❞❡
s✐st❡♠❛s s✐♠♣❧❡s q✉❡ ♣❡r♠✐t✐❡r♦♥ ❧❛ ✈❡r✐✜❝❛❝✐ó♥ ② ❡❧ ❛♥á❧✐s✐s ❞❡ ♦❜❥❡t♦s ♠❛s✐✈♦s ❛✐s❧❛❞♦s
❝✉②♦ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❡①t❡r♥♦ ❡s ♠♦❞❡❧❛❞♦ ♣♦r s♦❧✉❝✐♦♥❡s ❛s✐♥tót✐❝❛♠❡r♥t❡ ♣❧❛♥❛s❀
♣♦r ♦tr♦ ❧❛❞♦✱ ♠♦❞❡❧♦s ❞❡ ✉♥✐✈❡rs♦ ❛ ❣r❛♥ ❡s❝❛❧❛ ♦ ♠♦❞❡❧♦s ❞❡ ❢♦r♠❛ ❣❧♦❜❛❧✱ q✉❡ ♣✉❡❞❛♥
♣r❡❞❡❝✐r ❧❛ ❡✈♦❧✉❝✐ó♥ ② ❡❧ ♦r✐❣❡♥ ❞❡❧ ✉♥✐✈❡rs♦ ❝♦♠♦ ❧❛ ♠étr✐❝❛ ❋▲❘❲✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡s ✐♥✲
t❡r❡s❛♥t❡ ❝♦♥s✐❞❡r❛r ✉♥❛ t❡r❝❡r❛ ❞✐r❡❝❝✐ó♥✱ ❛q✉❡❧❧❛ q✉❡ ❡st✐♠❛ ♠❛♥t❡♥❡r ❧❛s ❞♦s ❞✐r❡❝❝✐♦♥❡s
❛♥t❡r✐♦r❡s ❥✉♥t❛s✳ ❆♥❛❧✐③❛♥❞♦✱ ❞❡s❞❡ ❡st❡ ♣✉♥t♦ ❞❡ ✈✐st❛✱ ❝ó♠♦ ❧♦s s✐st❡♠❛s ❧♦❝❛❧❡s ❡stá♥
✐♥✢✉❡♥❝✐❛❞♦s ♣♦r ❧❛ ❡✈♦❧✉❝✐ó♥ ❛ ❣r❛♥ ❡s❝❛❧❛ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡♥ ❡❧ q✉❡ ❡stá♥ ✐♥♠❡rs♦s✳
▲❛ ♠étr✐❝❛ q✉❡ ❝✉♠♣❧❡ ❝♦♥ ❡st♦s r❡q✉✐s✐t♦s ❢✉❡ ❡♥❝♦♥tr❛❞❛ ♣♦r ▼❝❱✐tt✐❡ ❡♥ ✶✾✸✸ ❬✶✻❪ ②
❡s ❧❛ s♦❧✉❝✐ó♥ ♣r✐♥❝✐♣❛❧ ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ q✉❡ ✐♥t❡♥t❛♥ ❡①♣❧♦r❛r ❧♦s ❢❡♥ó♠❡♥♦s
❧♦❝❛❧❡s ② ❣❧♦❜❛❧❡s ❡♥ ✉♥❛ ♠étr✐❝❛ ✉♥✐✜❝❛❞❛✳
✺✳✹✳✶✳ ❙♦❧✉❝✐ó♥ ❞❡ ▼❝❱✐tt✐❡ s✐♥ ❝✉r✈❛t✉r❛
❊❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❞❡ ▼❝❱✐tt✐❡ ❡s ✉♥❛ s♦❧✉❝✐ó♥ ❡s❢ér✐❝❛♠❡♥t❡ s✐♠étr✐❝❛ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡
❊✐♥st❡✐♥ ❝♦♥ ✉♥ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ❞❡ ✉♥ ✢✉✐❞♦ ♣❡r❢❡❝t♦✱ ② ❞❡s❝r✐❜❡ ❡❧ ❝❛♠♣♦
❡①t❡r♥♦ ❞❡ ✉♥❛ ♠❛s❛ ❝✉❛s✐✲❛✐s❧❛❞❛ q✉❡ ❛s✐♥tót✐❝❛♠❡♥t❡ t✐❡♥❞❡ ❛❧ ✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲✳
■✳ ❍✐♣ót❡s✐s ♣❧❛♥t❡❛❞❛s ♣♦r ▼❝❱✐tt✐❡
P❛r❛ ❞❡t❡r♠✐♥❛r ✉♥❛ ♠étr✐❝❛ q✉❡ ❝♦♥t❡♥❣❛ ❛ ❧❛s ♠étr✐❝❛s ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ② ❋▲❘❲✱
▼❝❱✐tt✐❡ t♦♠ó ❡♥ ❝✉❡♥t❛ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥s✐❞❡r❛❝✐♦♥❡s ❬✺✽❪✿
✶✳ ❊♥ ❝♦♦r❞❡♥❛❞❛s ✐s♦tró♣✐❝❛s ❡♥ ❧❛s ❝❡r❝❛♥í❛s ❞❡❧ ❝❛♠♣♦✱ ❡❧ ❧í♠✐t❡ ❡s ❧❛ ♠étr✐❝❛ ❞❡
❙❝❤✇❛r③s❝❤✐❧❞✳
✷✳ ▲❡❥♦s ❞❡❧ ❝❛♠♣♦✱ ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❡stá ❞❡s❝r✐t♦ ♣♦r ❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❞❡ ❋▲❘❲✳
✸✳ ❊❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ t✐❡♥❡ ❧❛ ❢♦r♠❛ ❞❡ ✉♥ ✢✉✐❞♦ ♣❡r❢❡❝t♦✳
✹✳ ◆♦ ❞❡❜❡ ❡①✐st✐r tér♠✐♥♦s ❝r✉③❛❞♦s ❡♥ ❡❧ t❡♥s♦r ❡♥❡r❣í❛✲♠♦♠❡♥t♦✳
❈❆P❮❚❯▲❖ ✺✳ ❯◆■❱❊❘❙❖ ❉❊ ❋▲❘❲ ❨ ❙❖▲❯❈■Ó◆ ❉❊ ▼❈❱■❚❚■❊ ✽✻
▼❝❱✐tt✐❡✱ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♥❛ s♦❧✉❝✐ó♥ ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥✱ ❛♥❛❧✐③ó ❡❧ ❝❛s♦ ❞❡ ✉♥
❝✉❡r♣♦ ♠❛s✐✈♦ ❡♥ ❡❧ ♦r✐❣❡♥ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ ♥✉❡str♦ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✱ ❝♦♥s✐❞❡r❛♥❞♦
❧♦ s✐❣✉✐❡♥t❡ ❬✶✻❪ ✿
❛✳ ▲❛ ♠❛t❡r✐❛ ❝♦♥t❡♥✐❞❛ ❡♥ ❡❧ ✉♥✐✈❡rs♦ s❡ ❞✐str✐❜✉②❡ ❝♦♥ s✐♠❡trí❛ ❡s❢ér✐❝❛ ❛❧r❡❞❡❞♦r ❞❡
❧❛ s✐♥❣✉❧❛r✐❞❛❞ ❡♥ ❡❧ ♦r✐❣❡♥✳
❜✳ ◆♦ ❡①✐st❡ ✢✉❥♦ ❞❡ ♠❛t❡r✐❛ ♦ r❛❞✐❛❝✐ó♥ ❞❡s❞❡ ♦ ❤❛❝✐❛ ❡❧ ❝✉❡r♣♦ ❝❡♥tr❛❧✳
❝✳ ▲❛ ♣r❡s✐ó♥ ❡s ✐s♦tró♣✐❝❛ ❡♥ ❝✉❛❧q✉✐❡r ♣✉♥t♦ ❞❡s❞❡ ❡❧ ♦r✐❣❡♥✳
❉❡ ❛❝✉❡r❞♦ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❛♥t❡r✐♦r♠❡♥t❡ ❞❡s❝r✐t❛s✱ s❡ tr❛t❛ ❞❡ ❜✉s❝❛r ✉♥❛ ♠étr✐❝❛
❣❡♥❡r❛❧ ✐s♦tró♣✐❝❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ② q✉❡ ❡①♣r❡s❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✐♠❡trí❛
❛❧r❡❞❡❞♦r ❞❡❧ ♦r✐❣❡♥✳ ❯s❛♥❞♦ ❝♦♦r❞❡♥❛❞❛s ❝♦♠ó✈✐❧❡s✱ ♣❧❛♥t❡❛♠♦s ❝♦♠♦ ♠étr✐❝❛ ♠ás ❣❡♥❡r❛❧
❡❧ ❛♥s❛t③ ✉s❛❞♦ ♣♦r ▼❝❱✐tt✐❡
ds2 = eξ(r,t)dt2 − eν(r,t) [dr2 + r2(dθ2 + sin2 θdφ2)] , ✭✺✳✺✺✮
❧❛s ❢✉♥❝✐♦♥❡s ξ ② ν ❧❛ ❞❡t❡r♠✐♥❛r❡♠♦s ✉s❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥✳
❙❡❣✉✐❞❛♠❡♥t❡✱ ♣r♦❝❡❞❡♠♦s ❛ ❝❛❧❝✉❧❛r ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✐♥st❡✐♥✳ P♦r t❛❧
r❛③ó♥✱ ❛ ♣❛rt✐r ❞❡ ❧❛ ♠étr✐❝❛ ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✺✺✮✱ ❝❛❧❝✉❧❛♠♦s ❧❛s ❝♦♠♣♦♥❡♥t❡s
❞❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐✱ ❧❛s ❝✉❛❧❡s ❡stá♥ ❞❛❞❛s ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✸✸✮✳ ❊❧ ❡s❝❛❧❛r ❞❡ ❘✐❝❝✐ s❡
❝❛❧❝✉❧❛ ♣♦r ❧❛ r❡❧❛❝✐ó♥ ✭✷✳✸✹✮❀ ❧✉❡❣♦ t❡♥✐❡♥❞♦ ♣r❡s❡♥t❡ ❡❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ q✉❡
❡stá ❞❛❞♦ ♣♦r ❧❛ ❡①♣r❡s✐ó♥ ✭✸✳✼✮✱ r❡s♦❧✈❡r❡♠♦s ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✐♥st❡✐♥ ♣❛r❛ ❧❛ ❞✐str✐❜✉❝✐ó♥
❞❡ ❞❡♥s✐❞❛❞ ② ♣r❡s✐ó♥✱ ❧❛ ❝✉❛❧ ❡stá ❞❛❞❛ ♣♦r ❬✶✻❪
Gik − Λgik = k(Tik −
1
2
gikT ), ✭✺✳✺✻✮
❞♦♥❞❡ Gik ❡s ❡❧ t❡♥s♦r ❞❡ ❊✐♥st❡✐♥❀ Λ ❡s ❧❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛❀ Tik ❡❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲
♠♦♠❡♥t♦❀ T ❧❛ ❞❡♥s✐❞❛❞ ♣r♦♣✐❛ ② k ✉♥❛ ❝♦♥st❛♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ ❧❛ ❝♦♥st❛♥t❡ ❣r❛✈✐t❛✲
❝✐♦♥❛❧ k = 8πG✳
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡ ❧❛s ✈❛r✐❛❜❧❡s ξ(r, t) ② ν(r, t) s♦♥ ❢✉♥❝✐♦♥❡s ❞❡ r ② t✱ ❧❛s ❝♦♠♣♦♥❡♥t❡s
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❞❡❧ t❡♥s♦r ❞❡ ❊✐♥st❡✐♥ ✈✐❡♥❡♥ ❞❛❞❛s ♣♦r
Gtt =
{
3
2
∂2ν
∂t2
+
3
4
(
∂ν
∂t
)2 − 3
4
∂ξ
∂t
∂ν
∂t
}
− eξ−ν
{
1
2
∂2ξ
∂r2
+
1
4
(
∂ξ
∂r
)2 − 1
r
∂ξ
∂r
+
1
4
∂ξ
∂r
∂ν
∂r
}
✭✺✳✺✼✮
Grr = −eν−ξ
{
1
2
∂2ν
∂t2
+
3
4
(
∂ν
∂t
)2 − 1
4
∂ξ
∂t
∂ν
∂t
}
+
{
1
2
∂2ξ
∂r2
+
1
4
(
∂ξ
∂r
)2 − 1
4
∂ξ
∂r
∂ν
∂r
+
∂2ν
∂r2
+
1
r
∂ν
∂r
}
✭✺✳✺✽✮
Gθθ = −r2eν−ξ
{
1
2
∂2ν
∂t2
+
3
4
(
∂ν
∂t
)2 − 1
4
∂ξ
∂t
∂ν
∂t
}
+ r2
{
1
2
∂2ν
∂r2
+
3
2r
∂ν
∂r
+
1
4
(
∂ν
∂r
)2 +
1
2r
∂ξ
∂r
+
1
4
∂ξ
∂r
∂ν
∂r
}
✭✺✳✺✾✮
Gφφ = −r2eν−ξsen2θ
{
1
2
∂2ν
∂t2
+
3
4
(
∂ν
∂t
)2 − 1
4
∂ξ
∂t
∂ν
∂t
}
+ r2sen2θ
{
1
2
∂2ν
∂r2
+
3
2r
∂ν
∂r
+
1
4
(
∂ν
∂r
)2 +
1
2r
∂ξ
∂r
+
1
4
∂ξ
∂r
∂ν
∂r
}
✭✺✳✻✵✮
Gtr =
∂ν
∂r
∂ν
∂t
− 1
2
∂ν
∂t
∂ξ
∂r
. ✭✺✳✻✶✮
P♦r ♦tr♦ ❧❛❞♦✱ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❡♥❡r❣í❛✲♠♦♠❡♥t♦ s♦♥
T tt = ρ; T
r
r = −p1; T θθ = T φφ = −p2; ✭✺✳✻✷✮
t❛❧ q✉❡
T = ρ− p1 − 2p2. ✭✺✳✻✸✮
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❘❡❡♠♣❧❛③❛♥❞♦ ❧❛s ❡①♣r❡s✐♦♥❡s ❛♥t❡r✐♦r❡s✱ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✐♥st❡✐♥ ✭✺✳✺✻✮✱ ♦❜t❡♥❡♠♦s
e−ξ
{
3
2
∂2ν
∂t2
+
3
4
(
∂ν
∂t
)2 − 3
4
∂ξ
∂t
∂ν
∂t
}
−e−ν
{
1
2
∂2ξ
∂r2
+
1
4
(
∂ξ
∂r
)2 − 1
r
∂ξ
∂r
+
1
4
∂ξ
∂r
∂ν
∂r
}
= −k
2
(ρ+ p1 + 2p2) + Λ, ✭✺✳✻✹✮
−e−ξ
{
1
2
∂2ν
∂t2
+
3
4
(
∂ν
∂t
)2 − 1
4
∂ξ
∂t
∂ν
∂t
}
+e−ν
{
1
2
∂2ξ
∂r2
+
1
4
(
∂ξ
∂r
)2 − 1
4
∂ξ
∂r
∂ν
∂r
+
∂2ν
∂r2
+
1
r
∂ν
∂r
}
= −k
2
(ρ+ p1 − 2p2) + Λ, ✭✺✳✻✺✮
−eξ
{
1
2
∂2ν
∂t2
+
3
4
(
∂ν
∂t
)2 − 1
4
∂ξ
∂t
∂ν
∂t
}
+e−ν
{
1
2
∂2ν
∂r2
+
3
2r
∂ν
∂r
+
1
4
(
∂ν
∂r
)2 +
1
2r
∂ξ
∂r
+
1
4
∂ξ
∂r
∂ν
∂r
}
= −k
2
(ρ− p1) + Λ, ✭✺✳✻✻✮
∂ν
∂r
∂ν
∂t
− 1
2
∂ν
∂t
∂ξ
∂r
= −kTrt. ✭✺✳✻✼✮
❚♦♠❛♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s ✭❜✮ ② ✭❝✮ ❛❝❡r❝❛ ❞❡❧ ✢✉❥♦ ❞❡ ♠❛t❡r✐❛ ② ❧❛ ✐s♦tr♦♣í❛
❞❡ ❧❛ ♣r❡s✐ó♥✱ ❞❡❞✉❝✐♠♦s q✉❡
Trt = 0, p1 = p2. ✭✺✳✻✽✮
❘❡❡♠♣❧❛③❛♥❞♦ ❧❛s ❡①♣r❡s✐♦♥❡s ❞❛❞❛s ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✻✽✮ ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✺✳✻✺✮ ②
✭✺✳✻✻✮ ② ❧✉❡❣♦ ✐❣✉❛❧❛♥❞♦❧❛s✱ ♦❜t❡♥❡♠♦s✿
∂2ξ
∂r2
+
∂2ν
∂r2
− 1
r
[
∂ξ
∂r
+
∂ν)
∂r
]
− ∂ξ
∂r
∂ν
∂r
−1
2
[(
∂ν
∂r
)2
−
(
∂ξ
∂r
)2]
= 0, ✭✺✳✻✾✮
② ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✻✼✮ ♣r❡s❡♥t❛ ❧❛ ❢♦r♠❛
∂ξ
∂r
∂ν
∂t
− 2 ∂
2ν
∂r ∂t
= 0. ✭✺✳✼✵✮
■■✳ ❙♦❧✉❝✐ó♥ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s
P❛rt✐❡♥❞♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✼✵✮✱ ❧✉❡❣♦ ❞✐✈✐❞✐❡♥❞♦❧❛ ♣♦r dν/dt✱ ♥♦s ♣❡r♠✐t❡ ❞❡t❡r♠✐♥❛r ❧❛
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❢✉♥❝✐ó♥ ν(r, t) ❧❛ ❝✉❛❧ t✐❡♥❡ ❧❛ ❢♦r♠❛
ν(r, t) =
∫
dt a(t)e
1
2
ξ(r,t) + a,(r), ✭✺✳✼✶✮
❞♦♥❞❡ a(r) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ t✳
❈♦♥s✐❞❡r❛♥❞♦
ν(r, t) = β(t)e
1
2
ξ(r) + a,(r) ✭✺✳✼✷✮
❞♦♥❞❡
β(t) =
∫
a(t) dt. ✭✺✳✼✸✮
❘❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✼✶✮ ♦❜t❡♥❡♠♦s ❞♦s ♣♦s✐❜✐❧✐❞❛❞❡s✿
■✳ ❙✐ β ❡s ❝♦♥st❛♥t❡✳
❊♥ ❡st❡ ❝❛s♦✱ s♦❧❛♠❡♥t❡ ❧❧❡❣❛♠♦s ❛❧ ❝❛s♦ ❡stát✐❝♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✳
■■✳ ❙✐ β ❡s ❛r❜✐tr❛r✐❛✳
❊♥t♦♥❝❡s ξ ❡s ❝♦♥st❛♥t❡ ② a,(r) ❡stá ❞❛❞❛ ♣♦r
d2a,
dr2
− 1
r
da,
dr
− 1
2
(
da,
dr
)
= 0, ✭✺✳✼✹✮
s✐❡♥❞♦ s✉ s♦❧✉❝✐ó♥
a(r) = −2 ln
(
1 +
r2
4R2
)
✭✺✳✼✺✮
❞♦♥❞❡ R ❡s ❡❧ r❛❞✐♦ ❞❡❧ ✉♥✐✈❡rs♦✱ ❡st❡ r❡s✉❧t❛❞♦ ❝♦♥❞✉❝❡ ❛ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❋▲❘❲✳
❆❤♦r❛ r❡s♦❧✈❡r❡♠♦s ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✼✶✮ ♣❛r❛ ❧❛ ❝♦♥❞✐❝✐ó♥ a,(r) = 0✳ ❈♦♠❡♥③❛r❡♠♦s ❡①♣r❡✲
s❛♥❞♦ ξ ② ν ❝♦♠♦ ✉♥❛ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ❡♥ tér♠✐♥♦s ❞❡ 1/r✱ ❡♥t♦♥❝❡s
e
1
2
ξ(r,t) = γ(r, t) = 1 +
∞∑
s=1
as(t)u
ms(r), ✭✺✳✼✻✮
❞♦♥❞❡ ❧❛s ❝♦♥st❛♥t❡s as s♦♥ ❢✉♥❝✐♦♥❡s q✉❡ ❞❡♣❡♥❞❡♥ ❞❡ t✱ u(r) = 1r ② ms ♥♦s ✐♥❞✐❝❛ ❧❛
♣♦t❡♥❝✐❛ ❞❡ u(r) ❡♥ ♦r❞❡♥ ❛s❝❡♥❞❡♥t❡✳ ❙✉st✐t✉②❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✼✻✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥
✭✺✳✼✷✮✱ ♦❜t❡♥❡♠♦s
ν(r, t) = β(t) +
∞∑
s=1
ums(r)βs(t), ✭✺✳✼✼✮
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❞♦♥❞❡
β(t) =
∫
a(t) dt, ✭✺✳✼✽✮
βs(t) =
∫
a(t)as(t) dt. ✭✺✳✼✾✮
❍❛❝✐❡♥❞♦ ✉♥ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ r −→ u(r) ② s✉st✐t✉②❡♥❞♦ ξ ❡♥ tér♠✐♥♦s ❞❡ γ(r, t)✱ ♣♦❞❡✲
♠♦s ♦❜t❡♥❡r ❧♦s s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s✿
∂ν
∂r
= −u2∂ν
∂u
,
∂2ν
∂r2
= u2
[
2u
∂ν
∂u
+ u2
∂2ν
∂u2
]
,
∂ξ
∂r
= −2u
2
γ
∂γ
∂u
,
∂2ξ
∂r2
= 2u2
[
2u
γ
∂γ
∂u
+
u2
γ
∂2γ
∂u2
− u
2
γ2
∂γ
∂u
∂γ
∂u
]
. ✭✺✳✽✵✮
❙✉st✐t✉②❡♥❞♦ ❧❛s ❡①♣r❡s✐♦♥❡s ❛♥t❡r✐♦r❡s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✻✾✮✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r ❡❧ ❢❛❝t♦r
γ/u3✱ ♦❜t❡♥❡♠♦s
γ
(
u
∂2ν
∂u2
+ 3
∂ν
∂u
)
+ 2u
∂2γ
∂u2
+
(
6− 2u∂ν
∂u
)
∂γ
∂u
− γu
2
(
∂ν
∂u
)2
= 0. ✭✺✳✽✶✮
P❛r❛ r❡s♦❧✈❡r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✽✶✮✱ ✉s❛r❡♠♦s ❡❧ ♠ét♦❞♦ ❞❡ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s❀ s✐♥ ❡♠❜❛r❣♦✱
❞❡❜✐❞♦ ❛ q✉❡ ❡❧ ú❧t✐♠♦ tér♠✐♥♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❡s ❞❡ s❡❣✉♥❞♦ ❣r❛❞♦✱ t❡♥❞r❡♠♦s ✉♥❛ s❡r✐❡
✐♥✜♥✐t❛ ❛❧ ❝✉❛❞r❛❞♦✳ P❛r❛ s❛❧✈❛r ❡st❡ ♣❡r❝❛♥❝❡ ♣r♦❝❡❞❡♠♦s ❝♦♠♦ ❧♦ ❤✐③♦ ▼❝❱✐tt✐❡✱ ❝♦♥s✐✲
❞❡r❛r❡♠♦s q✉❡ ❧❛ s♦❧✉❝✐ó♥ s❡ ❝♦♠♣♦rt❛ ❞❡ ❢♦r♠❛ ✐❞é♥t✐❝❛ ❝♦♥ ❧♦s ♣r✐♠❡r♦s tér♠✐♥♦s ❞❡ ❧❛
s❡r✐❡✱ ❡s ❞❡❝✐r✱ ❡✈❛❧✉❛r ❧♦s tér♠✐♥♦s ❤❛st❛ s = 2 ② ❡①tr❛♣♦❧❛r❡♠♦s s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛
t♦❞❛ ❧❛ s❡r✐❡✳
❘❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡①♣r❡s✐ó♥ ✭✺✳✼✼✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✽✶✮✱ s❡ ♦❜t✐❡♥❡
(1 +
∑
s=1 asu
ms) [(u
∑
s=1 βsms(ms − 1)ums−2) + 3
∑
s=1 βsmsu
ms−1]
+2u
∑
s=1
asms(ms − 1)ums−2 +
[
6− 2u
(∑
s=1
βsmsu
ms−1
)] ∑
s=1
asmsu
ms−1
−1
2
u
[
1 +
∑
s=1
asu
ms
](∑
s=1
βsmsu
ms−1
)2
= 0, ✭✺✳✽✷✮
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❛❤♦r❛ ❡①♣❛♥❞❡♠♦s ❧❛s s❡r✐❡s ❤❛st❛ s = 2✱ ♦❜t❡♥✐❡♥❞♦s❡
(1 + a1u
m1 + a2u
m2)
[
uβ1m1(m1 − 1)um1−2 + uβ2m2(m2 − 1)um2−1
]
+ (1 + a1u
m1 + a2u
m2)
[
3β1m1u
m1−1 + 3β2m2u
m2−1
]
+ 2ua1m1(m1 − 1)um1−2 + 2ua2m2(m2 − 1)um2−2
+ 6
[
6− 2u (β1m1um1−1 + β2m2um2−1)]× [a1m1um1−1 + a2m2um2−1]
− 1
2
u [1 + a1u
m1 + a2u
m2 ]
[
β1m1u
m1−1 + β2m2u
m2−1
]2
= 0; ✭✺✳✽✸✮
s❡❣✉✐❞❛♠❡♥t❡✱ ❛❣r✉♣❛♠♦s ❧♦s tér♠✐♥♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s ♣r✐♠❡r❛s ♣♦t❡♥❝✐❛s ❞❡ u
❝♦♠♦ um1−1✱ u2m1−1 ② um2−1✱ ♦❜t❡♥✐❡♥❞♦ ❧❛ ❡①♣r❡s✐ó♥
[β1m1(m1 − 1) + 3β1m1 + 2a1m1(m1 − 1) + 6a1m1] um1−1 +
+
[
a1β1m1(m1 − 1) + 3a1β1m1 − 2a1β1m21 − 12β21m21
]
u2m1−1 +
+ [β2m2(m2 − 1) + 3β2m2 + 2a2m2(m2 − 1) + 6a2m2] um2−1 +
+O(u) = 0 ✭✺✳✽✹✮
❞♦♥❞❡ O(u) ❝♦rr❡s♣♦♥❞❡ ❛ ❧♦s tér♠✐♥♦s ❞❡ ♦r❞❡♥ s✉♣❡r✐♦r ♣r♦♣♦r❝✐♦♥❛❧❡s ❛ um1+m2−1✱
um1+m2−2✱ u2m2−1✱ u2m1−1✱ u2m2−1✱ um1+m2 ✱ u3m1−1✱ um1+2m2−1✱ u2m1+m2 ✱ u2m1+m2−1✱ u3m2−1✱
um1+m2 ✳ ◆♦t❛♠♦s q✉❡ ❧❛ ♣♦t❡♥❝✐❛ ♠ás ❜❛❥❛ ❞❡ u ❝♦rr❡s♣♦♥❞❡ ❛❧ tér♠✐♥♦ um1−1✳ ❆❧ ✐❣✉❛❧❛r
s✉ ❝♦❡✜❝✐❡♥t❡ ❛ ❝❡r♦ ♦❜t❡♥❡♠♦s
m1(m1 + 2)(2a1 + β1) = 0. ✭✺✳✽✺✮
▲❛s s✐❣✉✐❡♥t❡s ❞♦s ♣♦t❡♥❝✐❛s ❞❡ u s♦♥ u2m1−1 ② um2−1✳ ■❣✉❛❧❛♥❞♦ ❡①♣♦♥❡♥t❡s✱ ♣❛r❛ ♣❡r♠✐t✐r
q✉❡ ❧❛ s❡r✐❡ s❡❛ ❝♦♥s✐st❡♥t❡✱ ♦❜t❡♥❡♠♦s
2m1 − 1 = m2 − 1
m2 = 2m1. ✭✺✳✽✻✮
❊st❛ ❝♦♥❞✐❝✐ó♥ ❡s ♣♦s✐❜❧❡ ❡①t❡♥❞❡r❧❛ ❛ t♦❞❛ ❧❛ s❡r✐❡✱ ❝✉♠♣❧✐❡♥❞♦s❡ ms = sm1✳ P♦r ♦tr♦
❧❛❞♦✱ ❞❡s❡❛♠♦s q✉❡ ❧❛ ♠étr✐❝❛ q✉❡ ❡st❛♠♦s ❜✉s❝❛♥❞♦ ❝♦♥t❡♥❣❛ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱
❡♥t♦♥❝❡s ❞❡❜❡ ♣♦s❡❡r ✉♥ tér♠✐♥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ 1/r ♣❛r❛ ❛s❡❣✉r❛r ❧❛ s✐♥❣✉❧❛r✐❞❛❞ ❞❡
✉♥ ❛❣✉❥❡r♦ ♥❡❣r♦❀ ❡st♦ s❡ ❝♦♥s✐❣✉❡ ❤❛❝✐❡♥❞♦ m1 = 1✳
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❆♥❛❧✐③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✽✹✮✱ ❝♦♥❝❧✉✐♠♦s q✉❡ t♦❞♦s ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ s✉s tér♠✐♥♦s ❞❡❜❡♥
s❡r ♥✉❧♦s✳ P♦r t❛❧ r❛③ó♥✱ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❛s♦❝✐❛❞♦ ❛❧ tér♠✐♥♦ um1−1 ❞❡❜❡ s❡r ♥✉❧♦✱ ❡s ❞❡❝✐r✱
2a1 + β1 = 0, ✭✺✳✽✼✮
② s✉ ❞❡r✐✈❛❞❛ ❞❡ ♣r✐♠❡r ♦r❞❡♥ ✐❣✉❛❧ ❛
1
a1
da1
dt
= −1
2
dβ
dt
. ✭✺✳✽✽✮
❙✉♠❛♥❞♦ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧♦s tér♠✐♥♦s u2m1−1 ② um2−1 ❝♦rr❡s♣ó♥❞✐❡♥t❡s ❛ ❧❛ ❡❝✉❛❝✐ó♥
✭✺✳✽✹✮ ♦❜t❡♥❡♠♦s
a1β1 [m1(m1 − 1) + 3m1]− (2a1β1− 1
2
β21)m1 + (β2 +2a2)m2(m2− 1)+ (6a2 +3β2)m2 = 0,
t❡♥✐❡♥❞♦ ♣r❡s❡♥t❡ q✉❡ ❛♥t❡r✐♦r♠❡♥t❡ s❡ ❝♦♥s✐❞❡ró m1 = 1 ② ✉s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✽✻✮ ❧❛
❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r t♦♠❛ ❧❛ ❢♦r♠❛
a1β1 − 1
2
β21 + 8β2 + 16a2 = 0,
❧✉❡❣♦ ✉s❛♥❞♦ ❧❛ r❡❧❛❝✐ó♥ ✭✺✳✽✼✮ ♦❜t❡♥❡♠♦s
2a2 + β2 =
a21
2
.
❊♥ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r ♣♦❞❡♠♦s ♥♦t❛r q✉❡ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ❡s ❞✐r❡❝t❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧
❛ a21 ② ❡❧ ❢❛❝t♦r ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞ ❞❡♣❡♥❞❡✱ ❡♥ ❣❡♥❡r❛❧✱ ❞❡❧ tér♠✐♥♦ q✉❡ s❡ ❛s♦❝✐❡ ❡♥ ❧❛
s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s✳
●❡♥❡r❛❧✐③❛♥❞♦ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r ❝♦♥ ✉♥ ❢❛❝t♦r ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞ c2 ♦❜t❡♥❡♠♦s
2a2 + β2 = c2a
2
1. ✭✺✳✽✾✮
❆❤♦r❛ ❞❡r✐✈❛♠♦s ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r ② ♦❜t❡♥❡♠♦s ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧
2
da2
dt
+
2
a1
da1
dt
β2 = 2c2a1
da1
dt
, ✭✺✳✾✵✮
✉s❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✺✳✽✼✮ ② ✭✺✳✽✾✮ s❡ ♦❜t✐❡♥❡
a2 = c2a
2
1; ✭✺✳✾✶✮
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✉s❛♥❞♦ ❧❛ r❡❧❛❝✐ó♥ ✭✺✳✽✾✮✱ ❡♥❝♦♥tr❛♠♦s ❡❧ ✈❛❧♦r ❞❡ β2
β2 = −c2a21. ✭✺✳✾✷✮
●❡♥❡r❛❧✐③❛♥❞♦ ♣❛r❛ ❝✉❛❧q✉✐❡r ✈❛❧♦r ❞❡ a ② β ② ♣❛r❛ n > 1✱ s❡ t✐❡♥❡
an = cna
n
1 ,
βn = −2cn
n
an1 . ✭✺✳✾✸✮
❍❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ a1 = µ(t)✱ ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✺✳✼✻✮ ✱ ✭✺✳✼✼✮ ② t❡♥✐❡♥❞♦ ❡♥
❝✉❡♥t❛ q✉❡ u(r) = 1/r✱ ♦❜t❡♥❡♠♦s
γ(r, t) = 1 +
∑
s
asu
s = 1 +
∑
s
csa
s
1
(
1
r
)s
= 1 +
∑
s
cs
(
µ(t)
r
)s
, ✭✺✳✾✹✮
ν(r, t) = β(t) +
∑
s
usβs = β(t)− 2
∑
s
uscs
as1
s
= β(t)− 2
∑
s
cs
s
(
µ(t)
r
)s
, ✭✺✳✾✺✮
❤❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ a1 = µ(t)✱ r❡s✉❧t❛
1
2
dβ
dt
= − 1
µ
dµ
dt
. ✭✺✳✾✻✮
▲❛s ❡❝✉❛❝✐♦♥❡s ✭✺✳✾✹✮ ② ✭✺✳✾✺✮ ♣✉❡❞❡♥ ❡①♣r❡s❛rs❡ ❡♥ ❧❛ ❢♦r♠❛
∂ν
∂r
=
2
r
(γ − 1) ✭✺✳✾✼✮
∂ν
∂t
= − 2
µ
dµ
dt
γ. ✭✺✳✾✽✮
❉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✾✽✮✱ ❛♣❧✐❝❛♥❞♦ ❧❛ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛✱ ♦❜t❡♥❡♠♦s
∂2ν(r, t)
∂r2
=
∂
∂r
(
2(γ − 1)
r
)
=
2
r
[
∂γ
∂r
r − (γ − 1)
]
. ✭✺✳✾✾✮
❍❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ ξ = 2lnγ ② ❝❛❧❝✉❧❛♥❞♦ s✉s ❞❡r✐✈❛❞❛s r❡s♣❡❝t♦ ❞❡ r ♦❜t❡♥❡✲
♠♦s
∂ξ
∂r
= 2
1
γ
∂γ
∂r
, ✭✺✳✶✵✵✮
∂2ξ
∂r2
=
2
γ
[
−1
γ
(
∂γ
∂r
)2
+
∂2γ
∂r2
]
, ✭✺✳✶✵✶✮
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r❡❡♠♣❧❛③❛♥❞♦ ❧❛s r❡❧❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✼✵✮ ❧✉❡❣♦ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r ❡❧
❢❛❝t♦r γr2/2 ♦❜t❡♥❡♠♦s
r2
∂2γ
∂r2
− r (γ − 1) ∂γ
∂r
− γ (γ2 − 1) = 0. ✭✺✳✶✵✷✮
P❛r❛ r❡s♦❧✈❡r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✵✷✮✱ ❤❛❝❡♠♦s ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ r = ex✱ s❡ ♦❜t✐❡♥❡
∂2γ
∂x2
− γ ∂γ
∂x
− γ (γ2 − 1) = 0. ✭✺✳✶✵✸✮
❯♥❛ ♣r✐♠❡r❛ ✐♥t❡❣r❛❧ ♣❛rt✐❝✉❧❛r ❡s
dγ
dx
= γ2 − 1, ✭✺✳✶✵✹✮
❤❛❝✐❡♥❞♦ z = γ2 − 1 ❞♦♥❞❡ w ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❛r❜✐tr❛r✐❛ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s x, z
② q✉❡ r❡s✉❧t❛ ❝♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ ✐♥t❡❣r❛❧ ✐♥❞❡✜♥✐❞❛❀ ❡♥t♦♥❝❡s
dγ
dx
= z (1 + w) , ✭✺✳✶✵✺✮
❝❛❧❝✉❧❛♥❞♦ ❧❛s s✐❣✉✐❡♥t❡s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s
∂z
∂x
= 2γ
∂γ
∂x
= 2
√
z2 + 1z (1 + w) , ✭✺✳✶✵✻✮
∂w
∂x
=
∂w
∂z
∂z
∂x
= 2
√
z2 + 1z (1 + w)
∂w
∂z
, ✭✺✳✶✵✼✮
r❡❡♠♣❧❛③❛♥❞♦ ❧❛s ❡①♣r❡s✐♦♥❡s ❛♥t❡r✐♦r❡s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✵✸✮✱ q✉❡❞❛ ❝♦♠♦
z
dw
dz
= −w(2w + 3)
2(1 + w)
, ✭✺✳✶✵✽✮
✐♥t❡❣r❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ ♦❜t❡♥❡♠♦s
w2 (2w + 3) =
A3
z3
✭✺✳✶✵✾✮
♦ s✉ ❡q✉✐✈❛❧❡♥t❡ (
dγ
dx
− γ2 + 1
)2(
2
dγ
dx
+ γ2 − 1
)
= A3, ✭✺✳✶✶✵✮
❝♦♥s✐❞❡r❛♥❞♦ ❡❧ ❢❛❝t♦r
2
dγ
dx
+ γ2 − 1 = 0, ✭✺✳✶✶✶✮
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✐♥t❡❣r❛♥❞♦✱ ♥♦s r❡♣r♦❞✉❝❡
γ =
1− µ
2
e−x
1 + µ
2
e−x
, ✭✺✳✶✶✷✮
s✐❡♥❞♦ u/2 ✉♥❛ ❝♦♥st❛♥t❡ ❞❡ ✐♥t❡❣r❛❝✐ó♥✳ ❘❡✈✐rt✐❡♥❞♦ ❧❛ ✈❛r✐❛❜❧❡ r✱ ♦❜t❡♥❡♠♦s
γ =
1− µ(t)
2r
1 +
µ(t)
2r
. ✭✺✳✶✶✸✮
❘❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✶✸✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✾✽✮s❡ ♦❜t✐❡♥❡
dν
dr
= −2
r

µ(t)
2r
1 +
µ(t)
2r
 , ✭✺✳✶✶✹✮
✐♥t❡❣r❛♥❞♦✱ ♦❜t❡♥❡♠♦s
ν(r, t) = β(t) + 4 ln
(
1 +
µ(t)
2r
)
. ✭✺✳✶✶✺✮
❘❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✼✻✮✱ ♦❜t❡♥❡♠♦s
eξ(r,t) =
(
1− µ(t)
2r
)2
(
1 + µ(t)
2r
)2 . ✭✺✳✶✶✻✮
❘❡❡♠♣❧❛③❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✺✳✶✶✺✮ ② ✭✺✳✶✶✻✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✺✺✮✱ ♦❜t❡♥❡♠♦s
ds2 =
(
1− µ(t)
2r
1 + µ(t)
2r
)2
dt2 −
(
1 +
µ(t)
2r
)4
eβ(t)
[
dr2 + r2
(
dθ2 + sin2 θdφ2
)]
. ✭✺✳✶✶✼✮
❙✐♥ ❡♠❜❛r❣♦✱ ❞❡❜❡♠♦s t❡♥❡r ♣r❡s❡♥t❡ q✉❡ ❧❛ ♠étr✐❝❛ ✭✺✳✶✶✼✮ ❞❡❜❡ r❡❞✉❝✐rs❡ ❛ ❧❛ ♠étr✐❝❛
❞❡ ❙❝❤❛r✇③s❝❤✐❧❞ ② ❋▲❘❲❀ ♣♦r t❛♥t♦✱ ♣❛r❛ s❡r ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡s♦s ♠♦❞❡❧♦s ❝♦♥s✐❞❡r❛♠♦s
eβ = a2(t), ✭✺✳✶✶✽✮
❝♦♥ ❡st❛ ❝♦♥❞✐❝✐ó♥ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ r❡s✉❧t❛
ds2 =
(
1− µ(t)
2r
1 + µ(t)
2r
)2
dt2 −
(
1 +
µ(t)
2r
)4
a2(t)
[
dr2 + r2
(
dθ2 + sin2 θdφ2
)]
, ✭✺✳✶✶✾✮
❝♦♥s✐❞❡r❛♥❞♦ ❧♦s ❧í♠✐t❡s r❡s♣❡❝t✐✈♦s✿
❈❆P❮❚❯▲❖ ✺✳ ❯◆■❱❊❘❙❖ ❉❊ ❋▲❘❲ ❨ ❙❖▲❯❈■Ó◆ ❉❊ ▼❈❱■❚❚■❊ ✾✻
✶✳ ❈✉❛♥❞♦ a(t)→ cte. ② µ(t)→ m✳
▲❛ ♠étr✐❝❛ s❡ r❡❞✉❝❡ ❛ ❧❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✼✮✳
✷✳ ❈✉❛♥❞♦ µ(t)→ 0✳
▲❛ ♠étr✐❝❛ s❡ r❡❞✉❝❡ ❛ ❧❛ ♠étr✐❝❛ ❞❡ ❋▲❘❲ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✸✹✮✳
P♦❞❡♠♦s r❡❡s❝r✐❜✐r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✶✾✮ ❡♥ ❢✉♥❝✐ó♥ ❡①♣❧✐❝✐t❛ ❞❡ ❧❛ ♠❛s❛✳ ■♥t❡❣r❛♥❞♦ ❧❛
❡❝✉❛❝✐ó♥ ✭✺✳✾✻✮✱ ❡♥❝♦♥tr❛♠♦s q✉❡
β = −2lnµ+ q1, ✭✺✳✶✷✵✮
eβ =
q22
µ2
, ✭✺✳✶✷✶✮
❞♦♥❞❡ q1 ② q2 s♦♥ ❝♦♥st❛♥t❡s✳
❉❡ ❛❝✉❡r❞♦ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✶✽✮✱ ♦❜t❡♥❡♠♦s
µ(t) =
q2
a(t)
. ✭✺✳✶✷✷✮
■❞❡♥t✐✜❝❛♥❞♦ ❛ q2 ❝♦♠♦ ❧❛ ♠❛s❛✱ ❡s ❞❡❝✐r✱ q2 = m s❡ t✐❡♥❡
µ(t) =
m
a(t)
, ✭✺✳✶✷✸✮
r❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✶✾✮✱ ♦❜t❡♥❡♠♦s
ds2 =
(
1− m
2ra(t)
1 + m
2ra(t)
)2
dt2 − a2(t)
(
1 +
m
2ra(t)
)4 [
dr2 + r2
(
dθ2 + sin2 θdφ2
)]
. ✭✺✳✶✷✹✮
✺✳✹✳✷✳ ❙♦❧✉❝✐ó♥ ❞❡ ▼❝❱✐tt✐❡ ❝♦♥ ❝✉r✈❛t✉r❛
❊❧ r❡s✉❧t❛❞♦ ♦❜t❡♥✐❞♦ ❡♥ ✭✺✳✶✶✾✮ ❝♦rr❡s♣♦♥❞❡ ♣❛r❛ ❡❧ ❝❛s♦ s✐♥ ❝✉r✈❛t✉r❛✱ ❞♦♥❞❡ s❡ r❡str✐♥❣✐ó
ν(r, t) ❝♦♥ a,(r) = 0✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧❛ s♦❧✉❝✐ó♥ ✭✺✳✶✶✾✮ s❡ ♣✉❡❞❡ ❣❡♥❡r❛❧✐③❛r t❡♥✐❡♥❞♦ ❡♥
❝✉❡♥t❛ ❧❛ ❝✉r✈❛t✉r❛ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦✱ ❡s ❞❡❝✐r✱ ♣❛r❛ ❡❧ ❝❛s♦ a,(r) 6= 0✳ P❛r❛ ●❡♥❡r❛❧✐③❛r ❧❛
r❡❧❛❝✐ó♥ ✭✺✳✶✶✺✮ ❛❞✐❝✐♦♥❛♠♦s ❛ ν(r, t) ❡❧ tér♠✐♥♦ a(r)✳ P♦r t❛♥t♦✱ ❧❛ ❢✉♥❝✐ó♥ ν(r, t) t♦♠❛rá
❧❛ ❢♦r♠❛
ν(r, t) = β + 4 ln (1 + y(r, t)) + a,(r), ✭✺✳✶✷✺✮
❈❆P❮❚❯▲❖ ✺✳ ❯◆■❱❊❘❙❖ ❉❊ ❋▲❘❲ ❨ ❙❖▲❯❈■Ó◆ ❉❊ ▼❈❱■❚❚■❊ ✾✼
❞♦♥❞❡ a,(r) ❡stá ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✼✺✮ ② µ(t)/2r −→ y(r, t)✳ ❈♦♥ ❡st❛s ❝♦♥❞✐❝✐♦♥❡s✱
❣❡♥❡r❛❧✐③❛♠♦s ❧❛ s♦❧✉❝✐ó♥ ♦❜t❡♥✐❞❛ ❡♥ ✭✺✳✶✶✸✮ ❞❡ ❧❛ ❢♦r♠❛
e
1
2
ξ(r,t) = γ(r, t) =
1− y(r, t)
1 + y(r, t)
, ✭✺✳✶✷✻✮
r❡❡♠♣❧❛③❛♥❞♦ ❡♥ ✭✺✳✽✶✮✱ s❡ ♦❜t✐❡♥❡
∂2y
∂r2
− 3
y
(
∂y
∂r
)2
− ∂y
∂r
(
1
r
+
da,
dr
)
= 0. ✭✺✳✶✷✼✮
■♥t❡❣r❛♠♦s s♦❜r❡ r ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r ② t❡♥✐❡♥❞♦ ♣r❡s❡♥t❡ q✉❡ a,(r) = −2ln(1 + r
2
4R2
)✱
♦❜t❡♥❡♠♦s
1
y3
(
∂y
∂r
)
=
B(t)r(
1 + kr
2
4R2
)2 , ✭✺✳✶✷✽✮
❞♦♥❞❡ R ❡s ❡❧ r❛❞✐♦ ❞❡❧ ✉♥✐✈❡rs♦ ② k = +1, 0,−1 ❞❡✜♥❡ ❧❛ ❝✉r✈❛t✉r❛ ✐♥trí♥s❡❝❛ ❞❡❧ s✉❜❡s✲
♣❛❝✐♦ tr✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♥ t❂❝♦♥st❛♥t❡✳ ■♥t❡❣r❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ ♦❜t❡♥❡♠♦s
1
y
= C(t) +
4R2B(t)(
1 + kr
2
4R2
) , ✭✺✳✶✷✾✮
❞♦♥❞❡ B(t) ② C(t) s♦♥ ❝♦♥st❛♥t❡s ❞❡ ✐♥t❡❣r❛❝✐ó♥ ❞❡♣❡♥❞✐❡♥t❡s ❞❡❧ t✐❡♠♣♦✳ P❛r❛ ❞❡t❡r♠✐♥❛r
❡st❛s ❝♦♥st❛♥t❡s✱ ♥❡❝❡s✐t❛♠♦s ❝❛❧❝✉❧❛r ♣r❡✈✐❛♠❡♥t❡ y(r, t) t❛❧ q✉❡ ❝✉❛♥❞♦ ❧❛ ♣r♦♣♦r❝✐ó♥ r/R
s❡❛ ❞❡s♣r❡❝✐❛❜❧❡ ❞❡❜✐❞♦ ❛ q✉❡ (r/R << 1) ♣♦❞❛♠♦s r❡❝✉♣❡r❛r ❡❧ ✈❛❧♦r ❞❡
y(r, t) =
µ(t)
2r
. ✭✺✳✶✸✵✮
P♦r ❧♦ t❛♥t♦✱ ❝♦♥s❡❣✉✐♠♦s ❡st❛ s♦❧✉❝✐ó♥ ❝♦♥s✐❞❡r❛♥❞♦
C(t) =
16R2
µ2(t)
, ✭✺✳✶✸✶✮
B(t) =
−4
µ2(t)
, ✭✺✳✶✸✷✮
❡♥t♦♥❝❡s ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✷✾✮ q✉❡❞❛rá ❞❡ ❧❛ ❢♦r♠❛
y(r, t) =
µ(t)
2r
(
1 +
kr2
4R2
)
. ✭✺✳✶✸✸✮
❘❡❡♠♣❧❛③❛♠♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✷✻✮✱ ❞❡s♣❡❥❛♠♦s ξ(r, t) ② r❡❡♠♣❧❛③❛♠♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥
✭✺✳✶✷✺✮✱ ♦❜t❡♥✐❡♥❞♦s❡
ν(r, t) = β(t) + 4 ln
[
1 +
µ(t)
2r
(
1 +
kr2
4R2
)1/2]
− 2 ln
(
1 +
kr2
4R2
)
, ✭✺✳✶✸✹✮
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ξ(r, t) = 2 ln
1− µ(t)2r
(
1 + kr
2
4R2
)1/2
1 + µ(t)
2r
(
1 + kr
2
4R2
)1/2
 . ✭✺✳✶✸✺✮
❘❡❡♠♣❧❛③❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✺✺✮✱ ♦❜t❡♥❡♠♦s ❧❛ ❡❝✉❛❝✐ó♥
ds2 =
1− µ(t)2r
(
1 + kr
2
4R2
)1/2
1 + µ(t)
2r
(
1 + kr
2
4R2
)1/2

2
dt2
−
[
1 + µ(t)
2r
(
1 + kr
2
4R2
)1/2]4
(
1 + kr
2
4R2
)2 eβ(t) [dr2 + r2 (dθ2 + sin2 θdφ2)] , ✭✺✳✶✸✻✮
❞♦♥❞❡ ❡❧ ♣❛rá♠❡tr♦ k ♣✉❡❞❡ t♦♠❛r ✈❛❧♦r❡s ❞❡−1, 0,+1 ♣❛r❛ ✉♥ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❤✐♣❡r❜ó❧✐❝♦✱
♣❧❛♥♦ ② ❡s❢ér✐❝♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❬✺✾❪✳ ▲❛ ❡①♣r❡s✐ó♥ ✭✺✳✶✸✻✮ ❡s ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧❛
♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ② ❡s ✈á❧✐❞❛ ♣❛r❛ ❝✉❛❧q✉✐❡r ❝✉r✈❛t✉r❛✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❝❛❜❡ ✐♥❞✐❝❛r q✉❡
❡s ♣♦s✐❜❧❡ ♦tr♦ t✐♣♦ ❞❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ♣❛r❛ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♥❛ ♠❛s❛
✈❛r✐❛❜❧❡ ❡♥ ❡❧ t✐❡♠♣♦ m = m(t)✳ ❆s✐ ❡s❝r✐❜✐♠♦s ❧❛ ♠étr✐❝❛ ✭✺✳✶✷✹✮ ❝♦♠♦ ❬✻✵❪
ds2 =
(
1− m(t)
2ra(t)
1 + m(t)
2ra(t)
)2
dt2 − a2(t)
(
1 +
m(t)
2ra(t)
)4 [
dr2 + r2
(
dθ2 + sin2 θdφ2
)]
. ✭✺✳✶✸✼✮
❆♥❛❧✐③❛♥❞♦ ❧❛ ♠étr✐❝❛ ❛♥t❡r✐♦r✱ ♥♦t❛♠♦s ❛❧ ✐❣✉❛❧ q✉❡ ❧❛s ♠étr✐❝❛ ✭✺✳✶✶✾✮✱ ❡st❛ s❡ r❡❞✉❝❡ ❛
❧❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❝✉❛♥❞♦ s❡ ✜❥❛♥✿ k = 0✱ a(t) ❝♦♥st❛♥t❡ ② ❛ ❧❛ ♠étr✐❝❛ ❋▲❘❲
♦r❞✐♥❛r✐❛ ❡♥ ❡❧ ❧í♠✐t❡ m(t) −→ 0✳
❈❛♣ít✉❧♦ ✻
❙♦❧✉❝✐ó♥ ❞❡ ▼❝❱✐tt✐❡ ❝♦♥ ♣❛rtí❝✉❧❛
❝❛r❣❛❞❛ ② ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛
♥❡❣❛t✐✈❛
▲❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❬✶✻❪ ❡s ❧❛ ♣r✐♠❡r❛ s♦❧✉❝✐ó♥ ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ ❝♦♥ ❡❧
♦❜❥❡t✐✈♦ ❞❡ ❞❡s❝r✐❜✐r ✉♥❛ ♣❛rtí❝✉❧❛ ❡s❢ér✐❝❛♠❡♥t❡ s✐♠étr✐❝❛ ❡♥ ✉♥ ✉♥✐✈❡rs♦ ❡♥ ❡①♣❛♥s✐ó♥✳
❊❧ ❡st✉❞✐♦ ❞❡ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝♦♥ ❝❛r❣❛ ❡s ✐♠♣♦rt❛♥t❡ ♣♦rq✉❡ ♥♦s ♣❡r♠✐t❡ ❡st✉✲
❞✐❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ ❛❣✉❥❡r♦ ♥❡❣r♦ ❝❛r❣❛❞♦ ❡♥ ✉♥ ✉♥✐✈❡rs♦ ❡♥ ❡①♣❛♥s✐ó♥ ❬✽✵❪✳ P♦r
♦tr♦ ❧❛❞♦✱ ❡st✉❞✐❛r ❧❛ s♦❧✉❝✐ó♥ ❞❡ ▼❝❱✐tt✐❡ ❝♦♥ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛ ✭Λ < 0✮ ❡s
tr❛s❝❡♥❞❡♥t❡ ②❛ q✉❡ ❧❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❡♥tr❡ ❡❧ ❡s♣❛❝✐♦ ❆♥t✐✲❞❡ ❙✐tt❡r ✭❆❞❙✮ ② ❧❛ t❡♦rí❛
❝♦♥❢♦r♠❡ ✭❈❋❚✮✱ ❝♦♥♦❝✐❞❛ ❝♦♠♦ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❆❞❙✴❈❋❚✱ ♥♦s ✐♥❞✐❝❛ q✉❡ ♣❛r❛ ❡❧ ❝❛s♦
Λ < 0 s✉ ❛♥á❧✐s✐s ❡s ❞✐❣♥♦ ❞❡ ❝♦♥s✐❞❡r❛❝✐ó♥✳ ❊❧ ❡s♣❛❝✐♦ ❆♥t✐✲❞❡ ❙✐tt❡r ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛
s♦❧✉❝✐ó♥ ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ ❝♦♥ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛ ❬✽✸❪✱ ② ❡s ✉♥❛
t❡♦rí❛ ❝❧ás✐❝❛ ❞❡ ❧❛ ❣r❛✈❡❞❛❞❀ ♠✐❡♥tr❛s q✉❡ ❧❛ t❡♦rí❛ ❝♦♥❢♦r♠❡ ❡s ✉♥❛ t❡♦rí❛ ❝✉á♥t✐❝❛✳ ❊st❛
❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❡♥tr❡ ✉♥❛ t❡♦rí❛ ❝❧ás✐❝❛ ❞❡ ❧❛ ❣r❛✈❡❞❛❞ ② ✉♥❛ ❝✉á♥t✐❝❛ ❡s ❞❡ ♠✉❝❤❛ ✐♠♣♦r✲
t❛♥❝✐❛ ❡♥ ❋ís✐❝❛ ❚❡ór✐❝❛ ②❛ q✉❡ ♣✉❡❞❡ s❡r ✉♥❛ ♣♦s✐❜✐❧✐❞❛❞ ♣❛r❛ ❝✉❛♥t✐③❛r ❧❛ ❣r❛✈❡❞❛❞✳ ▲❛
❞✉❛❧✐❞❛❞ ❆❞❙✴❈❋❚ ❬✻✶❪ ♣r♦♣♦♥❡ ❧❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❡♥tr❡ ❝✐❡rt❛s t❡♦rí❛s ❞❡ ❝❛♠♣♦s ❝♦♥❢♦r♠❡
✭❈❋❚✮ ❡♥ d ❞✐♠❡♥s✐♦♥❡s ② ❡❧ ❡st✉❞✐♦ ❞❡ t❡♦rí❛s ❞❡ ❣r❛✈❡❞❛❞ ❡♥ ❡s♣❛❝✐♦s ❆♥t✐✲❞❡ ❙✐tt❡r
✭❆❞❙✮ ❡♥ d + 1 ❞✐♠❡♥s✐♦♥❡s✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ r❡❧❛❝✐♦♥❛ ❡❧ ❧í♠✐t❡ ❢✉❡rt❡♠❡♥t❡ ❛❝♦♣❧❛❞♦ ❞❡
❈❆P❮❚❯▲❖ ✻✳ ❙❖▲❯❈■Ó◆ ❉❊ ▼❈❱■❚❚■❊ ❈❖◆ P❆❘❚❮❈❯▲❆ ❈❆❘●❆❉❆ ❨ ❈❖◆❙❚❆◆❚❊ ❈❖❙▼❖▲Ó●■❈❆
◆❊●❆❚■❱❆ ✶✵✵
❧❛ t❡♦rí❛ ❞❡ ❝❛♠♣♦s ❝♦♥ ❡❧ ❧í♠✐t❡ ❝❧ás✐❝♦ ❞❡ ❧❛ t❡♦rí❛ ❞❡ s✉♣❡r✲❣r❛✈❡❞❛❞ ② ✈✐❝❡✈❡rs❛✳ ❊♥
❡st❡ ❝❛♣ít✉❧♦ ♥♦s ♣r♦♣♦♥❡♠♦s ❞❡t❡r♠✐♥❛r ✉♥❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞❛ q✉❡ ✐♥❝❧✉②❛ ❡❧
tér♠✐♥♦ ❝♦s♠♦❧ó❣✐❝♦ ② ❧✉❡❣♦ ❛♥❛❧✐③❛r ❡st❛ s♦❧✉❝✐ó♥ ❝♦♥ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛✳
✻✳✶✳ ▼étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝♦♥ ❝❛r❣❛
▲❛ s♦❧✉❝✐ó♥ ❞❡ ▼❝❱✐tt❡✱ ❞❡s❞❡ q✉❡ ❢✉❡ ♣r♦♣✉❡st❛ ❡♥ ✶✾✸✸✱ ❤❛ s✐❞♦ s✉❥❡t❛ ❛ ♠✉❝❤♦s ❡st✉❞✐♦s
❬✻✷❪✳ ▲❛ ✈❡rs✐ó♥ ❝❛r❣❛❞❛ ❞❡ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❢✉❡ ✐♥✐❝✐❛❧♠❡♥❜t❡ ♣r♦♣✉❡st❛ ❡♥ ✶✾✻✽
♣♦r ❙❤❛❤ ② ❱❛✐❞②❛ ❬✻✸❪✱ ❧✉❡❣♦ ❢✉❡ ❣❡♥❡r❛❧✐③❛❞❛ ❡♥ ✶✾✼✾ ♣♦r ▼❛s❤❤♦♦♥ ② P❛rt♦✈✐ ❬✻✹❪✳ ❙✐♥
❡♠❜❛r❣♦✱ ❧❛ s♦❧✉❝✐ó♥ ❝❛r❣❛❞❛ ❞❡ ▼❝❱✐tt✐❡ ❢✉❡ r❡❞❡s❝✉❜✐❡rt❛ ♣♦r ●❛♦ ② ❩❤❛♥❣ ❬✻✺❪✱ q✉✐❡♥❡s
t❛♠❜✐é♥ ❣❡♥❡r❛❧✐③❛r♦♥ ❞✐❝❤❛ s♦❧✉❝✐ó♥ ❛ ❞✐♠❡♥s✐♦♥❡s ♠ás ❛❧t❛s✳
✻✳✶✳✶✳ ❊❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❝♦♦r❞❡♥❛❞❛s ❝♦♠♦✈✐♥❣✱ ❝♦♥s✐❞❡r❛♠♦s ✉♥ ❡❧❡♠❡♥t♦ ❞❡ ❧í♥❡❛ q✉❡ ♣r❡s❡♥t❡
s✐♠❡trí❛ ❡s❢ér✐❝❛ ❞❡ ❧❛ ❢♦r♠❛
ds2 = −eα(r,t)dt2 + eβ(r,t)(dr2 + r2dΩ2). ✭✻✳✶✮
❯s❛♥❞♦ ❧❛ ♠étr✐❝❛ ✭✻✳✶✮ ② ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥✱ ❧❛s ❝✉❛❧❡s ❡stá♥ ❞❛❞❛s ♣♦r
❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✷✮✱ ❝❛❧❝✉❧❛♠♦s ❧❛s ❝♦♠♣♦♥❡♥t❡s ♥♦ ♥✉❧❛s✱ ❧❛s ❝✉❛❧❡s s♦♥
8πT tt = e
−β
(
∂2β
∂r2
+
1
4
(
∂β
∂r
)2
+
2
r
∂β
∂r
)
− 3
4
e−α
(
∂β
∂t
)2
, ✭✻✳✷✮
8πT rr = e
−β
(
1
4
(
∂β
∂r
)2
+
1
2
∂β
∂r
∂α
∂r
+
1
r
(
∂β
∂r
+
∂α
∂r
))
− e−α
(
∂2β
∂t2
+
3
4
(
∂β
∂t
)2
− 1
2
∂β
∂t
∂α
∂t
)
, ✭✻✳✸✮
8πT θθ = 8πT
φ
φ = e
−β
(
1
2
∂2β
∂r2
+
1
2
∂2α
∂r2
+
1
4
(
∂α
∂r
)2
+
1
2r
(
∂β
∂r
+
∂α
∂r
))
− e−α
(
∂2β
∂t2
+
3
4
(
∂β
∂t
)2
− 1
2
∂β
∂t
∂α
∂t
)
, ✭✻✳✹✮
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◆❊●❆❚■❱❆ ✶✵✶
8πT tr = e
−α
(
∂2β
∂t∂r
− 1
2
∂β
∂t
∂α
∂r
)
, ✭✻✳✺✮
8πT rt = −e−β
(
∂2β
∂t∂r
− 1
2
∂β
∂t
∂α
∂r
)
. ✭✻✳✻✮
P❛r❛ ❡❧ ❡s♣❛❝✐♦ ❛❧r❡❞❡❞♦r ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ❝❛r❣❛❞❛ q✉❡ ❝♦♥t✐❡♥❡ ✉♥ ✢✉✐❞♦ ♣❡r❢❡❝t♦ ❝♦♥ ❝❛♠♣♦
❡❧❡❝tr♦♠❛❣♥ét✐❝♦✱ ❡❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ T ki t♦♠❛ ❧❛ ♠✐s♠❛ ❢♦r♠❛
T ki = M
k
i + E
k
i , ✭✻✳✼✮
❞♦♥❞❡ Mki ❡s ❡❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ❛s♦❝✐❛❞♦ ❛ ♠❛t❡r✐❛ ② E
k
i ❡s ❡❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛
♠♦♠❡♥t♦ ❛s♦❝✐❛❞♦ ❛❧ ❝❛♠♣♦ ❡❧❡❝tr♦♠❛❣♥ét✐❝♦✱ ❝✉②❛s ❡①♣r❡s✐♦♥❡s ❡stá♥ ❞❛❞❛s ♣♦r
Mki = (p+ ρ)viv
k − pδki , ✭✻✳✽✮
❝♦♥ vi = 0, vivi = 1 ②
4πEki = −F kaFia +
1
4
δki F
abFab, ✭✻✳✾✮
❞♦♥❞❡ Fik s❛t✐s❢❛❝❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ▼❛①✇❡❧❧
F[ij;k] = 0 ✭✻✳✶✵✮
F ik;k = 4πJ
i. ✭✻✳✶✶✮
P❛r❛ ✉♥ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ❡s❢ér✐❝❛♠❡♥t❡ s✐♠étr✐❝♦✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❧❛ ❝♦♠♣♦♥❡♥t❡ Frt ❝♦♠♦
❧❛ ú♥✐❝❛ ❝♦♠♣♦♥❡♥t❡ ♥♦ ♥✉❧❛✳
❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ❡❧ ❡s♣❛❝✐♦✱ ❛❧r❡❞❡❞♦r ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ❝❛r❣❛❞❛✱ ❡stá ❧❧❡♥♦ ❞❡ ✉♥ ✢✉✐❞♦
♣❡r❢❡❝t♦ ❝❛r❣❛❞♦✱ ❡♥t♦♥❝❡s ❡♥ ❝♦♦r❞❡♥❛❞❛s ❝♦♠♦✈✐♥❣ ❡❧ ✈❡❝t♦r ❞❡♥s✐❞❛❞ ❞❡ ❝♦rr✐❡♥t❡ J i
t❡♥❞rá ❝♦♠♦ ❝♦♠♣♦♥❡♥t❡s (0, 0, 0, J t)✳ ❉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✶✮✱ t❡♥❡♠♦s
F rt;t = 4πJ
r = 0, ✭✻✳✶✷✮
✐♥t❡❣r❛♥❞♦✱ ♦❜t❡♥❡♠♦s
Frt = f(r)e
(α−β)/2. ✭✻✳✶✸✮
❞♦♥❞❡ f(r) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❛r❜✐tr❛r✐❛✳
❙✐✱ ❛❞❡♠ás✱ ❡❧ ✢✉✐❞♦ ♥♦ ❡stá ❝❛r❣❛❞♦✱ t❡♥❞r❡♠♦s q✉❡ J t ❡s ✐❣✉❛❧ ❛ ❝❡r♦✱ ❡♥t♦♥❝❡s
F tr;r = 4πJ
t = 0, ✭✻✳✶✹✮
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♦ ❡♥ ✉♥ s✉ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡
∂r
[√−gF tr] = 4π√−gJ t = 0,
❞♦♥❞❡ g = −eα+3βr4sen2θ✳
■♥t❡❣r❛♥❞♦ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r✱ s❡ t✐❡♥❡
Frt =
ψ(t)
r2
e(α−β)/2, ✭✻✳✶✺✮
❞♦♥❞❡ ψ(t) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❛ ❞❡t❡r♠✐♥❛r✳ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✻✳✶✸✮ ② ✭✻✳✶✺✮✱ t❡♥❡♠♦s
f(r) =
Q
r2
, ✭✻✳✶✻✮
❞♦♥❞❡ ψ(t) = Q✱ Q ❡s ✉♥❛ ❝♦♥st❛♥t❡ ❛r❜✐tr❛r✐❛✳
P♦♥✐❡♥❞♦ ❡❧ t❡♥s♦r T ki ❡♥ tér♠✐♥♦s ❞❡ gik ② r❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛s ❡①♣r❡s✐♦♥❡s ✭✻✳✷✮ ❤❛st❛
✭✻✳✻✮✱ ♦❜t❡♥❡♠♦s
∂2β
∂t∂r
− 1
2
∂β
∂t
∂α
∂r
= 0, ✭✻✳✶✼✮
eβ
(
1
2
∂2β
∂r2
− 1
4
(
∂β
∂r
)2
+
1
2
∂2α
∂r2
+
1
4
(
∂α
∂r
)2
− 1
2
∂β
∂r
∂α
∂r
)
− 1
2r
(
∂β
∂r
+
∂α
∂r
)
= 2f 2(r). ✭✻✳✶✽✮
✻✳✶✳✷✳ ❙♦❧✉❝✐ó♥ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦
❘❡s♦❧✈✐❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✼✮✱ t❡♥❡♠♦s
eα/2 = φ(t)
∂β
∂t
, ✭✻✳✶✾✮
❞♦♥❞❡ φ(t) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ♣♦r ❞❡t❡r♠✐♥❛r✳
❘❡❡♠♣❧❛③❛♥❞♦ ✭✻✳✶✾✮ ❡♥ ✭✻✳✶✽✮✱ ♦❜t❡♥❡♠♦s
eβ

∂3β
∂t∂2r
− 1
r
∂2β
∂t∂r
− ∂
2β
∂t∂r
∂β
∂r
∂β
∂t
+
1
2
(
∂2β
∂r2
− 1
r
∂β
∂r
− 1
2
(
∂β
∂r
)2) = 2f 2(r). ✭✻✳✷✵✮
❍❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡
χ(r, t) =
∂2β
∂r2
− 1
r
∂β
∂r
− 1
2
(
∂β
∂r
)2
. ✭✻✳✷✶✮
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❉✐❢❡r❡♥❝✐❛♥❞♦ r❡s♣❡❝t♦ ❛❧ t✐❡♠♣♦ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r ② r❡❡♠♣❧❛③❛♥❞♦ ❡♥ ✭✻✳✷✵✮✱ ♦❜t❡♥❡✲
♠♦s
∂χ
∂t
+
1
2
∂β
∂t
χ = 2f 2(r)
∂β
∂t
e−β. ✭✻✳✷✷✮
■♥t❡❣r❛♥❞♦ ❡st❛ ❡❝✉❛❝✐ó♥ ② ✉s❛♥❞♦ ❧❛ r❡❧❛❝✐ó♥ ✭✻✳✷✶✮✱ ♦❜t❡♥❡♠♦s
eβ/2
[
∂2β
∂r2
− 1
r
∂β
∂r
− 1
2
(
∂β
∂r
)2]
= −4f 2(r)e−β/2 + F (r), ✭✻✳✷✸✮
❞♦♥❞❡ F (r) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ♣♦r ❞❡t❡r♠✐♥❛r✳
❙✐ ❝♦♥s✐❞r❛♠♦s f(r) = 0 ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✷✸✮✱ ♦❜t❡♥❡♠♦s ❧❛ s♦❧✉❝✐ó♥ ❞❡ ▼❝❱✐tt✐❡ ❬✶✻❪ q✉❡
❞❡s❝r✐❜❡ ❡❧ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ❞❡ ♠❛s❛ s✐♥ ❝❛r❣❛ ✐♥♠❡rs❛ ❡♥ ✉♥ ✉♥✐✈❡rs♦
❡♥ ❡①♣❛♥s✐ó♥✳ ❊♥ ❡st❡ ❝❛s♦✱ ❧❛ ❢✉♥❝✐ó♥ ❛r❜✐tr❛r✐❛ F (r) t♦♠❛ ❧♦s s✐❣✉✐❡♥t❡s ✈❛❧♦r❡s
F (r) =

6m
r3
❝✉❛♥❞♦ k = 0.
6m
r3(1 + kr2)5/2
❝✉❛♥❞♦ k 6= 0.
✭✻✳✷✹✮
❞♦♥❞❡ µ ❡s ✉♥❛ ❝♦♥st❛♥t❡ ② k ❡s ❧❛ ❝✉r✈❛t✉r❛ ❞❡❧ ❡s♣❛❝✐♦ tr✐❞✐♠❡♥s✐♦♥❛❧ ❞❡❧ ✉♥✐✈❡rs♦
❤♦♠♦❣é♥❡♦✳ ❍❛❝✐❡♥❞♦ ❧♦s s✐❣✉✐❡♥t❡s ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡
eβ/2 =
(
1 + kr2
)
y, y = y(x, t), x =
√
1 + kr2
r
, ✭✻✳✷✺✮
② r❡❡♠♣❧❛③❛♥❞♦ ❧♦s ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡ ❛♥t❡r✐♦r❡s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✷✸✮✱ ♦❜t❡♥❡♠♦s
d2y
dx2
+
3
x
dy
dx
= 2f 2x6
(
x2 − k)−5 y3 − 1
2
Fx4
(
x2 − k)−4 y2. ✭✻✳✷✻✮
▲❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r ❡s ✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ♥♦ ❧✐♥❡❛❧ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥✳ ❆❧ r❡s♦❧✈❡r ❡st❛
❡❝✉❛❝✐ó♥✱ s✉❡❧❡♥ s✉r❣✐r s✐♥❣✉❧❛r✐❞❛❞❡s r❡♠♦✈✐❜❧❡s q✉❡ ♣✉❡❞❡♥ ❞✐✜❝✉❧t❛r ❧❛ s♦❧✉❝✐ó♥✳ P❛r❛
❡✈✐t❛r t❛❧ ❞✐✜❝✉❧t❛❞ ② ♦❜t❡♥❡r ❧❛ s✐♥❣✉❧❛r✐❞❛❞ ❡♥ r = 0 s♦❧❛♠❡♥t❡✱ ❡❧❡❣✐♠♦s ❧♦s s✐❣✉✐❡♥t❡s
♣❛r❡s ❞❡ ✈❛❧♦r❡s ♣❛r❛ ❧❛s ❞♦s ❢✉♥❝✐♦♥❡s ❛r❜✐tr❛r✐❛s f ② F ✳
❈❛s♦ ✶✳
f = Q
(
x2 − k) = Q
r2
,
F = 6m
(
x2 − k)3/2 = 6m
r2
. ✭✻✳✷✼✮
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❈❛s♦ ✷✳
f =
Q (x2 − k)5/2
x3
=
Q
r2 (1 + kr2)5/2
F = 6m
(x2 − k)4
x5
=
6m
r3 (1 + kr2)5/2
. ✭✻✳✷✽✮
❊st♦s ❞♦s ♣❛r❡s ❞❡ ❧♦s ✈❛❧♦r❡s ❞❡ f ② F ✱ ❞❛❞♦s ❡♥ ❧♦s ❞♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ s♦♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s
♥❡❝❡s❛r✐❛s ♣❛r❛ ♦❜t❡♥❡r ❧❛ s♦❧✉❝✐ó♥ ❣❡♥❡r❛❧ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ❧✐❜r❡
❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s r❡♠♦✈✐❜❧❡s ❬✻✻❪✳ P❛r❛ ♥✉❡str♦ ♣r♦♣ós✐t♦✱ ❛♥❛❧✐③❛r❡♠♦s ❡❧ ❝❛s♦ ✶✳
❙✉st✐t✉②❡♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❛❞❛s ❡♥ ✭✻✳✷✼✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ✭✻✳✷✻✮✱ ♦❜t❡♥❡♠♦s
d2y
dx2
+
3
x
dy
dx
= 2Q2x6
(
x2 − k)−3 y3 − 3mx4 (x2 − k)−5/2 y2. ✭✻✳✷✾✮
◆♦ ❡s ♣♦s✐❜❧❡ ❡♥❝♦♥tr❛r s♦❧✉❝✐ó♥ ❛ ❡st❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧✱ ❛ ♠❡♥♦s q✉❡ ❝♦♥s✐❞❡r❡♠♦s
k = 0✳ ❍❛❝✐❡♥❞♦ k = 0 ❡♥ ✭✻✳✷✾✮✱ ♦❜t❡♥❡♠♦s
d2y
dx2
+
3
x
dy
dx
= 2Q2y3 − 3m
x
y2, ✭✻✳✸✵✮
❍❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡s
y = x−1z, x = eσ, ✭✻✳✸✶✮
r❡❡♠♣❧❛③❛♥❞♦ ✭✻✳✸✶✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✸✵✮✱ ❧✉❡❣♦ ✐♥t❡❣r❛♥❞♦✱ s❡ ♦❜t✐❡♥❡(
dz
dσ
)2
= z2 − 2mz3 +Q2z4 + c(t), ✭✻✳✸✷✮
❞♦♥❞❡ c(t) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❛r❜✐t❛r✐❛✳ P❛r❛ ♥✉❡str♦ ♣r♦♣ós✐t♦✱ ❝♦♥s✐❞❡r❛♠♦s c(t) = 0 ②
♦❜t❡♥❡♠♦s
dz
z
√
1− 2mz +Q2z2 = ±dσ. ✭✻✳✸✸✮
❍❛❝✐❡♥❞♦
1
z
= u(σ, t)✳ ❘❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✸✸✮ ❡ ✐♥t❡❣r❛♥❞♦ ♦❜t❡♥❡♠♦s ✉♥❛
❡①♣r❡s✐ó♥ ♣❛r❛ u ❞❡ ❧❛ ❢♦r♠❛
u = m+ e±σ+λ/2 +
m2 −Q2
4
e±σ−λ/2, ✭✻✳✸✹✮
❈❆P❮❚❯▲❖ ✻✳ ❙❖▲❯❈■Ó◆ ❉❊ ▼❈❱■❚❚■❊ ❈❖◆ P❆❘❚❮❈❯▲❆ ❈❆❘●❆❉❆ ❨ ❈❖◆❙❚❆◆❚❊ ❈❖❙▼❖▲Ó●■❈❆
◆❊●❆❚■❱❆ ✶✵✺
❞♦♥❞❡ λ = λ(t) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❛ ❞❡t❡r♠✐♥❛r✳ ❘❡♣♦♥✐❡♥❞♦ ❧❛s ✈❛r✐❛❜❧❡s y = e−β/2 ② r✱
t❡♥❡♠♦s
eβ/2 = eλ/2
(
1 +
m
r
e−λ/2 +
m2 −Q2
4r2
e−λ
)
, ✭✻✳✸✺✮
❡♥ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r ❝♦♥s✐❞❡r❛♠♦s eλ = a2(t) ♣❛r❛ q✉❡ ♥✉❡str♦s r❡s✉❧t❛❞♦s s❡❛♥ ❝♦♠✲
♣❛t✐❜❧❡s ❝♦♥ ❧♦s ❡♥❝♦♥tr❛❞♦s ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❡♥t♦♥❝❡s e−λ/2 = 1/a(t)✳ P♦r t❛♥t♦✱ ❧❛
❡❝✉❛❝✐ó♥ ✭✻✳✸✺✮ t♦♠❛ ❧❛ ❢♦r♠❛
eβ = a2(t)
[
1 +
m
ar
+
m2 −Q2
4a2r2
]2
= a2(t)
[(
1 +
m
2ar
)2
− Q
2
4a2r2
]2
✭✻✳✸✻✮
❉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✾✮✱ ✉s❛♥❞♦ ❧❛ r❡❧❛❝✐ó♥ ❞❛❞❛ ♣♦r ✭✻✳✸✻✮✱ ♦❜t❡♥❡♠♦s
eα =
[
1− (m
2 −Q2)
4a2r2
]2
[(
1 +
m
2ar
)2
− Q
2
4a2r2
]2 , ✭✻✳✸✼✮
❞♦♥❞❡ ❤❡♠♦s ❡❧❡❥✐❞♦ ❧❛ ❢✉♥❝✐ó♥ φ(t) ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✾✮ ❞❡ ♠❛♥❡r❛ q✉❡ φ2(t)(dλ/dt)2 = 1.
❘❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✶✮✱ ♦❜t❡♥❡♠♦s ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝♦♥ ❝❛r❣❛✱ ❧❛ ❝✉❛❧
♣r❡s❡♥t❛ ❧❛ ❢♦r♠❛
ds2 = −
[
1− (m
2 −Q2)
4a2r2
]2
[(
1 +
m
2ar
)2
− Q
2
4a2r2
]2dt2
+a2(t)
[(
1 +
m
2ar
)2
− Q
2
4a2r2
]2 (
dr2 + r2dΩ2
)
. ✭✻✳✸✽✮
✻✳✷✳ ▼étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞❛ ② tér♠✐♥♦ ❞❡ ❍✉❜❜❧❡
❊♥ ❡st❛ s❡❝❝✐ó♥✱ ✐♥tr♦❞✉❝✐r❡♠♦s ❡❧ tér♠✐♥♦ ❞❡ ❍✉❜❜❧❡ H ❡♥ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡✳
❍❛❝✐❡♥❞♦ ❧♦s s✐❣✉✐❡♥t❡s ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡
R = ar
[(
1 +
m
2ar
)2
− Q
2
4a2r2
]2
= m+ ar +
m2 −Q2
4ar
, ✭✻✳✸✾✮
2ar = R−m+
√
R2 +Q2 − 2mR = f(R), ✭✻✳✹✵✮
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❞♦♥❞❡ R ❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ r❛❞✐♦ ❛r❡❛❧ ❬✻✷❪✳
❙❡❣✉✐❞❛♠❡♥t❡✱ ❛♥❛❧✐③❛r❡♠♦s ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s tér♠✐♥♦s ❞❡ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞❛❀
② ♠❡❞✐❛♥t❡ ✉♥❛ s❡r✐❡ ❞❡ ❛rt✐✜❝✐♦s ♠❛t❡♠át✐❝♦s ❜✉s❝❛r❡♠♦s ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ✐♥tr♦❞✉❝✐r ❡❧
tér♠✐♥♦ ❞❡ ❍✉❜❜❧❡
H =
a˙
a
,
❞♦♥❞❡ a = a(t) ❡s ❡❧ ♣❛rá♠❡tr♦ ❞❡ ❡s❝❛❧❛ ② ❡❧ ♣✉♥t♦ s♦❜r❡ a r❡♣r❡s❡♥t❛ ❧❛ ❞✐❢❡r❡♥❝✐❛❝✐ó♥
r❡s♣❡❝t♦ ❞❡❧ t✐❡♠♣♦✳
✶✳ ❆♥❛❧✐③❛♥❞♦ ❡❧ tér♠✐♥♦ t❡♠♣♦r❛❧ ❞❡ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞❛ ❞❛❞❛ ♣♦r ✭✻✳✸✽✮[
1− (m
2 −Q2)
4a2r2
]2
[(
1 +
m
2ar
)2
− Q
2
4a2r2
]2 =
[
ar − (m
2 −Q2)
4ar
]2
[((
1 +
m
2ar
)2
− Q
2
4a2r2
)
ar
]2
=
[
f(R)
2
− (R−m− ar)
]2
R2
=
(m−R + f(R))2
R2
✭✻✳✹✶✮
✷✳ ❆♥á❧✐③❛♥❞♦ ❡❧ tér♠✐♥♦
a2
[(
1 +
m
2ar
)2
− Q
2
4a2r2
]2
dr2 =
{
ar
[(
1 +
m
2ar
)2
− Q
2
4a2r2
]2}2(
dr
r
)2
= R2
(
dr
r
)2
. ✭✻✳✹✷✮
P❛r❛ ❝❛❧❝✉❧❛r dr/r✱ ❞❡❜❡♠♦s ❝❛❧❝✉❧❛r ♣r✐♠❡r♦
dr =
∂R
∂t
dt+
∂R
∂r
dr. ✭✻✳✹✸✮
✷✳✶ ❈❛❧❝✉❧❛♥❞♦ ∂R/∂t✳
∂R
∂t
=
∂
∂t
(
m+ ar +
m2 −Q2
4ar
)
= a˙r − m
2 −Q2
4ar
H,
=
(
ar − m
2 −Q2
4ar
)
H = (2ar −R +m)H,
= (m+ f(R)−R)H. ✭✻✳✹✹✮
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✷✳✷ ❈❛❧❝✉❧❛♥❞♦ ∂R/∂r✳
∂R
∂r
=
∂
∂r
(
m+ ar +
m2 −Q2
4ar
)
= a− 1
r
(R−m− ar) ,
=
2ar −R +m
r
,
=
f(R)−R +m
r
. ✭✻✳✹✺✮
❘❡♠♣❧❛③❛♥❞♦ ✭✻✳✹✹✮ ② ✭✻✳✹✺✮ ❡♥ ✭✻✳✹✸✮✱ ♦❜t❡♥❡♠♦s
dR = (m+ f(R)−R)Hdt+ f(R)−R +m
r
dr ✭✻✳✹✻✮
❡♥t♦♥❝❡s
dr
r
=
dR− (m+ f(R)−R)Hdt
f(R)−R +m . ✭✻✳✹✼✮
❘❡❡♠♣❧❛③❛♥❞♦ ✭✻✳✸✾✮ ② ✭✻✳✹✶✮ ❡♥ ❧❛ ♠étr✐❝❛ ✭✻✳✸✽✮ t❡♥❡♠♦s
ds2 =
(m−R + f(R))2
R2
dt2 +
R2
r2
(
dr2 + r2dΩ2
)
, ✭✻✳✹✽✮
r❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡①♣r❡s✐ó♥ ✭✻✳✹✼✮ ❡♥ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❞❡ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r✱ ♦❜t❡♥❡♠♦s
ds2 = −
[
(m−R− f(R))2
R2
−R2H2
]
dt2 +
R2
(f(R)−R +m)2dR
2
−
(
2R2H
f(R)−R +m
)
dRdt+R2dΩ2. ✭✻✳✹✾✮
▲❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r r❡s✉❧t❛ s❡r ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞❛ ② ❡①♣r❡s❛❞❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧
♣❛rá♠❡tr♦ ❞❡ ❍✉❜❜❧❡❀ ❧❛ ❝❛r❣❛ s❡ ❡♥❝✉❡♥tr❛ ✐♥♠❡rs❛ ❡♥ ❧❛ ❢✉♥❝✐ó♥ f(R)✳ ▲❛ ❡①♣r❡s✐ó♥ ❞❛❞❛
❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✹✾✮ ❝♦♥st✐t✉②❡ ✉♥♦ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s q✉❡ ❤❡♠♦s ♦❜t❡♥✐❞♦✳
✻✳✸✳ ▼étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞❛ ② Λ < 0
❊♥ ❧❛s s❡❝❝✐♦♥❡s ❛♥t❡r✐♦r❡s✱ ❤❡♠♦s ❞❡t❡r♠✐♥❛❞♦ ❧❛ ▼étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞❛ ② s✉ r❡♣r❡✲
s❡♥t❛❝✐ó♥ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ tér♠✐♥♦ ❞❡ ❍✉❜❜❧❡✳ ❊♥ ❡st❛ s❡❝❝✐ó♥✱ ❛♥❛❧✐③❛r❡♠♦s ❞✐❝❤❛ s♦❧✉❝✐ó♥
❞❡ ▼❝❱✐tt✐❡ ❝♦♥ tér♠✐♥♦ ❝♦s♠♦❧ó❣✐❝♦ ♥❡❣❛t✐✈♦✳
❈♦♥s✐❞❡r❛♥❞♦ ❧❛ ♠étr✐❝❛ ✭✻✳✸✽✮✱ ❞❡t❡r♠✐♥❛♠♦s ❡❧ ❡s❝❛❧❛r ❞❡ ❘✐❝❝✐ Raa✱ ❡❧ ❝✉❛❧ ✈✐❡♥❡ ❞❛❞♦
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♣♦r ❬✻✷❪
Raa = 12H
2(t) +
6H˙(t)√
1− 2m
R
+
Q2
R2
, ✭✻✳✺✵✮
❞♦♥❞❡ R ❡s ❡❧ r❛❞✐♦ ❛r✐❛❧ ❞❛❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✸✾✮✳
❊♥ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r ♣♦❞❡♠♦s ♥♦t❛r ♣♦s✐❜❧❡s s✐♥❣✉❧❛r✐❞❛❞❡s ❝✉❛♥❞♦ H(t) ❞✐✈❡r❣❡✱ ② ❡♥
❧❛ r❡❣✐ó♥ ❞❡❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❞♦♥❞❡
h(R) = 1− 2m
R
+
Q2
R2
= 0, ✭✻✳✺✶✮
❡s ❞❡❝✐r✱ ♣❛r❛
R = m±
√
m2 −Q2, ✭✻✳✺✷✮
❧❛ ❝✉❛❧✱ ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❝♦♦r❞❡♥❛❞❛ ♦r✐❣✐♥❛❧ r✱ s❡rí❛
ra(t) = ±1
2
√
m2 −Q2. ✭✻✳✺✸✮
❊♥ ❡❧ ❝❛s♦ (m2 < Q2)✱ ❧❛ ❢✉♥❝✐ó♥ h(R) ♥♦ t✐❡♥❡ r❛í❝❡s r❡❛❧❡s ② ❧❛ s✐♥❣✉❧❛r✐❞❛❞ ❡stá ❡♥
R = 0✱ ❡s ❞❡❝✐r ❝✉❛♥❞♦ ra(t) = −(m±Q)/2✳
P❛r❛ ❡❧ ❝❛s♦ ♣❛rt✐❝✉❧❛r✱ ❞♦♥❞❡ m = Q = 0 ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✺✵✮ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛❧ ❡s❝❛❧❛r
❞❡ ❘✐❝❝✐✱ s❡ r❡❞✉❝❡ ❛❧ ❡s❝❛❧❛r ❞❡ ❘✐❝❝✐ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ✉♥✐✈❡rs♦ ♣❧❛♥♦ ❞❡ ❋▲❘❲✳
❆❤♦r❛ ♣r♦❝❡❞❡r❡♠♦s ❛ ❤❛❝❡r ✉♥ ❛♥á❧✐s✐s ❞❡ ♥✉❡str❛ ♠étr✐❝❛ ❝♦♥s✐❞❡r❛♥❞♦ ✉♥❛ ❝♦♥st❛♥t❡
❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛✳ ❊♠♣❡③❛r❡♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❡❧ ❝❛s♦ ❞❡ ✉♥ ✢✉✐❞♦ ♣❡r❢❡❝t♦ ❝♦♥ ❞❡♥✲
s✐❞❛❞ ρ ② ♣r❡s✐ó♥ ✐s♦tró♣✐❝❛ p✱ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❡♥❡r❣í❛ ❢✉❡rt❡ ❡stá ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥
✭✹✳✶✹✽✮✱ ❧❛ ❝✉❛❧ ♣r❡s❡♥t❛ ❧❛ ❢♦r♠❛
ρ+ 3p ≥ 0. ✭✻✳✺✹✮
P❛r❛ ✉♥ ✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲ ❝♦♥ ❢❛❝t♦r ❞❡ ❡s❝❛❧❛ a(t)✱ r❡s♣❡❝t♦ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✺✹✮✱ ❧❛s
❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ ❝♦♥ Λ < 0 ♥♦s ♣❡r♠✐t❡♥ ♦❜t❡♥❡r ❬✻✽❪✳
3
a¨
a
≤ Λ < 0, ✭✻✳✺✺✮
t❡♥✐❡♥❞♦ ♣r❡s❡♥t❡ q✉❡
H˙ =
a¨
a
−H2, ✭✻✳✺✻✮
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❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✺✺✮ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❝♦♠♦
3(H˙ +H2) ≤ Λ < 0, ✭✻✳✺✼✮
❞❡ ❞♦♥❞❡ ♣♦❞❡♠♦s ❞❡❞✉❝✐r q✉❡
H˙ < 0, ✭✻✳✺✽✮
◆✉❡str♦ ✐♥t❡rés ❡s ❛❤♦r❛ ❡①♣r❡s❛r ❧❛ ❞❡♥s✐❞❛❞ ρ ② ❧❛ ♣r❡s✐ó♥ ✐s♦tró♣✐❝❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡ H❀
♣❛r❛ ❡❧❧♦✱ ❞❡t❡r♠✐♥❛♠♦s ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ ❝♦♥ Λ < 0✳
▲❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ✈✐❡♥❡♥ ❞❛❞❛s ♣♦r
T tt = −ρ+
1
8π
F rtFrt, ✭✻✳✺✾✮
T rr = p+
1
8π
F rtFrt, ✭✻✳✻✵✮
T θθ = T
φ
φ = p−
1
8π
F rtFrt. ✭✻✳✻✶✮
P♦r ♦tr♦ ❧❛❞♦✱ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❊✐♥st❡✐♥ ❡stá♥ ❡①♣r❡s❛❞❛s ❝♦♠♦
Gtt = −
Q2
R4
+ 3H2, ✭✻✳✻✷✮
Grr =
Q2
R4
+ 3H2 +
2H˙√
1 +
Q2
R2
− 2m
R
, ✭✻✳✻✸✮
Gθθ = G
φ
φ
= −Q
2
R4
+ 3H2 +
2H˙√
1 +
Q2
R2
− 2m
R
. ✭✻✳✻✹✮
P♦r ❧♦ t❛♥t♦✱ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ ✈✐❡♥❡♥ ❞❛❞❛s ♣♦r
8πρ− F rtFrt = −Q
2
R4
+ 3H2 − Λ, ✭✻✳✻✺✮
−8πp− F rtFrt = Q
2
R4
+ 3H2 +
2H˙√
1 +
Q2
R2
− 2m
R
− Λ, ✭✻✳✻✻✮
−8πp+ F rtFrt = −Q
2
R4
+ 3H2 +
2H˙√
1 +
Q2
R2
− 2m
R
− Λ. ✭✻✳✻✼✮
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❉❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✻✳✻✻✮ ② ✭✻✳✻✼✮✱ s❡ ♦❜t✐❡♥❡
F rtFrt = −Q
2
R4
. ✭✻✳✻✽✮
❘❡❢♦r♠✉❧❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ q✉❡❞❛♥
8πρ = −2Q
2
R4
+ 3H2 − Λ, ✭✻✳✻✾✮
−8πp = 3H2 + 2H˙√
1 +
Q2
R2
− 2m
R
− Λ. ✭✻✳✼✵✮
❚♦♠❛♥❞♦ ❡♥ ❝♦♥s✐❞❡r❛❝✐ó♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✺✽✮✱ ♣♦❞❡♠♦s ✐♥❞✐❝❛r q✉❡ ❡st♦s ♠♦❞❡❧♦s ❝♦s♠♦✲
❧ó❣✐❝♦s ♠❛♥t✐❡♥❡♥ ❝❛r❛❝t❡ríst✐❝❛s ❣❡♥❡r❛❧❡s ❬✻✽❪✱ q✉❡ s♦♥
■✳ ρ ≥ 0✱
■■✳ ρ+ p ≥ 0✱
P♦r t❛❧ r❛③ó♥✱ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❡♥❡r❣í❛ ♥✉❧❛ ② ❞é❜✐❧✱ ❞❛❞❛s ♣♦r ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✶✹✸✮ ②
✭✹✳✶✹✹✮✱ s✐❡♠♣r❡ s❡ ❝✉♠♣❧❡♥✳
❆❤♦r❛ r❡❡♠♣❧❛③❛r❡♠♦s ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥ ❞❛❞❛s ♣♦r ✭✻✳✻✾✮ ② ✭✻✳✼✵✮ ❡♥ ❧❛ ❝♦♥❞✐❝✐ó♥
❞❡ ❡♥❡r❣í❛ ❢✉❡rt❡ ❞❛❞❛ ♣♦r ❛❧ ❡①♣r❡s✐ó♥ ✭✻✳✺✹✮✱ ❞❡ ❞♦♥❞❡ t❡♥❡♠♦s q✉❡
−2Q
2
R4
− 6H2 − 6H˙√
1 +
Q2
R2
− 2m
R
+ 2Λ ≥ 0
Q2
R4
+ 3H2 +
3H˙√
1 +
Q2
R2
− 2m
R
≤ Λ < 0, ✭✻✳✼✶✮
♦✱ ❡♥ s✉ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡✱ s❡rí❛
Q2
3R4
+H2 +
H˙√
1 +
Q2
R2
− 2m
R
≤ Λ
3
< 0. ✭✻✳✼✷✮
❉❡ ❛❝✉❡r❞♦ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✹✾✮✱ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❡♥❡r❣í❛ ❞♦♠✐♥❛♥t❡ ❡st❛❜❧❡❝❡✱ ♣❛r❛ ❧❛
♣r❡s✐ó♥✱ ❡❧ s✐❣✉✐❡♥t❡ r❛♥❣♦
− ρ ≤ p ≤ ρ. ✭✻✳✼✸✮
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❆♥❛❧✐③❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✻✳✺✽✮✱ ✭✻✳✻✾✮✱ ✭✻✳✼✵✮ ② ✭✻✳✼✸✮✱ s❡ ❞❡❞✉❝❡ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✼✸✮
q✉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ −ρ ≤ p✱ ❣❡♥❡r❛❧♠❡♥t❡✱ s❡ ❝✉♠♣❧❡❀ ❡♥ ❝❛♠❜✐♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ p ≤ ρ
r❡q✉✐❡r❡ ❧❛ s✐❣✉✐❡♥t❡ r❡str✐❝❝✐ó♥
− H˙√
1 +
Q2
R2
− 2m
R
+
Q2
R4
< 3H2 − Λ. ✭✻✳✼✹✮
❆❤♦r❛ ❛♥❛❧✐③❛r❡♠♦s ❝♦♥ ♠ás ❞❡t❛❧❧❡ ✉♥❛ ❢♦r♠❛ ❡s♣❡❝í✜❝❛ ♣❛r❛ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡ H✳ ❉❡
❛❝✉❡r❞♦ ❝♦♥ ❬✻✽❪ ❡st❛♠♦s ✐♥t❡r❡s❛❞♦s ❡♥ ♠♦❞❡❧♦s ❞♦♥❞❡ a(0) = a(tf ) = 0✱ a˙(t0) = 0✱ s✐❡♥❞♦
0 < t0 < tf ✳ P♦r ♦tr♦ ❧❛❞♦✱ ❧❛ ❢✉♥❝✐ó♥ H ❞❡❜❡ ❝✉♠♣❧✐r q✉❡✿ H(0 < t < t0) > 0✱ H(t0) = 0
② H(t0 < t < tf ) < 0.
❉❡✜♥✐♠♦s ❬✻✽❪ ❧❛ s✐❣✉✐❡♥t❡ r❡❧❛❝✐ó♥
H20 ≡ −
Λ
3
, T ≡ 3H0t, ✭✻✳✼✺✮
t♦♠❛♠♦s ❡♥ ❝♦♥s✐❞❡r❛❝✐ó♥ q✉❡ H0 > 0✳
P❛r❛ ♥✉❡str♦ ❛♥á❧✐s✐s✱ t♦♠❛♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛s ♦❜s❡r✈❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s✱ ❝♦♥s✐❞❡r❛♠♦s ❡❧
❢❛❝t♦r ❞❡ ❡s❝❛❧❛ a(t)✱ ✉♥ ✉♥✐✈❡rs♦ s✐♥ ❝✉r✈❛t✉r❛ ❝♦♥ Λ < 0 ② ✉s❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✷✵✮ ②
✭✷✺✮ ❞❡❧ ♣❛♣❡r ❞❡ P✳▲❛♥❞r②✱ ▼✳ ❆❜❞❡❧q❛❞❡r ② ❑✳▲❛❦❡ ❬✻✽❪ s❡ ❞❡❞✉❝❡ q✉❡
H2 =
8πρ+ Λ
3
=
H20sen
2T
(1− cosT )2 .
❘❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✻✾✮✱ s❡ ♦❜t✐❡♥❡
H =
√
H20sen
2T
(1− CosT )2 +
2Q2
3R4
. ✭✻✳✼✻✮
❉❡r✐✈❛♥❞♦✱ ♦❜t❡♥❡♠♦s
H˙ = − 1√
H20sen
2T
(1− CosT )2 +
2Q2
3R4
3H30
(1− CosT )2 senT. ✭✻✳✼✼✮
❈❛❜❡ ✐♥❞✐❝❛r q✉❡ ❡st❛s ❡①♣r❡s✐♦♥❡s s♦♥ ♠✉❝❤♦ ♠ás ❣❡♥❡r❛❧❡s q✉❡ ❧❛s ❝❛❧❝✉❧❛❞❛s ♣♦r P✳▲❛♥❞r②✱
▼✳ ❆❜❞❡❧q❛❞❡r ② ❑✳▲❛❦❡ ❬✻✽❪ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝♦♥ ❝♦♥st❛♥t❡ ❝♦s✲
♠♦❧♦❣✐❝❛ ♥❡❣❛t✐✈❛✱ ❧❛s ❝✉❛❧❡s ♣r❡s❡♥t❛♥ ❧❛ ❢♦r♠❛
H =
H0sen(T )
1− Cos(T ) , H˙ = −
3H20
1− cos(T ) . ✭✻✳✼✽✮
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❉❡ ♥✉❡str❛s ❡❝✉❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s✱ ♣♦❞❡♠♦s ♥♦t❛r q✉❡ ❧❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦♠✐♥❛♥t❡ ❡♥ ♥✉❡s✲
tr♦ ❛♥á❧✐s✐s ❡s ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ✉♥❛ ❣r❛♥ ✐♠♣❧♦s✐ó♥❀ ❡s ❞❡❝✐r✱ ✉♥ ❣r❛♥ ❝♦❧❛♣s♦ ♠ás ❝♦♠✉♥✲
♠❡♥t❡ ❝♦♥♦❝✐❞♦ ❝♦♠♦ ✉♥ ❇✐❣ ❈r✉♥❝❤❀ ❞♦♥❞❡ ❡st❛ ❣r❛♥ ✐♠♣❧♦s✐ó♥ ♦❝✉rr✐rá ❝♦♥ Λ < 0
s✐❡♠♣r❡ q✉❡ s❡ ♠❛♥t❡♥❣❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❡♥❡r❣í❛ ❢✉❡rt❡ ❞❡s❝r✐t❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✹✾✮✳
❈❛♣ít✉❧♦ ✼
❆❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦ ❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡
▼❝❱✐tt✐❡
❊♥ ❡st❡ ❝❛♣ít✉❧♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❝♦♠♦ ♦❜❥❡t♦ ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥ ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ tr❛♥✲
s✐t❛❜❧❡ ❞❡ ▼♦rr✐s✲❚❤♦r♥❡✱ ❛❧ ❝✉❛❧ ♠♦❞✐✜❝❛r❡♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❡❧ tér♠✐♥♦ ❞❡ ❢♦r♠❛ b(r) =
bm0 /r
m−1 ❝♦♥ ❡❧ ✜♥ ❞❡ ♦❜t❡♥❡r ✉♥ ♠♦❞❡❧♦ ❞❡ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ tr❛♥s✐t❛❜❧❡✱ ✐♥♠❡rs♦ ❡♥ ✉♥
✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲ ❝♦♠♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡❧ ✉♥✐✈❡rs♦ ❞❡ ▼❝❱✐tt✐❡✱ ❡❧ ❝✉❛❧ s❡rá ❝♦♠♣❛r❛❞♦
❝♦♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲ ♣r♦♣✉❡st♦ ♣♦r ❙✉♥❣✲❲♦♥ ❑✐♠
❬✼✷❪ ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❛♥❛❧✐③❛r ❧❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❡♥tr❡ ❞✐❝❤♦s ♠♦❞❡❧♦s✳ ❆❧ ✜♥❛❧ ❞❡❧ ❝❛♣ít✉❧♦✱
❛♥❛❧✐③❛r❡♠♦s ❡❧ ❝❛s♦ ❞❡ ✉♥ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ♠ás ❣❡♥❡r❛❧ ✉s❛♥❞♦ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡❀
❞♦♥❞❡ ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❡stá ♠♦❞❡❧❛❞♦ ♣♦r ✉♥❛ ❞❡❧❣❛❞❛ ❝❛♣❛ ❡s❢ér✐❝❛ q✉❡ ❛❝r❡❝❡♥t❛ ❡❧
✢✉✐❞♦ ❞❡ q✉✐♥t❛ ❡s❡♥❝✐❛✳
❊❧ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❞❡ ▼❝❱✐tt✐❡ ❡s ✉♥❛ s♦❧✉❝✐ó♥ ❡s❢ér✐❝❛♠❡♥t❡ s✐♠étr✐❝❛ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡
❊✐♥st❡✐♥ ❝♦♥ ✉♥ t❡♥s♦r ❞❡ ❡♥❡r❣í❛✲♠♦♠❡♥t♦ ❞❡ ✉♥ ✢✉✐❞♦ ♣❡r❢❡❝t♦✱ ② ❞❡s❝r✐❜❡ ❡❧ ❝❛♠♣♦
❡①t❡r♥♦ ❞❡ ✉♥❛ ♠❛s❛ ❝✉❛s✐✲❛✐s❧❛❞❛ q✉❡ ❛s✐♥tót✐❝❛♠❡♥t❡ t✐❡♥❞❡ ❛❧ ✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲✳
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✼✳✶✳ ❆❣✉❥❡r♦s ❞❡ ●✉s❛♥♦ ❆tr❛✈❡s❛❜❧❡ ❡♥ ❡❧ ❯♥✐✈❡rs♦ ❞❡
❋▲❘❲
P❛r❛ ❞❡s❛rr♦❧❧❛r ❡st❡ t❡♠❛✱ ❛♣❧✐❝❛♠♦s ❡❧ ♠ét♦❞♦ ❞❡s❝r✐t♦ ❡♥ ❡❧ ♣❛♣❡r ❞❡ ❈❤❛♥❣ ❙❤✉❛♥❣
❬✼✶❪ ② ❡❧ ♣❛♣❡r ❞❡ ▼✐r③❛✲❊s❤❛❣❤✐✲❉❡❤❞❛s❤t✐ ❬✽✷❪ ❝♦♥ ❡❧ ✜♥ ❞❡ ♦❜t❡♥❡r ✉♥❛ ♥✉❡✈❛ s♦❧✉❝✐ó♥
♣❛r❛ ❧❛ ❡✈♦❧✉❝✐♦♥ ❞❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦✳ ❈♦♥s✐❞❡r❛♠♦s ❧❛ ♠❡tr✐❝❛✱ ♣❛r❛ ✉♥ ❛❣✉❥❡r♦ ❞❡
❣✉s❛♥♦ ❡s❢ér✐❝❛♠❡♥t❡ s✐♠étr✐❝♦ ② ❡stát✐❝♦✱ ❞❡s❝r✐t❛ ♣♦r ▼✳▼♦rr✐s ② ❑✳ ❚❤♦r♥❡ ❬✹✹❪✱ ❧❛ ❝✉❛❧
♣r❡s❡♥t❛ ❧❛ ❢♦r♠❛
ds2 = −e−2φ(r)dt2 + dr
2
1− b(r)/r + r
2(dθ2 + sen2θdφ2), ✭✼✳✶✮
❞♦♥❞❡ φ(r) ❡s ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛❧ r♦❥♦ ② b(r) ❡s ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❢♦r♠❛✳
P❛r❛ ♥✉❡str♦ ❛♥á❧✐s✐s✱ ❝♦♥s✐❞❡r❛♠♦s ✉♥ ♠♦❞❡❧♦ ❞♦♥❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❛❧ r♦❥♦ ②
❧❛ ❢✉♥❝✐ó♥ ❞❡ ❢♦r♠❛ ❡stá♥ ❞❛❞❛s ♣♦r
φ(r) = 0, b(r) =
bm0
rm−1
, bm0 = 2b
m, ✭✼✳✷✮
❞♦♥❞❡ b0 ❡s ❡❧ r❛❞✐♦ ❞❡ ❧❛ ❣❛r❣❛♥t❛ ❞❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦✱ m ❡s ✉♥ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦ ②
b ✉♥ ♣❛rá♠❡tr♦ ❛r❜✐tr❛r✐♦✳
❉❡ ❛❝✉❡r❞♦ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❛♥t❡r✐♦r♠❡♥t❡ ❡①♣✉❡st❛s✱ t❡♥❡♠♦s
b(r) =
2bm
rm−1
. ✭✼✳✸✮
❊♥t♦♥❝❡s ❧❛ ♠étr✐❝❛ ✭✼✳✶✮ t♦♠❛ ❧❛ ❢♦r♠❛
ds2 = −dt2 + dr
2
1− 2bm/rm + r
2(dθ2 + sen2θdφ2). ✭✼✳✹✮
❍❛❝✐❡♥❞♦ ❧♦s s✐❣✉✐❡♥t❡s ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡ ❬✽✷❪
s = 2−1/ml, t = 2−1/mv, r =
x
21/m
(1 + bm/xm)2/m, ✭✼✳✺✮
r❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ♠étr✐❝❛ ✭✼✳✸✮✱ ❝♦♥s❡❣✉✐♠♦s r❡❡s❝r✐❜✐r ❞✐❝❤❛ ♠étr✐❝❛ ❡♥ ❝♦♦r❞❡♥❛❞❛s
✐s♦tró♣✐❝❛s✱ ❧❛ ❝✉❛❧ ♣r❡s❡♥t❛ ❧❛ ❢♦r♠❛
dl2 = −dv2 + (1 + b
m
xm
)4/m(dx2 + x2dθ2 + x2sen2θdφ2). ✭✼✳✻✮
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P♦r ♦tr♦ ❧❛❞♦✱ ❧❛ ❢♦r♠❛ ✐s♦tró♣✐❝❛ ❞❡ ❧❛ ♠étr✐❝❛ ❞❡ ❋❘❲ ✈✐❡♥❡ ❞❛❞❛ ♣♦r ❧❛ ❡①♣r❡s✐ó♥
dl2 = −dv2 + a
2(v)
(1 + kx2/4)2
(dx2 + x2dθ2 + x2sen2θdφ2). ✭✼✳✼✮
❆❧ ❝♦♠♣❛r❛r ❧❛s ❡①♣r❡s✐♦♥❡s ✭✼✳✻✮ ② ✭✼✳✼✮✱ ❡st❛❜❧❡❝❡♠♦s ❧❛ ♠étr✐❝❛ ♣❛r❛ ✉♥ ❛❣✉❥❡r♦ ❞❡
❣✉s❛♥♦ ✐♥♠❡rs♦ ❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡ ❋❘❲ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿
dl2 = −A2(v, x)dv2 +B2(v, x)(dx2 + x2dθ2 + x2sen2θdφ2), ✭✼✳✽✮
❞❡ ❞♦♥❞❡ ♦❜t❡♥❡♠♦s
gvv = −A2(v, x), gxx = B2(v, x), gθ, θ = B2(v, x)x2,
gφ,φ = B
2(v, x)x2sen2θ,
✭✼✳✾✮
❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥
Gµν = Rµν − 1
2
gµνR = kTµν , ✭✼✳✶✵✮
❞❡❞✉❝✐♠♦s q✉❡ G01 = Gvx = 0✱ ❞❡ ❞♦♥❞❡ ❞❡❞✉❝✐♠♦s q✉❡
A(v, x) = f(v)
B˙
2B
, ✭✼✳✶✶✮
❝♦♠♣❛r❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✼✳✻✮ ② ✭✼✳✽✮✱ ❝♦♥s✐❞❡r❛♠♦s ✉♥❛ ♣♦s✐❜❧❡ ❢♦r♠❛ ♣❛r❛ ❇ ❝♦♠♦
B(v, x) = (w(v, x) + q(v)/xm)2/m, ✭✼✳✶✷✮
❝❛❧❝✉❧❛♥❞♦ B˙ = dB/dv ② r❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✼✳✶✶✮✱ ❞❡t❡r♠✐♥❛♠♦s q✉❡
A(v, x) =
f
m
(
w˙ + q˙/xm
w + q/xm
). ✭✼✳✶✸✮
❊♥ ❡❧ ❝❛s♦ ❞❡ q✉❡ v s❡❛ ❝♦♥st❛♥t❡ ② ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ♣❧❛♥❛s✱ ❞❡❜❡ s❡r
r❡❞✉❝✐❞♦ ❛❧ tér♠✐♥♦
√−g00✳
❈♦♠♣❛r❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✼✳✻✮ ② ✭✼✳✶✸✮ ♣❛r❛ ❡❧ tér♠✐♥♦ g00✱ ♦❜t❡♥❡♠♦s
fw˙ = mw, fq˙ = mq, ✭✼✳✶✹✮
❞❡✜♥✐❡♥❞♦ ❛ q(v) = bmdm(v)✱ ❡♥❝♦♥tr❛♠♦s q✉❡
f =
d
d˙
, ✭✼✳✶✺✮
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❞♦♥❞❡ d(v) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❛r❜✐tr❛r✐❛✱ q✉❡ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ ❡❧ ❢❛❝t♦r ❞❡ ❡s❝❛❧❛ ❞❡❧
✉♥✐✈❡rs♦✳
P❛r❛ ❧♦s ❞♦s ❝❛s♦s ❧✐♠✐t❛♥t❡s ❞❡ ✈❛❧♦r❡s ❞❡ x ♣❡q✉❡ñ♦s ② ❣r❛♥❞❡s✱ ❧❛ ❡❝✉❛❝✐ó♥ ✭✼✳✽✮ s❡
r❡❞✉❝❡ ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✼✳✻✮ ② ✭✼✳✼✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r ❧♦ q✉❡ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ❧❛
❢♦r♠❛ ❞❡ w(v, x) q✉❡ ❡s s✐♠✐❧❛r ❛ ❧❛ s♦❧✉❝✐ó♥ ❡①❛❝t❛ q✉❡ ②❛ s❡ ❤❛ ♦❜t❡♥✐❞♦ ♣❛r❛ ❧♦s ❛❣✉❥❡r♦s
♥❡❣r♦s ❬✺❪✳
■❞❡♥t✐✜❝❛♥❞♦ w(v, x)✱ t❡♥❡♠♦s✿
w(v, x) =
dm(v)
(1 + kx2/4)m/2
. ✭✼✳✶✻✮
▲❛ ❢♦r♠❛ ✜♥❛❧ ❞❡ ❧❛ ♠étr✐❝❛ ♣❛r❛ ✉♥ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❛tr❛✈❡s❛❜❧❡ ❡♥ ❡❧ ❢♦♥❞♦ ❞❡❧ ✉♥✐✈❡rs♦
❋▲❘❲ s❡ ♦❜t✐❡♥❡ r❡❡♠♣❧❛③❛♥❞♦ ✭✼✳✶✷✮ ❡♥ ✭✼✳✽✮ ② ❡stá ❞❛❞❛ ♣♦r
dl2 = −dv2 + a2(v)[ 1
(1 + kx2/4)m/2
+
bm
xm
]4/m(dx2 + x2d2Ω), ✭✼✳✶✼✮
❞♦♥❞❡ a2(v) = d4(v) ❡s ❡❧ ❢❛❝t♦r ❞❡ ❡s❝❛❧❛✳
❉❡♥tr♦ ❞❡ ❧❛ ❧✐t❡r❛t✉r❛ ❝✐❡♥tí✜❝❛✱ ❡①✐st❡ ♦tr♦ ♠♦❞❡❧♦ ♣❛r❛ ❡st✉❞✐❛r ❧♦s ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦
❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲✱❝♦♠♦ s❡ ✐♥❞✐❝❛ ❡♥ ❧❛ r❡❢❡r❡♥❝✐❛ ❬✼✷❪ ❡❧ ❡❧❡♠❡♥t♦ ❞❡ ❧í♥❡❛ ✈✐❡♥❡
❞❛❞♦ ♣♦r
ds2 = −e2Φ(r)dt2 +R2(t)
[
dr2
1− kr2 − b(r)/r + r
2
(
dθ2 + sen2θdφ2
)]
. ✭✼✳✶✽✮
❍❛❝✐❡♥❞♦ ❧♦s ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡ ❞❛❞♦s ♣♦r ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✼✳✷✮ ② ✭✼✳✸✮✱ ❧❛ ♠étr✐❝❛ ❛♥t❡r✐♦r
t♦♠❛ ❧❛ ❢♦r♠❛
ds2 = −dt2 +R2(t)
 dr2
1− kr2 − 2b
m
rm
+ r2
(
dθ2 + sen2θdφ2
) . ✭✼✳✶✾✮
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧♦s ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡ ❞❛❞♦s ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✼✳✺✮✱ s❡ ♦❜t✐❡♥❡ ✉♥❛
♠étr✐❝❛ ❞❡ ❧❛ ❢♦r♠❛
dl2 = −dv2 +R2(t)
(
1 +
bm
xm
)4/m (
dx2 + x2dθ2 + x2sen2θdφ2
)
, ✭✼✳✷✵✮
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❤❛❝✐❡♥❞♦ R(t) ≡ a(v)✱ s❡ t✐❡♥❡
dl2 = −dv2 + a2(v)
(
1 +
bm
xm
)4/m (
dx2 + x2dθ2 + x2sen2θdφ2
)
, ✭✼✳✷✶✮
t♦♠❛♥❞♦ ❡♥ ❝✉❡♥t❛ ❡❧ s✐❣✉✐❡♥t❡ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ a2(v)
(
1 +
bm
xm
)4/m
≡ B2(v, x) ♦❜t❡✲
♥❡♠♦s
dl2 = −dv2 +B2(v, x) (dx2 + x2dθ2 + x2sen2θdφ2) . ✭✼✳✷✷✮
❈♦♠♣❛r❛♥❞♦ ❧❛s ❡①♣r❡s✐♦♥❡s ✭✼✳✷✷✮ ② ✭✼✳✼✮✱ ❡st❛❜❧❡❝❡♠♦s ❧❛ ♠étr✐❝❛ ♣❛r❛ ✉♥ ❛❣✉❥❡r♦ ❞❡
❣✉s❛♥♦ ✐♥♠❡rs♦ ❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✿
dl2 = −A2(v, x)dv2 +B2(v, x)(dx2 + x2dθ2 + x2sen2θdφ2). ✭✼✳✷✸✮
◆♦t❛♠♦s q✉❡ ❧❛s ❡①♣r❡s✐♦♥❡s ✭✼✳✽✮ ② ✭✼✳✷✸✮ s♦♥ ✐❞é♥t✐❝❛s✱ ❧♦ q✉❡ ♥♦s ✐♥❞✐❝❛ q✉❡ ❧❛s ♠étr✐❝❛s
✭✼✳✶✮ ② ✭✼✳✶✽✮✱ ♣❛r❛ ❧♦s ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡ ❞❛❞♦s ♣♦r ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✼✳✷✮✱ ✭✼✳✸✮ ② ✭✼✳✺✮✱
s♦♥ ❡q✉✐✈❛❧❡♥t❡s ♣❛r❛ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ✉♥ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲✳
✼✳✷✳ ❆❣✉❥❡r♦s ❞❡ ●✉s❛♥♦ ❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡ ▼❝❱✐tt✐❡
❊♥ ❧❛ ❛❝t✉❛❧✐❞❛❞✱ ✈❛r✐❛s ♦❜s❡r✈❛❝✐♦♥❡s ❛str♦♥ó♠✐❝❛s ② ❝♦s♠♦❧ó❣✐❝❛s✱ ♣r♦✈❡♥✐❡♥t❡s t❛♥t♦ ❞❡
❧❛s ♠❡❞✐❞❛s ❞❡ ❧❛s ❛♥✐s♦tr♦♣í❛s ❞❡❧ ❢♦♥❞♦ ❞❡ ♠✐❝r♦♦♥❞❛s ❬✼✸❪ ❝♦♠♦ ❞❡ ♦❜s❡r✈❛❝✐♦♥❡s ❡♥
s✉♣❡r♥♦✈❛s ❞✐st❛♥t❡s ❞❡ t✐♣♦ ■❛ ❬✼✹❪✱ ♠✉❡str❛♥ q✉❡ ❡❧ ❯♥✐✈❡rs♦ ❡stá ❡①♣❡r✐♠❡♥t❛♥❞♦ ✉♥❛
❢❛s❡ ❛❝❡❧❡r❛❞❛ ❞❡ ❡①♣❛♥s✐ó♥✳ ❆ ❧❛ ❡♥❡r❣í❛ ❝❛✉s❛♥t❡ ❞❡ ❡st❛ ❡①♣❛♥s✐ó♥✱ s❡ ❧❡ ❤❛ ❞❡♥♦♠✐♥❛❞♦
❡♥❡r❣í❛ ♦s❝✉r❛✳ ❆ ❧❛ ❢❡❝❤❛✱ ❡①✐st❡♥ ♠✉❝❤♦s ♠♦❞❡❧♦s r❡s♣♦♥s❛❜❧❡s ❞❡ ❡st❛ ❡①♣❛♥s✐ó♥✳ ❊♥tr❡
❡❧❧♦s✱ s♦♥ ❧❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♣♦s✐t✐✈❛ ❬✻✽❪✱ ❧♦s ❝❛♠♣♦s ❞❡ q✉✐♥t❛ ❡s❡♥❝✐❛ ❬✼✺❪✱ ♠♦❞❡❧♦s
❞❡ ❣❛s ❞❡ ❈❤❛♣❧②❣✐♥ ❣❡♥❡r❛❧✐③❛❞♦ ❬✼✻❪ ② ♠♦❞❡❧♦s ❞❡ ❡♥❡r❣í❛ ❢❛♥t❛s♠❛ ❬✼✼❪✱ ❡♥tr❡ ♦tr♦s✳
P❡r♦ ❧❛ ❡♥❡r❣í❛ ❢❛♥t❛s♠❛ ❡s✱ ♣r❡❝✐s❛♠❡♥t❡✱ ❡❧ t✐♣♦ ❞❡ ❡♥❡r❣í❛ q✉❡ s❡ ♥❡❝❡s✐t❛ ♣❛r❛ ❢♦r♠❛r
❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦ tr❛♥s✐t❛❜❧❡s✱ ❧♦ q✉❡ ✐♥❞✐❝❛rí❛ ❧❛ ♣r♦❜❛❜❧❡ ❡①✐st❡♥❝✐❛ ❞❡ ❡st♦s ♦❜❥❡t♦s✱ ②
♣♦r t❛♥t♦✱ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✈í❛s ✐♥t❡r❡st❡❧❛r❡s ♦ ✐♥t❡r❣❛❧á❝t✐❝❛s ❡♥ ❡❧ ✉♥✐✈❡rs♦✳
❊♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✱ ❤❡♠♦s ❝♦♥s✐❞❡r❛❞♦ ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲❀ s✐♥
❡♠❜❛r❣♦✱ ❡♥ ♥✉❡str♦ ❛♥á❧✐s✐s ❤❡♠♦s s✉♣✉❡st♦ ❞❡ q✉❡ ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❝♦♥s✐❞❡r❛❞♦ ♥♦
♣❡rt✉r❜❛ ❡❧ ❡♥t♦r♥♦ ❞❡ ❋▲❘❲✳ ❊st❛ s✉♣♦s✐❝✐ó♥ ❞❡❜❡ ❝♦rr❡s♣♦♥❞❡r ❛ ✉♥❛ ♠❛s❛ ❣r❛✈✐t❛❝✐♦♥❛❧
❈❆P❮❚❯▲❖ ✼✳ ❆●❯❏❊❘❖❙ ❉❊ ●❯❙❆◆❖ ❊◆ ❊▲ ❯◆■❱❊❘❙❖ ❉❊ ▼❈❱■❚❚■❊ ✶✶✽
♥✉❧❛ ♣❛r❛ ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❬✼✽❪✳ P♦r t❛❧ r❛③ó♥✱ ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❝♦♥s✐❞❡r❛❞♦ ❛❞♦❧❡❝❡
❞❡ ❧❛ ❧✐♠✐t❛❝✐ó♥ ❞❡ q✉❡ ❧❛ s✉♣❡r✜❝✐❡ ❞❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ s❡ ❛❥✉st❛ ♣❛r❛ q✉❡ ♥♦ ♣❡rt✉r❜❡
❡❧ ❢♦♥❞♦ ❝♦s♠♦❧ó❣✐❝♦ ❝✐r❝✉♥❞❛♥t❡✳ ❊♥ ❡st❛ s❡❝❝✐ó♥✱ ❛♥❛❧✐③❛r❡♠♦s ❡❧ ❝❛s♦ ❞❡ ✉♥ ❛❣✉❥❡r♦
❞❡ ❣✉s❛♥♦ ♠ás ❣❡♥❡r❛❧ ✉s❛♥❞♦ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡❀ ❞♦♥❞❡ ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❡stá
♠♦❞❡❧❛❞♦ ♣♦r ✉♥❛ ❞❡❧❣❛❞❛ ❝❛♣❛ ❡s❢ér✐❝❛ q✉❡ ❛❝r❡❝❡♥t❛ ❡❧ ✢✉✐❞♦ ❞❡ q✉✐♥t❛ ❡s❡♥❝✐❛✱ ♥✉❡str♦
❛♥❛á❧✐s✐s ❡st❛rá ❜❛s❛❞♦ ❡♥ ❡❧ ♣❛♣❡r ❞❡ ❋❛r♦♥✐ ❬✼✽❪ ✳
P❛rt✐❡♥❞♦ ❞❡ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡✱ ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✶✾✮✱ ❧❛ ❝✉❛❧ t✐❡♥❡ ❧❛ ❢♦r♠❛
ds2 =
(
1− µ(t)
2r
1 + µ(t)
2r
)2
dt2 −
(
1 +
µ(t)
2r
)4
a2(t)
[
dr2 + r2
(
dθ2 + sin2 θdφ2
)]
, ✭✼✳✷✹✮
❍❛❝✐❡♥❞♦ ❧♦s s✐❣✉✐❡♥t❡s ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡
A(r, t) = 1 +
µ(t)
2r
; B(r, t) = 1− µ(t)
2r
, ✭✼✳✷✺✮
❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ t♦♠❛ ❧❛ ❢♦r♠❛
ds2 = −
(
B(r, t)
A(r, t)
)2
dt2 + a2(t)A4(r, t)
[
dr2 + r2
(
dθ2 + sin2 θdφ2
)]
. ✭✼✳✷✻✮
P❛r❛ ♠♦❞✐✜❝❛r ❧❛ ♠étr✐❝❛ ❞❡ ❋▲❘❲✱ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ❡st❛ ❡s ❝❛✉s❛❞❛ ♣♦r ❧❛ ❝❛♣❛ ❡s❢ér✐❝❛
Σ ❞❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❧♦❝❛❧✐③❛❞❛ ❡♥ ❞❡t❡r♠✐♥❛❞❛ ♣♦s✐❝✐ó♥❀ ❝♦♥ ❡st❛ ❝♦♥s✐❞❡r❛❝✐ó♥ ♠ás
❧❛ ✐♥tr♦❞✉❝❝✐ó♥ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ♥♦ ♥✉❧❛ µ(t)✱ ❡s ♣♦s✐❜❧❡ ❡❧✐♠✐♥❛r ❧❛ ✈❛r✐❛❜❧❡ r ❞❡ ❧❛ ♠étr✐❝❛
❞❡ ▼❝❱✐tt✐❡❀ ♣♦r t❛❧ r❛③ó♥✱ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ❧❛ ❝❛♣❛ ❞❡❧❣❛❞❛ Σ s❡ ❡♥❝✉❡♥tr❛ ❧♦❝❛❧✐③❛❞❛
❡♥ ❡❧ r❛❞✐♦ ❞❛❞♦ ♣♦r ❬✼✽❪
r = rΣ(t) =
R(t)
a(t)A2(t, rΣ)
, ✭✼✳✷✼✮
❞♦♥❞❡ R(t) ❡s ❡❧ r❛❞✐♦ ❝♦♠♦✈✐♥❣ ❞❡ ❧❛ ❝❛♣❛ ❞❡❧❣❛❞❛ ② ❡s❢ér✐❝❛ ❞❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦✳
❘❡❡♠♣❧❛③❛♥❞♦ ✭✼✳✷✼✮ ❡♥ ✭✼✳✷✻✮✱ t❡♥❡♠♦s
ds2 = −B
2
A2
dt2 +
(
a2A4
dr2
dt2
)
dt2 +R2
(
dθ2 + sin2 θdφ2
)
= −B
2
A2
(
1− a
2A6
B2
dr2
dt2
)
dt2 +R2
(
dθ2 + sin2 θdφ2
)
= −B
2
A2
[
1−
(
aA3
B
dr
dt
)2]
dt2 +R2
(
dθ2 + sin2 θdφ2
)
. ✭✼✳✷✽✮
❈❆P❮❚❯▲❖ ✼✳ ❆●❯❏❊❘❖❙ ❉❊ ●❯❙❆◆❖ ❊◆ ❊▲ ❯◆■❱❊❘❙❖ ❉❊ ▼❈❱■❚❚■❊ ✶✶✾
❍❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡
tanhχ =
a(t)A3(rΣ, t)
B(rΣ, t)
drΣ
dt
, ✭✼✳✷✾✮
r❡❡♠♣❧❛③❛♥❞♦ ✭✼✳✷✾✮ ❡♥ ✭✼✳✷✽✮
ds2|Σ = −B
2
A2
[
1− tanh2χ] dt2 +R2 (dθ2 + sin2 θdφ2) , ✭✼✳✸✵✮
♦❜t❡♥✐❡♥❞♦s❡ ✜♥❛❧♠❡♥t❡ ❧❛ ❡①♣r❡s✐ó♥ ❬✼✽❪
ds2|Σ = −
(
B(r, t)
A(r, t)
sechχ
)2
dt2 +R2(t)
(
dθ2 + sin2 θdφ2
)
, ✭✼✳✸✶✮
❧❛ ❝✉❛❧ ❡s ✉♥❛ ♠étr✐❝❛ tr✐❞✐♠❡♥s✐♦♥❛❧ ❡♥ Σ ú♥✐❝❛♠❡♥t❡ ❡♥ ❝♦♦r❞❡♥❛❞❛s (t, θ, φ)✳
▲❛s ♠étr✐❝❛s tr✐❞✐♠❡♥s✐♦♥❛❧❡s ♣❛r❛ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❣❡♦♠❡tr✐❛ ❞❡ ❧♦s ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦
♥♦ s♦❧♦ ❛♣❛r❡❝❡♥ ❡♥ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡✱ t❛♠❜✐é♥ ❛♣❛r❡❝❡♥ ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ▼♦rr✐s ②
❚❤♦r♥❡ ❛❧ ❝♦♥s✐❞❡r❛r q✉❡ ❧❛ ❣❛r❣❛♥t❛ t✐❡♥❡ ✉♥❛ s✐♠❡trí❛ t♦r♦✐❞❛❧ ❬✼✾❪✱ ❧❛ ❝✉❛❧ ❢✉❡ s✉❣❡r✐❞❛
♣❛r❛ ✐♥t❡♥t❛r s♦❧✉❝✐♦♥❛r ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ✉♥❛ ♠áq✉✐♥❛ ❞❡❧ t✐❡♠♣♦✳
❆❤♦r❛ ♣r♦❝❡❞❡r❡♠♦s ❛ ❝❛❧❝✉❧❛r ❧❛ ❡❝✉❛❝✐ó♥ ❞✐♥á♠✐❝❛ ❞❡ ❧❛ ❝❛♣❛ ❡s❢ér✐❝❛ ❞❡❧ ❛❣✉❥❡r♦ ❞❡
❣✉s❛♥♦✳
P❛rt✐❡♥❞♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✼✳✷✼✮✱ t❡♥❡♠♦s
R
a
= rΣA
2, ✭✼✳✸✷✮
❞❡r✐✈❛♥❞♦ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r
d
dt
(
R
a
)
= A2
drΣ
dt
+ 2ArΣ
dA
dt
. ✭✼✳✸✸✮
❯s❛♥❞♦ ✉♥❛ ❞❡ ❧❛s r❡❧❛❝✐♦♥❡s ❞❛❞❛s ♣♦r ✭✼✳✷✺✮
A = 1 +
µ
2rΣ
, ✭✼✳✸✹✮
❞❡ ❞♦♥❞❡ s❡ t✐❡♥❡
d
dt
(
R
a
)
= A2
drΣ
dt
+ A
dµ
dt
− Aµ
rΣ
drΣ
dt
,
= A
(
A− µ
rΣ
)
drΣ
dt
+ A
dµ
dt
,
= A
(
1− µ
2rΣ
)
drΣ
dt
+ A
dµ
dt
,
= AB
drΣ
dt
+ A
dµ
dt
, ✭✼✳✸✺✮
❈❆P❮❚❯▲❖ ✼✳ ❆●❯❏❊❘❖❙ ❉❊ ●❯❙❆◆❖ ❊◆ ❊▲ ❯◆■❱❊❘❙❖ ❉❊ ▼❈❱■❚❚■❊ ✶✷✵
❞❡s♣❡❥❛♥❞♦ dr/dt ❞❡ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r✱ ♦❜t❡♥❡♠♦s
drΣ
dt
=
1
AB
[
d
dt
(
R
a
)
− Adµ
dt
]
. ✭✼✳✸✻✮
❉❡ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ ❞❡s♣❡❥❛♥❞♦ ❡❧ tér♠✐♥♦ d(r/a)/dt✱ s❡ t✐❡♥❡
d
dt
(
R
a
)
− Adµ
dt
= AB
drΣ
dt
, ✭✼✳✸✼✮
t❡♥✐❡❞♦ ♣r❡s❡♥t❡ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ tr✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❧❛ ❝❛♣❛ ❞❡❧❣❛❞❛✱ r❡❧❛t✐✈❛ ❛❧ ✢✉✐❞♦
❝ós♠✐❝♦ s❡ ❞❡✜♥❡ ❝♦♠♦ ❬✼✽❪
v = tanhχ(t) =
a(t)A3(rΣ, t)
B(rΣ, t)
drΣ
dt
, ✭✼✳✸✽✮
❞❡ ❞♦♥❞❡ ♦❜t❡♥❡♠♦s
drΣ
dt
=
vB
aA3
, ✭✼✳✸✾✮
r❡❡♠♣❧❛③❛♥❞♦ ✭✼✳✸✾✮ ❡♥ ✭✼✳✸✼✮✱ ♦❜t❡♥❡♠♦s
d
dt
(
R
a
)
− Adµ
dt
=
v
a
(
B
A
)2
. ✭✼✳✹✵✮
❆♥❛❧✐③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ ♣❛r❛ ❡❧ ❝❛s♦ ❡♥ q✉❡ v ≤ 1✱ t❡♥❡♠♦s q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✼✳✹✵✮
s❡ r❡❞✉❝❡ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❛s✐♥tót✐❝❛ q✉❡ ♣r❡s❡♥t❛ ❧❛ ❢♦r♠❛
d
dt
(
R
a
)
= A
dµ
dt
. ✭✼✳✹✶✮
❍❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛ r❡❧❛❝✐ó♥ ✭✼✳✷✼✮✱ s❡ ♦❜t✐❡♥❡
drΣ
dt
= 0✱ ❝✉②❛ s♦❧✉❝✐ó♥ ❡s rΣ = C✱ s✐❡♥❞♦ C
✉♥❛ ❝♦♥st❛♥t❡✳ ❋✐♥❛❧♠❡♥t❡✱ ❝❛❧❝✉❧❛♠♦s ❧❛ ❡①♣r❡s✐ó♥ ♣❛r❛ R(t) ❞❛❞❛ ♣♦r
R(t) = a(t)
(
C + µ(t) +
µ2(t)
4C
)
. ✭✼✳✹✷✮
❈❛❜❡ ❤❛❝❡r ♥♦t❛r q✉❡ ❧❛ ❡①♣r❡s✐ó♥ ❡♥❝♦♥tr❛❞❛ ♣❛r❛ R(t)✱ ♠❡❞✐❛♥t❡ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡✱
❡s ♠✉❝❤♦ ♠❛s ❣❡♥❡r❛❧ q✉❡ ❧❛ ❝❛❧❝✉❧❛❞❛ ✉s❛♥❞♦ ❧❛ ♠étr✐❝❛ ❞❡ ❋▲❘❲ ❬✼✽❪ ❧❛ ❝✉❛❧ ♣r❡s❡♥t❛
❧❛ ❢♦r♠❛
R(t) = a(t)eα0 , ✭✼✳✹✸✮
❞♦♥❞❡ α0 ❡s ✉♥❛ ❝♦♥st❛♥t❡✳ ❚❛♠❜✐é♥ ❡s ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❧♦s r❡s✉❧t❛❞♦s q✉❡ ❤❡♠♦s
❡♥❝♦♥tr❛❞♦ ❡♥ ❡st❛ s❡❝❝✐ó♥✱ ♠❡❞✐❛♥t❡ ❡❧ ♠♦❞❡❧♦ ❝♦s♠♦❧ó❣✐❝♦ ❞❡ ▼❝❱✐tt✐❡✱ s♦♥ s♦❧✉❝✐♦♥❡s
❡①❛❝t❛s ② ♥♦s ♣❡r♠✐t❡♥ ❛♥❛❧✐③❛r ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ❧❛ ❝❛♣❛ ❞❡❧❣❛❞❛ ❞❡ ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦ ❡♥
✉♥ ❝♦♥t❡①t♦ ♠ás ❣❡♥❡r❛❧✱ ❞❡♣❡♥❞✐❡♥❞♦ s♦❧♦ ❞❡ tr❡s ♣❛r❛♠❡tr♦s ✐♥❞❡♣❡♥❞✐❡♥t❡s✿ a(t), µ(t)
② R(t)✳
❈❛♣ít✉❧♦ ✽
❈♦♥❝❧✉s✐♦♥❡s
❊♥ ❡❧ tr❛♥s❝✉rs♦ ❞❡ ❡st❛ t❡s✐s ❞♦❝t♦r❛❧✱ ❞❡s❞❡ ❡❧ ❝♦♠✐❡♥③♦ ❡♥ ❧♦s ♣r✐♠❡r♦s ❝❛♣ít✉❧♦s✱ ❤❡✲
♠♦s r❡✈✐s❛❞♦ ❛❧❣✉♥♦s ❝♦♥❝❡♣t♦s ❢ís✐❝♦s ② ♠❛t❡♠át✐❝♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❡❧ ❡♥t❡♥❞✐♠✐❡♥t♦
② ❞❡s❛rr♦❧❧♦ ❞❡❧ tr❛❜❛❥♦ ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥ q✉❡ ♥♦s ❤❛❜í❛♠♦s ♣r♦♣✉❡st♦✳ ❍❡♠♦s r❡❛❧✐③❛❞♦
✉♥❛ r❡✈✐s✐ó♥ ❞❡ ❛❧❣✉♥♦s ❛s♣❡❝t♦s ♠❛t❡♠át✐❝♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❡♥❝♦♥tr❛r ② ❝♦♠♣r❡♥❞❡r
❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❧❛ r❡❧❛t✐✈✐❞❛❞ ❣❡♥❡r❛❧✳ ❈♦♠❡♥③❛♠♦s ♣r❡s❡♥t❛♥❞♦ ❛❧❣✉♥❛s ❝❛r❛❝t❡ríst✐❝❛s
❞❡ ❧❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐❛❜❧❡s✱ ❞❡ ❧♦s ❡s♣❛❝✐♦s ❝✉r✈♦s❀ t❛♠❜✐é♥ ♠♦str❛♠♦s ❝♦♠♦ r❡❛❧✐③❛r
tr❛♥s❢♦r♠❛❝✐♦♥❡s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❣❡♥❡r❛❧❡s ② ❡♥❝♦♥tr❛♠♦s ✉♥❛ ❞❡r✐✈❛❞❛ q✉❡ ♣♦s❡❡ ❝❛rá❝t❡r
t❡♥s♦r✐❛❧ ❞❡♥♦♠✐♥❛❞❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡✳ ❍❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡✱ ♦❜t✉✈✐✲
♠♦s ❧♦s sí♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧ ② s✉ r❡❧❛❝✐ó♥ ❝♦♥ ❡❧ t❡♥s♦r ♠étr✐❝♦ ② t❛♠❜✐é♥ ❝♦♥ ❡❧ t❡♥s♦r
❞❡ ❘✐❡♠❛♥♥✳ ❙❡❣✉✐❞❛♠❡♥t❡✱ ❤✐❝✐♠♦s ✉♥❛ r❡✈✐s✐ó♥ ❞❡ ❧❛ ❚❘●✱ ♣r❡s❡♥t❛♠♦s ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡
❡q✉✐✈❛❧❡♥❝✐❛ ② ❤❛❝✐❡♥❞♦ ✉s♦ ❞❡❧ ♣r✐♥❝✐♣✐♦ ✈❛r✐❛❝✐♦♥❛❧ ❡♥❝♦♥tr❛♠♦s ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦
❞❡ ❊✐♥st❡✐♥✳ P♦st❡r✐♦r♠❡♥t❡✱ s❡ ❡st✉❞✐ó ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ♣❧❛♥❛s❀ ❞❛♥❞♦ é♥❢❛✲
s✐s ❡♥ ❡❧ ❡st✉❞✐♦ ❞❡❧ ❛❣✉❥❡r♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ② ❘❡✐ss♥❡r✲◆♦r❞strö♠✱ s❡ ❞❡t❡r♠✐♥ó
s✉ ♠étr✐❝❛✱ s✉s ❣❡♦❞és✐❝❛s✱ s✉s ❝❛♥t✐❞❛❞❡s ❝♦♥s❡r✈❛❞❛s ② s✉s ❞✐❛❣r❛♠❛s ❞❡ ❑r✉s❦❛❧❀ s❡❣✉✐✲
❞❛♠❡♥t❡✱ s❡ ❛♥❛❧✐③ó ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❞❡ ▼♦rr✐s✲❚❤♦r♥❡ ❞♦♥❞❡ ❤❡♠♦s ❞❡t❡r♠✐♥❛❞♦ ❧❛s
❝♦♥❞✐❝✐♦♥❡s ❞❡ tr❛♥s✐t❛❜✐❧✐❞❛❞✳
▲♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛❧❡s ❞❡ ❡st❛ t❡s✐s s❡ ❝♦♠♣♦♥❡♥ ❞❡ ❞♦s ♣❛rt❡s✳ ❊♥ ❧❛ ♣r✐♠❡r❛ ♣❛rt❡
❤❡♠♦s ♦❜t❡♥✐❞♦ s♦❧✉❝✐♦♥❡s ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥ q✉❡ ❞❡s❝r✐❜❡♥ ❡❧ ❝❛♠♣♦
❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ❝❛r❣❛❞❛ ✐♥♠❡rs❛ ❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡ ▼❝❱✐tt✐❡❀ ❞✐❝❤❛ s♦❧✉❝✐ó♥
❈❆P❮❚❯▲❖ ✽✳ ❈❖◆❈▲❯❙■❖◆❊❙ ✶✷✷
❧❛ ❤❡♠♦s ❡①♣r❡s❛❞♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ tér♠✐♥♦ ❞❡ ❍✉❜❜❧❡ ②✱ ✜♥❛❧♠❡♥t❡✱ ♠❡❞✐❛♥t❡ ❧❛s ❡❝✉❛✲
❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥✱ ❧❛ ❤❡♠♦s r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❧❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛✳
❍❛❝❡♠♦s ♥♦t❛r q✉❡ ❧❛ s♦❧✉❝✐ó♥ ❝♦rr❡s♣♦♥❞❡ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ ❝♦♥st❛♥t❡ ❞❡ ❝✉r✈❛t✉r❛
♥✉❧❛ ❞❡ ❛❝✉❡r❞♦ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✸✼✮✳ ❊♥ ❡st❡ ❝❛s♦✱ ❧❛ ♣❛rtí❝✉❧❛ ❝❛r❣❛❞❛ ❡stá ❡♥ ❡❧ ♦r✐❣❡♥
②✱ ❛ ♠❡❞✐❞❛ q✉❡ ♥♦s ❛❧❡❥❛♠♦s ❞❡ ❡st❛ ♣❛rtí❝✉❧❛✱ ❡❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦✱ ❧❛s ♣❡rt✉r❜❛❝✐♦♥❡s ❡♥
❧❛ ❞❡♥s✐❞❛❞ ② ♣r❡s✐ó♥ ❞❡❧ ✢✉✐❞♦ ❝ós♠✐❝♦ ❞✐s♠✐♥✉②❡♥❀ ②✱ ✜♥❛❧♠❡♥t❡✱ ❛ ❣r❛♥❞❡s ❞✐st❛♥❝✐❛s
❞❡ ❧❛ ♣❛rtí❝✉❧❛ ❝❛r❣❛❞❛✱ ♦❜t❡♥❡♠♦s ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡❧ ✉♥✐✈❡rs♦ ❤♦♠♦❣é♥❡♦ ❡ ✐s♦tró♣✐❝♦ ❝♦✲
♠♦ ❡s ❧❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡❧ ✉♥✐✈❡rs♦ ❞❡ ▼❝❱✐tt✐❡ q✉❡ s❡ ❞❡s❡♥✈✉❡❧✈❡ ❞❡♥tr♦ ❞❡❧ ♣r✐♥❝✐♣✐♦
❝♦s♠♦❧ó❣✐❝♦✳ P❛r❛ ❡❧ ❝❛s♦ ❞❡ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡✱ ❤❡♠♦s ❧♦❣r❛❞♦ ❡♥❝♦♥tr❛r ✉♥❛ ❡①♣r❡✲
s✐ó♥ ❣❡♥❡r❛❧ ✈á❧✐❞❛ ♣❛r❛ ❝✉❛❧q✉✐❡r ❝✉r✈❛t✉r❛✱ ❧❛ ❝✉❛❧ ❡stá ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✸✼✮✳ ▲❛
♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞❛ ♣♦s❡❡ ❝❛r❛❝t❡ríst✐❝❛s s✐♠✐❧❛r❡s q✉❡ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡
♥♦ ❝❛r❣❛❞❛✱ ❛❧ ♠❡♥♦s ❝✉❛♥❞♦ ❡❧ ♣❛rá♠❡tr♦ H(t) ❞❡❧ ❍✉❜❜❧❡ ❡s ❛s✐♥tót✐❝♦ ❛ ✉♥❛ ❝♦♥st❛♥t❡
❝✉❛♥❞♦ t −→ 0✳ ❚❛❧ s♦❧✉❝✐ó♥ t✐❡♥❡ ✉♥ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ② r❡♣r❡s❡♥t❛ ✉♥ ❛❣✉❥❡r♦ ♥❡❣r♦
❡♥ ✉♥ ❯♥✐✈❡rs♦ ❡♥ ❡①♣❛♥s✐ó♥ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✹✾✮✳
▼♦t✐✈❛❞♦s ♣♦r ❧❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❆❞s✴❈❋❚✱ ❛♥❛❧✐③❛♠♦s ❧❛ s♦❧✉❝✐ó♥ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛✲
❞❛ ❝♦♥ ✉♥❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛ Λ < 0✳ ❉❡❧ ❛♥á❧✐s✐s ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✻✱✼✹✮✱
✭✻✳✼✺✮✱ ✭✻✳✼✻✮ ② ✭✻✳✼✼✮✱ s❡ ❞❡♣r❡♥❞❡ q✉❡ ❧❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦♠✐♥❛♥t❡ ❡s ❡❧ ❝♦❧❛♣s♦ ❞❡ ✉♥ ❇✐❣
❈r✉♥❝❤✱ ❡❧ ❝✉❛❧ ♦❝✉rr✐rí❛ ❝♦♥ Λ < 0 s✐❡♠♣r❡ ② ❝✉❛♥❞♦ s❡ ♠❛♥t❡♥❣❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❡♥❡r❣í❛
❢✉❡rt❡✳ ❊st♦ ❝♦♥❧❧❡✈❛rí❛ ❛ q✉❡✱ ❡♥ ✉♥ ♠♦♠❡♥t♦ ❞❛❞♦✱ ❡❧ ✉♥✐✈❡rs♦ ❞❡❥❛rá ❞❡ ❡①♣❛♥❞✐rs❡✱ s❡
❢r❡♥❛rí❛ ② ❝♦♠❡♥③❛rí❛ ❡❧ ♣r♦❝❡s♦ ✐♥✈❡rs♦✱ ❡s ❞❡❝✐r✱ ❡❧ ✉♥✐✈❡rs♦ ❡♠♣❡③❛rí❛ ❛ ❝♦♠♣r✐♠✐rs❡✳
❊♥ ❧❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞❡ ❡st❛ t❡s✐s✱ ❡st✉❞✐❛♠♦s ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡ ▼❝✲
❱✐tt✐❡✱ ❝♦♠❡♥③❛♠♦s ❝♦♥ ❡❧ r❡❡♠♣❧❛③♦ ❞❡ ✉♥❛ ♠❛s❛ ❝✉❛s✐✲❡stát✐❝❛ ♣♦r ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦
❡stát✐❝♦ ❞❡ ❞♦♥❞❡ ❤❡♠♦s ♦❜t❡♥✐❞♦ ❧❛ ♠étr✐❝❛ ♣❛r❛ ✉♥ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❛tr❛✈❡s❛❜❧❡ ❡♥ ❡❧
✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲ ❝♦♠♦ ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡❧ ✉♥✐✈❡rs♦ ❞❡ ▼❝❱✐tt✐❡✳ ❊❧ ♠♦❞❡❧♦ q✉❡ ❤❡♠♦s
♦❜t❡♥✐❞♦ ❤❛ s✐❞♦ ✈❡r✐✜❝❛❞♦✱ s✐❣✉✐❡♥❞♦ ❡❧ ♠✐s♠♦ ♣r♦❝❡❞✐♠✐❡♥t♦✱ ❝♦♥ ♦tr♦ ♠♦❞❡❧♦ ♣r❡s❡♥t❡
❡♥ ❧❛ ❧✐t❡r❛t✉r❛ ❝✐❡♥tí✜❝❛✱ ❝♦♠♣r♦❜á♥❞♦s❡ s✉ ✈❡r❛❝✐❞❛❞ ② ❡q✉✐✈❛❧❡♥❝✐❛ ♣❛r❛ ❧❛ ❞❡s❝r✐♣❝✐ó♥
❞❡ ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦ ✐♥♠❡rs♦s ❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥
✭✼✳✷✸✮✳
P♦st❡r✐♦r♠❡♥t❡✱ ❤❡♠♦s ❝❛❧❝✉❧❛❞♦ ✉♥ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ♠ás ❣❡♥❡r❛❧ ❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡
❈❆P❮❚❯▲❖ ✽✳ ❈❖◆❈▲❯❙■❖◆❊❙ ✶✷✸
▼❝❱✐tt✐❡✱ ❞♦♥❞❡ ❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ ❡stá ♠♦❞❡❧❛❞♦ ♣♦r ✉♥❛ ❞❡❧❣❛❞❛ ❝❛♣❛ ❡s❢ér✐❝❛ q✉❡
❛❝r❡❝❡♥t❛ ❡❧ ✢✉í❞♦ ❞❡ q✉✐♥t❛ ❡s❡♥❝✐❛✳ ❈♦♥s✐❞❡r❛♥❞♦ ❧❛ ♣♦s✐❝✐ó♥ ❞❡ ❧❛ ❝❛♣❛ ❞❡❧❣❛❞❛ ② ❡s❢ér✐❝❛
❞❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦✱ s❡ ♣✉❞♦ ❡❧✐♠✐♥❛r ❧❛ ✈❛r✐❛❜❧❡ r ❞❡ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ② ❛s✐ ♣♦❞❡r
❝❛❧❝✉❧❛r ✉♥❛ ♠étr✐❝❛ tr✐❞✐♠❡♥s✐♦♥❛❧ ú♥✐❝❛♠❡♥t❡ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛s ❝♦♦r❞❡♥❛❞❛s (t, θ, φ)✳
❊♥ ❡st❡ ❛♥á❧✐s✐s✱ ❤❡♠♦s ❝❛❧❝✉❧❛❞♦ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ❡st❛ ❝❛♣❛ ❞❡❧❣❛❞❛ ❝♦♠♦ ❢✉♥❝✐ó♥ ❞❡ ❧♦s
♣❛rá♠❡tr♦s ❞❡ ▼❝❱✐tt✐❡ ❞❛❞♦s ❡♥ ❡❧ ❡❝✉❛❝✐ó♥ ✭✼✳✷✺✮✱ ❝♦♥s✐❞❡r❛♥❞♦ ♣❡q✉❡ñ❛ ❧❛ ✈❡❧♦❝✐❞❛❞
❞❡ ❧❛ ❝❛♣❛ ❞❡❧❣❛❞❛ ✱ ❞❡❧ ♦r❞❡♥ ❞❡ v ≤ 1✱ ❝❛❧❝✉❧❛♠♦s ❡❧ r❛❞✐♦ ❝♦♠♦✈✐♥❣ ❞❡ ❧❛ ❝❛♣❛ ❞❡❧❣❛❞❛✱
s♦❧❛♠❡♥t❡ ❡♥ ❢✉♥❝✐♦♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s a(t), µ(t) ② R(t)✱ ❡❧ ❝✉❛❧ ❡s ♠✉❝❤♦ ♠ás ❣❡♥❡r❛❧
q✉❡ ❡❧ ❝❛❧❝✉❧❛❞♦ ✉s❛♥❞♦ ❧❛ ♠étr✐❝❛ ❞❡ ❋▲❘❲✳ ◆✉❡str♦ ❡st✉❞✐♦ ♥♦s ❤❛ ♣❡r♠✐t✐❞♦ ❡♥❝♦♥tr❛r
✉♥❛ s♦❧✉❝✐ó♥ ❝♦s♠♦❧ó❣✐❝❛ ❡♥ ♠♦❞❡❧♦ ❞❡ q✉✐♥t❛ ❡s❡♥❝✐❛✱ ❧❛ ❝✉❛❧ ❡s ♠♦str❛❞❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥
✭✼✳✸✶✮✳
❋✐♥❛❧♠❡♥t❡✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❡s ❛♣r♦♣✐❛❞❛ ♣❛r❛ ❡st✉❞✐❛r ✉♥❛ s❡r✐❡
❞❡ s✐st❡♠❛s ❧♦❝❛❧❡s✱ ✐♥✢✉❡♥❝✐❛❞♦s ♣♦r ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡❧ ✉♥✐✈❡rs♦❀ ❛sí ♠✐s♠♦ ♥♦s ♣❡r♠✐t❡
❡st✉❞✐❛r t❛♥t♦ ❧♦s ❛❣✉❥❡r♦s ♥❡❣r♦s ❝♦♠♦ ❧♦s ❛❣✉❥❡r♦s ❞❡ ❣✉s❛♥♦ ❡♥ ✉♥ ✉♥✐✈❡rs♦ ❡♥ ❡①♣❛♥✲
s✐ó♥✳ P❛r❛ ❡❧ ❝❛s♦ ❞❡ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞❛✱ r❡s✉❧t❛ s❡r ✉♥❛ s♦❧✉❝✐ó♥ ❣❡♥❡r❛❧✱ s✐
❝♦♥s✐❞❡r❛♠♦s a(t) ≡ 1❀ ❡❧ ❡❧❡♠❡♥t♦ ❞❡ ❧í♥❡❛✱ ❞❛❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✷✹✮ s❡ r❡❞✉❝❡ ❛ ❧❛
♠étr✐❝❛ ❞❡ ❘❡✐ss♥❡r✲◆♦r❞strö♠✱ ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✽✾✮✱ ❡♥ ❝♦♦r❞❡♥❛❞❛s ✐s♦tró♣✐❝❛s❀
♠✐❡♥tr❛s q✉❡ ♣❛r❛ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ r✱ s❡ r❡❞✉❝❡ ❛ ❧❛ ♠étr✐❝❛ ❋▲❘❲ ♣❧❛♥❛ ♠♦str❛❞❛ ❡♥
❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✸✹✮✳ ❙✐ m = Q = 0✱ ❧❛ ♠étr✐❝❛ ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✷✹✮✱ s❡ ❝♦♥✈✐❡rt❡ ❡♥
✉♥ ❡s♣❛❝✐♦✲t✐❡♠♣♦ ❞❡ ❋▲❘❲ ♣❧❛♥♦✱ ❝♦♠♦ s❡ ✐♥❞✐❝❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✸✹✮✳ ❚❛♠❜✐é♥ ❛✈❛♥✲
❝❡s ❝♦♥s✐❞❡r❛❜❧❡s ❤❛❝✐❛ ❧❛ ❝♦♠♣r❡♥s✐ó♥ ❞❡ t❛❧ ♠étr✐❝❛ ❤❛♥ ❞❡♠♦str❛❞♦ ❬✽✵❪ q✉❡ ✉♥ ♦❜❥❡t♦
❝❡♥tr❛❧ s❛t✐s❢❛❝❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ② s✉✜❝✐❡♥t❡s ♣❛r❛ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ❝♦♠♦ ✉♥
❛❣✉❥❡r♦ ♥❡❣r♦✱ s✐❡♠♣r❡ q✉❡ ❡❧ ❡❧❡♠❡♥t♦ ❞❡ ❧í♥❡❛ s❡❛ ❛s✐♥tót✐❝♦ ❛ ❧❛ ♠étr✐❝❛ ❙❝❤✇❛r③s❝❤✐❧❞✲
❞❡ ❙✐tt❡r ❡♥ ✉♥ t✐❡♠♣♦ ♠✉② ❣r❛♥❞❡✳ P♦r ♦tr♦ ❧❛❞♦✱ s❡ ❤❛ ❡st❛❜❧❡❝✐❞♦ q✉❡ ❧❛ ♠étr✐❝❛ ♣♦s❡❡
✉♥❛ s✐♥❣✉❧❛r✐❞❛❞ q✉❡ ②❛❝❡ ❡♥ ❡❧ ♣❛s❛❞♦ ❞❡ ❝❛❞❛ tr❛②❡❝t♦r✐❛ ❝❛✉s❛❧✱ ❡❧ ❇✐❣ ❇❛♥❣ ❞❡ ▼❝❱✐t✲
t✐❡✳ ❆❞❡♠ás✱ ❡st♦s r❡s✉❧t❛❞♦s ❤❛♥ ❞❡♠♦str❛❞♦ s❡r ✈á❧✐❞♦s ♣❛r❛ ✉♥❛ ✈❡rs✐ó♥ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡
❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❬✽✶❪✱ ❛❧ ♠❡♥♦s ♣❛r❛ ❛❧❣✉♥❛s ♠❛s❛s ❞❡♣❡♥❞✐❡♥t❡s ❞❡❧ t✐❡♠♣♦ ✳
❊♥ r❡s✉♠❡♥✱ ♣♦❞❡♠♦s ✐♥❞✐❝❛r q✉❡ ♥✉❡str❛s ❝♦♥❝❧✉s✐♦♥❡s s♦♥✿ ♣♦r ✉♥ ❧❛❞♦✱ ❤❡♠♦s ❞❡♠♦s✲
tr❛❞♦ ❞❡t❛❧❧❛❞❛♠❡♥t❡ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ② ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞❛✳ ❙❡ ❤❛
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❡①♣r❡s❛❞♦ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ tér♠✐♥♦ ❞❡ ❍✉❜❜❧❡ ② ❧❛s ❝♦♥❞✐✲
❝✐♦♥❡s q✉❡ ❞❡❜❡ ❝✉♠♣❧✐r ❞✐❝❤❛ ♠étr✐❝❛ ♣❛r❛ ♥♦ ✈✐♦❧❛r ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❡♥❡r❣í❛❀ ❛sí ♠✐s♠♦✱
s❡ ❤❛ ❞❡♠♦str❛❞♦ q✉❡ ❡❧ ✉♥✐✈❡rs♦ ❞❡ ▼❝❱✐tt✐❡ ❝❛r❣❛❞♦ ❝♦♥ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛
✐♠♣❧♦s✐♦♥❛rá ❡♥ ✉♥ ❝♦❧❛♣s♦ ❇✐❣ ❈r✉♥❝❤ s✐❡♠♣r❡ q✉❡ s❡ ♠❛♥t❡♥❣❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❡♥❡r❣í❛
❢✉❡rt❡✳ P♦r ♦tr♦ ❧❛❞♦✱ ❤❡♠♦s ❞❡t❡r♠✐♥❛❞♦ ✉♥ ♠♦❞❡❧♦ ❞❡ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦ tr❛♥s✐t❛❜❧❡ ❡♠
❡❧ ✉♥✐✈❡rs♦ ❞❡ ❋▲❘❲✳ ❚❛♠❜✐é♥ s❡ ❤❛ ❝❛❧❝✉❧❛❞♦✱ ❡♥ ❡❧ ✉♥✐✈❡rs♦ ❞❡ ▼❝❱✐tt✐❡✱ ❡❧ r❛❞✐♦ ❡♥
❢✉♥❝✐ó♥ ❞❡❧ t✐❡♠♣♦ ❞❡ ❧❛ ❣❛r❣❛♥t❛ ❞❡❧ ❛❣✉❥❡r♦ ❞❡ ❣✉s❛♥♦✱ q✉❡ ❡s ❡①♣❛♥❞✐❞❛ ♣♦r ❧❛ ♣r❡s❡♥❝✐❛
❞❡ ♠❛t❡r✐❛ ❡①ót✐❝❛✳
❆♣é♥❞✐❝❡ ❆
❈♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❊✐♥st❡✐♥
♣❛r❛ ❧❛ ♠étr✐❝❛ ❞❡ ▼❝❱✐tt✐❡
P❛rt✐❡♥❞♦ ❞❡ ❧❛ ♠étr✐❝❛ ♠ás ❣❡♥❡r❛❧ ✉s❛❞❛ ♣♦r ▼❝❱✐tt✐❡✱ ❧❛ ❝✉❛❧ ❡st❛ ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥
✭✺✳✺✻✮✱ ♣r❡s❡♥t❛ ❧❛ ❢♦r♠❛
ds2 = eξ(r,t)dt2 − eν(r,t) [dr2 + r2(dθ2 + sin2 θdφ2)] . ✭❆✳✶✮
❈♦♥s✐❞❡r❛♠♦s ❧❛ ♥♦t❛❝✐ó♥ ❡♥ q✉❡ ❡❧ ♣✉♥t♦ ② ❧❛ ❝♦♠❛ s♦❜r❡ ✉♥❛ ❞❡t❡r♠✐♥❛❞❛ ✈❛r✐❛❜❧❡
✐♥❞✐❝❛♥ ❧❛ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ r❡s♣❡❝t♦ ❞❡ t ② ❞❡ r r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❆✳✶✳ ❈♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐
Rrr = −
1
4
e−γ−ξ
r
[
ν
′
eξξ
′
r + 3eν ν˙2r − eν ν˙rξ˙ − ξ′2reξ − 4ν ′′reξ + 2eν ν¨r
]
−1
4
e−γ−ξ
r
[
−2ξ′′reξ − 4ν ′eξ
]
. ✭❆✳✷✮
Rtr = −
1
2
e−ξ
[
−ξ′ ν˙ + 2 ∂
2
∂t∂r
ν
]
. ✭❆✳✸✮
Rθθ =
1
4
e−γ−ξ
r
[
eν ν˙rξ˙ + ν
′
eξξ
′
r + 3ν
′′2reξ − 3eν ν˙2r − 2eν ν¨r
]
+
1
4
e−γ−ξ
r
[
2eξξ
′
+ 6ν
′
eξ.
]
. ✭❆✳✹✮
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Rφφ =
1
4
e−γ−ξ
r
[
eν ν˙rξ˙ + ν
′
eξξ
′
r + 3ν
′′2reξ − 3eν ν˙2r − 2eν ν¨r
]
+
1
4
e−γ−ξ
r
[
2eξξ
′
+ 6ν
′
eξ.
]
. ✭❆✳✺✮
Rtt =
1
4
e−γ−ξ
r
[
3eν ν˙rξ˙ + ξ
′2reξ + ν
′
eξξ
′
r − 3eν ν˙2r − eν ν¨2r
]
+
1
4
e−γ−ξ
r
[
2ξ
′′2reξ + 4eξξ
′
]
. ✭❆✳✻✮
❆✳✷✳ ❊s❝❛❧❛r ❞❡ ❘✐❝❝✐
R = −1
2
e−γ−ξ
r
[
6eν ν˙2r − 3eν ν˙rξ˙ − ξ′′2reξ − ν ′eξξ′r − ν ′2reξ
]
+
1
2
e−γ−ξ
r
[
6eν ν¨r − 4ν ′′reξ − 2ξ′′reξ − 4eξξ′ − 8ν ′eξ
]
. ✭❆✳✼✮
❆✳✸✳ ❈♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❊✐♥st❡✐♥
Grr =
1
4
e−γ−ξ
r
[
3eν ν˙2r − 2eν ν˙rξ˙ − 2ν ′eξξ′r − ν ′2reξ + 4eν ν¨r − 4eξξ′ − 4ν ′eξ
]
.✭❆✳✽✮
Gtr =
1
2
e−ξ
[
ξ
′
ν˙ − 2 ∂
2
∂t∂r
ν
]
. ✭❆✳✾✮
Gθθ =
1
4
e−γ−ξ
r
[
3eν ν˙2r − 2eν ν˙rξ˙ − ξ′2reξ + 4eν ν¨r − 2ν ′′reξ − 2ξ′′reξ
]
−1
4
e−γ−ξ
r
[
2eξξ
′ − 2ν ′eξ
]
. ✭❆✳✶✵✮
Gφφ =
1
4
e−γ−ξ
r
[
3eν ν˙2r − 2eν ν˙rξ˙ − ξ′2reξ + 4eν ν¨r − 2ν ′′reξ − 2ξ′′reξ
]
−1
4
e−γ−ξ
r
[
2eξξ
′ − 2ν ′eξ
]
. ✭❆✳✶✶✮
Gtt =
1
4
e−γ−ξ
r
[
3eν ν˙2r − ν ′′2reξ − 4ν ′′reξ − 8ν ′eξ
]
. ✭❆✳✶✷✮
❆♣é♥❞✐❝❡ ❇
❈♦♠♣♦♥❡♥t❡s t❡♥s♦r✐❛❧❡s ♣❛r❛ ❧❛
♠étr✐❝❛ ❞❡ ❋▲❘❲
❊♥ ❡st❡ ❛♣é♥❞✐❝❡✱ ❝♦♥s✐❞❡r❛♠♦s ✉♥❛ ♠étr✐❝❛ ❞❡ ❋▲❘❲ ❞❡ ❧❛ ❢♦r♠❛
ds2 = −N2(t)dt2 + a2(t)
(
dr2
1− kr2 + r
2
(
dθ2 + sen2θdφ2
))
, ✭❇✳✶✮
❞♦♥❞❡ N(t) ❡s ❧❛ ❢✉♥❝✐ó♥ ❧❛♣s❡✳
❇✳✶✳ ❈♦♠♣♦♥❡♥t❡s ❞❡ ❧❛s ❝♦♥❡①✐♦♥❡s ❛✜♥
Γttt =
N˙
N
, Γtrr =
aa˙
N2 (1− kr2) , Γ
t
θθ =
r2aa˙
N2
,
Γrtr =
a˙
a
, Γrrr =
kr
(1− kr2) , Γ
r
θθ = −r
(
1− kr2) ,
Γθtθ =
a˙
a
, Γθrθ =
1
r
, Γθφφ = −senθcosθ, Γφtφ =
a˙
a
,
Γφrφ =
1
r
, Γφθφ = cotgθ, Γ
r
φφ = −r
(
1− kr2) sen2θ.
Γtφφ =
aa˙r2sen2θ
N2
. ✭❇✳✷✮
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❇✳✷✳ ❈♦♠♣♦♥❡♥t❡s ❞❡❧ t❡♥s♦r ❞❡ ❘✐❝❝✐
Rtt = −3
[
a¨
a
− N˙ a˙
Na
]
,
Rrr =
[
2a˙2
N2
+
aa¨
N2
− aa˙N˙
N3
+ 2k
]
1
(1− kr2) ,
Rθθ =
(
aa¨
N2
+
2a˙2
N2
− aa˙N˙
N3
+ 2k
)
r2,
Rφφ =
(
aa¨+ 2a˙2
N2
+ 2k − aa˙N˙
N3
)
r2sen2θ. ✭❇✳✸✮
❇✳✸✳ ❊s❝❛❧❛r ❞❡ ❘✐❝❝✐
R =
6
a2N3
[
N
(
a¨a+ a˙2
)− a˙N˙a+KN3] . ✭❇✳✹✮
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